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Motivating problems

Risk avoidance: Sear ch:

Howto go fromA to B How to find the é’)
avoiding the ? as fast aspossible ?
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A Decisions are made based on noisy data collected
by the 9" regarding the position of the §&, / é’)

sensors are - uncertainty in map of objects’ positions
not perfect constructed from sensor data




Probabilistic maps

probabilistic map encoded in the
background color
(dark — low prob. of occupancy)

probabilistic map: conditional distribution of objects' positions
given the available measurements

m(r|Y):=P(r)=r{Yt)=Y)

objects’ position 7 W measurements
attime t, collected up to time t;

How to compute probabilistic maps of a large number of objects efficiently?

Outline

* Mathematica framework
¢ Sensor mode

e Mapping dtatic objects
e Mapping dynamic objects

e Application to minimum-risk path planning
e Application to optimal search




Computing probabilistic maps

% B probabilistic map encoded in the
< background color
(dark — low prob. of occupancy)

sensors

R = region being mapped (partitioned into cells)
r={r,ry....r,} = postionsof n objectsof the sametype. Eachr, € R
Yir Yor Yao «-- = sequence of measurements taken by sensors

Goal: Given alist of measurementsY,, := { v, v5, ..., y, } collected up to time ¢,,
compute the a posteriori conditional distribution of »:

m,(rY,):=P(r)=rlY,), t=t

objects probabilistic maps

Sensor model
Y1, Yo Vs .. = Sequence of measurements taken by sensors.
Each Vi ={ti a8}
time A7 /’\ N
stamp sensor 8;, =0 = no object seen
position s, € R = object detected at position s;,

objects are indistinguishable (s, € R provides no
information regarding which object was seen)

Sensor parameter s (not necessarily constant over time or space):

p sensor range

p, probability of not recognizing an object within range (fal se negative)

p, probability of recognizing a“distractor” instead of areal object when
an object is within sensor range (fal se positive)

p; probability of recognizing a“distractor” instead of areal object when
no object iswithin sensor range (fal se positive)

e maximum localization error, when the sensor detects areal object
(typically e < p)




Sensor model

Y1, Yo Vs .. = Sequence of measurements taken by sensors.
Each Y ={ti ap, 8;}
time 7 /’\ N
stamp sensor 8;, =0 = no object seen

position s, € R = object detected at =

n-object sensor likelihood function

by, ) =Plyg =y |x(t)=7) y:=1{t,a,s}

each measurement y, is conditionally independent of any
other measurement given an object configuration r (¢,)

Sensor modeél (single object)

Y1, Yo Vs .. = Sequence of measurements taken by sensors.
Each Y ={ti ap, 8;}
time 7 /’\ N
stamp sensor 8;, =0 = no object seen

position s, € R = object detected at

n-object sensor likelihood function
by, ) =Plyg =y |x(t)=7) y:=1{t,a,s}
For the single object case (n = 1):

1 Y
él(y,r): pé L2 |T—a{§p, |S—7°|§€+ Pa
0 otherwise OA

lr—al <p, [s—a| <p
lr—al>p, [s—a| <p
otherwise

Sensor parameters Aand B = normalizing constants

p sensor range
p, prob. not recognizing an object within range

p, prob. recognizing “distractor” instead of real object when an object iswithin range
py prob. recognizing “distractor” instead of real object when no object iswithin range
e max. localization error, when the sensor detects ared object (typically e < p)




Typical single-object sensor likelihood function
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Sensor modeél (multiple objects)

n-object sensor likelihood function

by, ) =Plyg =y |x(t)=7) y:=1{t,a,s}

Spar seness assumption
1 minimum distance between any two objects d,,;, > 2 p
(no two objects in sensor range)
or I' global sensor (p=+o0) andd,,;, > 2e
(no two objects within area of localization uncertainty)
or 1" sensor only produces positivereadingsand d,;, > 2 e

Theorem: For every r € R" for which no two objects are closer then d,,,

normalizing constant
n
bo(ye,r) =c[[alyn.re), Yk
i=1

single measurement POssible configuration single-target sensor
{tw 8, S} for the N objects likelihood function

(r:={ry,...,r,})




M apping static objects
Whenr(t) =r(0) V¢>0...

my(r|Y) =P =7r|Yr,=Y) ri={ry,ry ...}

/:, (ﬁf (ri[Y) ) & Yi={ynyo -, v

(x|Yy) = Hf1 (yj,2),r €R

aggregate measurement function
(encapsulates all the information contained in

the sequence of measurements _
> K #ofcellsin®  # of objects

1. m,/(-|Y)isdefined on R thusthe memory complexity to represent it is o(NV ")
2. f(-|Y)isdefined on R thusthe memory complexity to represent it isonly o(2V)
3. f(-]Y) can be computed efficiently recursvely (one measurement at atime)

Xy va o Yedd) = G X) F XY Y2 -0 0d)

high-dim. maps can be efficiently represented and computed using a low-dim. function

Moving objects

Markovian motion model

O(r' rit+ di,t) = P(r(t +dt) =7 |r(t) =7)
n-object trangtion probability function

Can take into account:

1. uncertainty in the motion

2. regions of high/low mobility (e.g., roads versus, rocky terrain)
3. preferentia directions of motion

The n-object trangtion probability function @ is such
that no two objects are closer than d,;,, with probability
onefor al t > ¢,




Recursive map building

Tiedvnr] Ty similz;_rltto Kalman
Tealtrto] m Tl nts] m Tedtity] rering
a priori |/\|/\| ’\I/‘\I .
map ¢ t t t ¢
m,(to/2) 0 1 2 k m, (tH{yy Yoreees Yit)

Tyedlt: 7m, ()] = prediction operator takes amap at time t and propagatesit
forward in timeto obtain amap at time ¢>1
my (- 5tY) = Torealt, 7, me (- 7]Y)]
7 N

map at time t > 1t map at time ©

Thelyym, ()] = fusion operator takesamap at time ¢, and, given alist of
measurements Y,_, taken before ¢, and anew measurement y;
taken at ¢,, produces a new map given all measurements

mr(' atz|Yz) = Tfuse[yiamr(' ;ti|Yi—1)]

{v:Yid  new measurement measurements
taken at ¢; taken before ¢;
Map building operators
The fusion operator is defined by: n-object sensor likelihood function (sensor model)
my (7“; t; |Yz) =ct, (yi , 7“) my (7“; t; |YZ'_1) ¢ = normalizing constant
A N
{vaYied  new measurement measurements
att, before/at ¢,
o . . measurements
The prediction operator is defined by: t;zfore/at t

m, (r';t + dt|Y;) = Z O(r', 7t + dt, t)ym, (r; ]Y:)
reR="
n-object transition probability function (motion model)

to use these formulas directly one needs an extens ve representation of
the map — memory and computational complexity o(/V "?Q

#of cells  # of objects
inR (exp 1)




Separable maps

Definition: A probabilistic map is caled separableif it can be written as
my(r;t|Y) = c( H f(rj;t|Y))(5(r; dmin) vr e R"
i=1
! 7\ {0 i, 5 |ri — | < dmin

0(7; dmin) == .
aggregate measurement 1 otherwise
function 0 probability of t
(definedinR) Z€ero probanility or two

objects closer than d,,,;,

From previous result: for stationary objects and the class of
sensors considered here, the probabilistic maps are separable

still approximately true for mobile objects

Fusion operator for separable maps

Assume map at time ¢;, given measurements Y, , is separable

n
me(ritilYir) = e [T FOrgstilYio)) )6(ridunin) — Vr € R
i=1
map at time ¢;, given measurements Y; _;

Theorem: The fusion operator preserves separability, i.e.,
my (7 4|Y:) = c( H f(rj;ti|Yi))(5(r; dmin) Yr e R"
j=1

map at time ¢;, given measurements Y;

where sensor likelihood function (sensor model)
¥
FrtilYs) == € (yi, 7) f(rite|Yie1) Vr€R
7 A R
{v:Yiid  new measurement measurements
att; before/at ¢;

fusion can be €fficiently done for large number of objects




Prediction operator for separable maps

objects essentially move independently
while they are away from each other
(does not preclude specific global motion patterns)

Independent motion assumption

O(r' it +di,t) = c(r) (H o1 (1, Tt + dt,t)) 8(r"; dinin)
k=1 m
|

0 3, :|ri =7} < dmin

(5(7’/; dmin) = .
1 otherwise
zero probability of two objects

single-object transition probability function coming closer than d

min

Bounded velocity assumption

1 — o(dt =7
Sﬁl(rl,r;t—I-dt,t)::{ oldl) r=r

dt — 0
o(dt) r £

Prediction operator for separable maps

Assume map at time ¢, given measurements Y’ is separable

n
my(r;1Y;) = c( H f(rj;t|Yi))(5(r; dmin) YreR"
=1
map at time ¢, given measurements Y;

Theorem: The prediction operator approxi mately preserves separability, i.e.,

my(r;t+ dt|Y;) = c( H flryt+ dt|1/i))(5(r; dpmin) + €(r;dt) ¥reR”
=1
map at time t+dt, given m]easurements Y;

where transition probability function
(motion model)
fir' st 4 dt|y;) = Z o1 (7' st + dt ) f(r; t]Y7)
reER
€(r;dt) = o(dt?) except for configuration with al objects further apart than d,,,,, but
for which this could be violated by the mation of asingle object (in
which case €(r;dt) = o(dt) )

prediction can be efficiently done for large number of objects




Summary so far...

Probabilistic mapping can be done efficiently for large number of objects
with memory and computational complexity o(N)  [and not o(V "lg

# of cells # of objects
inR (exp !

1. Under some form of spar seness assumption, which imposes a minimum
distance between any two objects

2. Assuming aMarkovian motion model, under which objects essentially
move independently while they are away from each other

3. Themap will exhibit an error essentialy o(dté)

motion
“integration-step”

Application to minimum-risk path planning

B Robot navigates over theregion R
popul ated by objects

@
9

Each object £, induces danger if
robot comes close to it

®
T g

Risk parameter s (not necessarily constant over time or space):
range over which object is dangerous
probability that robot will be destroyed if it comes close to object

pdanger
Pdestroy

Goal: compute path from initial position A to fina position B that maximizes
probability of pg,..e Of Not being damaged

10



Application to minimum-risk path planning

Risk parameter s (not necessarily constant over time or space):
Paanger FANGE OVer which object is dangerous

Paestroy Probability that robot will be destroyed if it
comes close to object

Goal: compute path frominitia position A to
final position B that maximizes
probability of pg,.i.e Of Not being
damaged

Given apath: X, = A, Xp, X3, ..., X, =B € R

m
Psurvive = H(l - mdanger(xj |Y))
=1
danger map
Maanger (2|Y") := P(robot destroyed when passing through 2 | Y, =7Y)
rE€R

Minimum-risk path planning
Given apath: X, = A, Xp, X, ..., X, =B € R

Psurvive — H 1— mdanger T |Y)) = log Psurvive = Z lOglive (xj |Y)

o

probability that robot will survive log (1 _ mdanger(l‘j |Y))

Minimum risk path \

oy dDAX > logy(x;]Y)
r1=A v, =B j=1

Minimum risk path, subject to length constraint: m < M

optimizations
xl,xgl,a),(xm Zloghve l‘] |Y >

in graphswith
=A, ¢, =B, j=1 .
L i= additive
cost/constraint
Minimum length path, subject to risk constraint: pgive > P’
min m
T1,L2,.. ,Tm:
r1=A, ¢,,=B, j

2ty logiv. (@i |Y) 2p"

11



Computing danger maps
Danger map:

Mdanger (£]Y) := P(robot destroyed when passing through z [ Y, =V

= Z PdestroymO(Z> Y) ——— occupancy map
[lz=2l|<paanger P(Ji:ir,=z|Y,=Y)
(conditional) probability that there
exists one object at location X

Risk parameter s (not necessarily constant over time or space):
Paanger FANGE OVEr Which object is dangerous
Daestroy Probability that robot will be destroyed if it comes close to object

Theorem: (2, Y) &~ cf(2,Y)go() (nfo(Y)"_1 +

Z% > I feV) o <Y))
k=1 © oeSMa]
where £i(Y) = ¥,en, f(#, Y )go(2) -

Danger maps can be computed directly fromthea.mf. f( -,Y)

Minimum-risk path planning

Goal: compute path from initia position A to fina position B that maximizes
probability of pg,..e Of Not being damaged

danger map encoded in the
background color
(dark — high danger)

B

occupancy map

minimum risk path
(subject to length constrain) A

From a compl exity view-point, minimum risk path planning is a well-behaved problem...
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Application to search

@ Robot navigates over theregion R
populated by objects é’)

&

é’) Goal: compute path garting in an
initial position A that maximizes
probability of pyq Of finding an

,,@ object in agiven timeinterval.

A

Application to search

@ Robot navigates over theregion R

with asingle static object %)
11

»

9 é Goal: compute path garting in an
initial position A that maximizes
probability of pyq Of finding the

bject i [ timeinterval.
N @ object in agiven timeinterv.

occupancy map
Given apath: x; = A, X5, Xg, ..., Xn € R (probability the object is at X)

Pfind = Z mo(x,Y) S Zmo(xiay)
i=1

r€{w1,22,..., T }

summation over path as a set
(i.e., repeated cells are counted only once — seeing a position
twice does not increase probability of finding the object)

13



Optimal search

Given apath: X; = A, X5, Xg, ..., Xn € R

Pfind = Z mo(x, Y)

TE{T1 T2, T ] probability that object will be found

Maximum probability path, subject to length constraint: m < M )
o, dnax, > me(x,Y) optimizations
e1=A,m<M z€{z1,72,....0m} in graphswith
> non-additive
Minimum length path, subject to probability constraint: p;, > p*| cost/constraint
min m
T1,L2,.. ,Tm:
r1=A,
EIG{II,IQ ..... T } mo(xVY)ZP* )

approximating pynq by the additive cost > m(z;,Y") will not work because it
would lead the robot to the location with largest probability and keep it there...

A hierarchical algorithm...

Premise: If the map the distribution were uniform, sweeping would be optimal

Hierarchical algorithm:
1. Partition map into a (small) number of connected areas where the
distribution is approximately uniform.
one can use, e.g., state-aggregation algorithms for Markov chains
2. Solvethe high-level optimal problem of deciding which areasto visit, in
what order, and how long to stay in each one.
still a combinatorial problem

3. Indde each area use a sweeping path (low-level)

overall sub-optimal but computationally much better

14



Conclusons

Probabilistic maps can be economically represented and computed with
complexity independent of the number of objects under “reasonable”
assumptions (sparseness, Markovian motion)

Probabilistic maps can be used to efficiently solve minimum risk path
planning problems

Optimal search problems are computationally much worse. Efficient
sub-optimal hierarchical solutionsare possible
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