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am1 X1 + ¢CC+ amn Xn = bp
Xi, 0

maxX
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Dual
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more succinctly

primal Dual

min C”~ X max b~y
AXx=Db st Ay+s=c
X, 0 s, O

5 5



0- X°s because X;S; , 0O

x“(c- A7y)

c’X- XA’y

c’x- b7y

duality gap



#® Strong duality: If both Primal and Dual are feasible

then at the optimum
c’x=b’y () x’s=0
#® complementar y slackness: This implies

X~ S = X181+ ¢¢¢+ X,S, = O and therefore

XiSi = 0



#® Putting together primal feasibility, dual feasibility and
complementarity together we get a square system of

equations
AX =D
Ay +s=c¢

XiSi = 0 for1 = 1;::::n



#® Putting together primal feasibility, dual feasibility and

complementarity together we get a square system of

equations
AX=D
Ay +s=c¢
XjiS§i =0 fori = 1:::::n

® At least in principle this system determines the primal

and dual optimal values
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L
Lx 1y I (X1y1 111 XnYn) ie. Lx = Diag(X)
#® We can write complementary slackness conditions as
XS = LxsS = LxLgl =0

o 1, the vector of all ones, is the identity element:

X+]l = X



Primal Dual

min Cjp 2 X; + ¢¢¢+ G, 2 X max b~y

st. A1 2 Xy + €C¢+ An 2 Xp = by st.  Y1Aq1 + CC+ yn Amr + S = Cq
¢cee ¢cee
Ami 2 X1 + ¢¢+ Apn 2 Xp = bm Y1A1n + ¢CC+ Yyn Amn + S = Cy
Xi <0 S <0

Notation :
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Primal Dual

min Cjp 2 X; + ¢¢¢+ G, 2 X max b~y

st. Aqgg 2 Xq + 00C+ Ay 2 Xp = Dby st Y1Aq + €0+ YymAm + S = C
¢ce ¢ce
Ami 2 X1 + €C+ Amn 2 Xn = bm y1A1n + ¢+ YmAmn + Sh = Ch
X; < 0 S <0

Notation :

i. X < Y means that the the symmetric matrix X - Y is positive

semide nite

P
i. X2Y= i Xij Yij = trace XY



Recall: X is positive semide n ite

a”Xa , 0 forall vectors a

There is amatrix B: X = BB
()

() all eigenvalues ,j ., O

5
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®» For simplicity we deal with single variable SDP:

Primal Dual

max C2 X min b~y

st. A;2X=Db; st PiyiAi+S: C
X<O0 S< 0

® A single variable LP is trivial

® But a single matrix SDP is as general as a multiple matrix



® JustasinLP
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#® JustasinLP
X2S=C2X- b’y
® Alsoifboth X < Oand S< Othen
X2S = trace (XS) = trace (XSS"™) = trace (S7XS™) | 0

because SFXSF < 0



® JustasinLP

X2S=C2X- b’y
# Also if both X < Oand S < Othen
X2S = trace (XS) = trace (XSS"™) = trace (S7XS™) | 0

because SFXSF < 0

® Thus

X2S=C2X- by . 0



# Complementarity Slackness Theorem: X < 0,5< 0O
and X2 S= Oimplies

XS=0



# Complementarity Slackness Theorem: X < 0,5< 0O
and X2 S= Oimplies

XS=0
#® Proof:
X2 S= trace XS = trace XSS = trace SF* XS
Thus trace S¥? XS = 0 since SF?XS¥ < 0, then

81:2 X 81:2 =0 :) S].:Z X].:Z X].:Z 81:2 =0
:) X].:Z S].:Z =0
=) XS=0



® For reasons to become clear later it I1s better to write

complementary slackness conditions as

XS+SX —
=0




® For reasons to become clear later it I1s better to write

complementary slackness conditions as

XS+SX —
=0

# Itcan be shownthatif X < Qor S< Othen XS = Oiff
XS+ SX=0.
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.. def
De nition: X+S = XS; SX

The binary operation “*” is commutative XtS = StX

“+” is not associative: X£(Y+Z) 6 (XxY)xZ in general
But X(X+X) = (X+X)+X Thus X*? = XP is well-de ned
In general X+(X21Y) = X?+(XzY)

The identity matrix | is identity w.r.t. “%”

De ne the operator

¢
L : Y X£Y thus X2S= Ly(S) = Ly Ls(1)



Unlike LP we need some conditions for the optimal values of
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Unlike LP we need some conditions for the optimal values of

Primal and Dual SDP to coincide

Here are two:
i. If there is primal-feasible X A O (i.e X is positive de nite)
ii. If there is dual-feasible SA 0

When strong duality holds X2 S= 0



Thus just like LP The system of equations

Ai2X=Db for 1=1;:::m

A

ViAi+ 8= C
1=0
XtS5=0

Gives us a square system.



Primal Dual

min €7 X1 + ¢¢¢+ Cn Xn max b7y
st. a7 Xy + ¢C+ ay, Xn = by st.  yiagp + ¢¢+ ynam + Sm = C1
¢ee ¢ee

a;,]l X1 + ¢CCeC+ a?nn Xn = bm S.t. Y1ai1n + ¢CC+ Ym @ mn + Sm = Cp

Xi<QO Si<Q0



Primal Dual

min €7 X1 + ¢¢¢+ Cn Xn max b7y
st. a7 Xy + ¢C+ ay, Xn = by st.  yiagp + ¢¢+ ynam + Sm = C1
¢ee ¢ee

a;,]l X1 + ¢CCeC+ a?nn Xn = bm S.t. Y1ai1n + ¢CC+ Ym @ mn + Sm = Cp

Xi<QO Si<Q0

Notation:



Primal Dual

min €7 X1 + ¢¢¢+ Cn Xn max b7y
st. a7 Xy + ¢C+ ay, Xn = by st.  yiagp + ¢¢+ ynam + Sm = C1
¢ee ¢ce
a-, X1+ ¢C¢+ ay, Xn = bm st yjag, + ¢C¢+ ymamn + Sm = Cn
Xi<q 0 Si<q 0
Notation:

. vectors Xj, Sj, Cj, aj; are indexed from zero.



Primal Dual

min €7 X1 + ¢¢¢+ Cn Xn max b7y
st. a7 Xy + ¢C+ ay, Xn = by st.  yiagp + ¢¢+ ynam + Sm = C1
¢ee ¢ce
a-, X1+ ¢C¢+ ay, Xn = bm st yjag, + ¢C¢+ ymamn + Sm = Cn
Xi<q 0 Si<q 0
Notation:

. vectors Xj, Sj, Cj, aj; are indexed from zero.

i. 2= (20;21;:::,2¢)” andZ = (Z4;:::,2Z¢)”

z<o0 () zp, kzk



Q=1"Fz)zy, kzkg



The single block SOCP is not as trivial as LP but it still can be

solved analytically



The single block SOCP is not as trivial as LP but it still can be

solved analytically

weak duality: Again as in LP and SDP
X X

X7 S = C’Xj - b”y = duality gap
i i
If X; S< @ O then
X"S= XgSp+ XS,
kxk:kSk + X”§ since X;S<q O
jX"§j+ X~ S Cauchy-Schwartz inequality
0

5
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assuming for now that Xo > Oand S > 0O

We have



Given X< 0,8<q 0,and X s = 0

assuming for now that Xo > Oand S > 0O

We have

2 ><1 2
*) Xo ., X
1=1
2 ><1 2
Sp , st ()
=1
2 s2X3
(**) XO . S%O



FromXx s= 0

X"s=0() - XpSgp= X151 + ¢CCC+ xS, ()

Kk - 2 — 2Xi Si X0
(***) 2X5 s

=1



FromXx s= 0

X"s=0() - XpSgp= X151 + ¢CCC+ xS, ()

Kk - 2 — 2Xi Si X0
(***) 2X5 s

=1

Adding (*), (**) and (***) we get
xo 3 . ")
0 Xij + 'S—OO
i=1



FromXx s= 0

X"s=0() - XpSgp= X151 + ¢CCC+ xS, ()

Kk - 2 — 2Xi Si X0
(***) 2X5 s

=1

Adding (*), (**) and (***) we get

X 3 oy 2
) 2i A0
0 Xi + =

=1

This implies

XiSo+ X055 =0 fori = 1;:::;n






at the optimum

X > >
CiXi=b y ()

X

>

Xi Si—
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at the optimum

X > > X >
cixi:by() XiSi:O
i i
Like SDP constraint quali ¢ ations are required

if there is XAQ O primal-feasible

if there is SA g O dual-feasible



At the optimum
XoSi + XoSi = 0 forl = 1;::::nN;

Xxs=0 fori = 1;::::n,



At the optimum
XoSi + XoSi = 0 forl = 1;::::nN;

Xxs=0 fori = 1;::::n,

Thus again we have a square system



At the optimum
XoSi + XoSi = 0 forl = 1;::::nN;

Xxs=0 fori = 1;::::n,

Thus again we have a square system

X

AiXi:b

i
ATy + s = C fort = 1;::::n
X7s; =0 fori = 1:::::n
(Xi)oSi + (Si)oXi = O foril = 1:::::n



Let us de ne a binary operation for vectors X and S both

0O 1 0 1
a E axosl‘F SOXlE

XoSn + SoXn

Indexed from zero



Just as in matrices this “X” also satise s

X£S = SxX
X+(yxz) 6 (Xxy)*z in general, but:
XH(X+X) = (X£X)*X and thus unambiguously: xP

XH(X24y) = X2£(Xy)

e £(1;0;::::0)> isthe identity: X+€ = X



As In matrices we can de ne the operator

L
Lx :y g Xty
1
o ~Xo X
Ly = Aw(x) E¥@° © A

X  Xol

X£S = Arw (X) S = Arw (X) Arw (S) e



LP SDP OSOCP
' ¢ X”'s
binary operation: | X*S = IXi Si X41S = % xts = @ A
X8§+ X
1
1
Identity: 1 e =@A
0
associative : yes no no
Lx : y | Diag(Xx)y y I 2EYX y I Aw(X)y
Primal feasibility: AX =D A 2 X; = b i Aixi = b
dual feasible: Ay +s=c¢ I-’iyiAi+S:C Afy+s:ci
' ¢
Complementarity: LxLsl =0 LXILS(I) =0 IxLse = O




In LP Lx and Lg commute:
Diag(X)Diag(S) = Diag(S)Diag(X)



In LP Lx and Lg commute:
Diag(X)Diag(S) = Diag(S)Diag(X)

in SDP and SOCP Lx and Lg do not commute in

general
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A set K U R" is a proper cone if
ltisacone: IfX2 K) ®x 2 Kforall®, O
itisconvex: X;y 2 K) x+y 2K
Itis pointed: K\ (- K) = fOg
It is closed
It has non-empty interior in R"

dual cone: K* = fx jforallz 2 K;x”z , Og
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Cone-LP is de ned as the following optimization problem:

Primal: Dual

min C” X max b7y

st. AX=Db st. A’y+s=c¢c
X2 K s 2 K"

For LP K is the nonnegative orthant
For SDP K is the cone of positive semide nite matrices
For SOCP K is the circular or Lorentz cone

In all three cases the cones are self-dual K = K”®



What kind of problems can be expressed by SDP and
SOCP?

De nition: A set X U R" is SDP-representable (or
SDP-Rep for short) if it can be expressed linearly as the

feasible region of an SDP
©
X = X jthere existu 2 R¥:such that for some
X X a
Ai;B;C2R™M™: xAj+ uB+C<0



De nition: A function f(X) is SDP-Rep if its epigraph
a

def© .
epi(f) = (Xo;X) JF(X) - Xo
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De nition: A function f(X) is SDP-Rep if its epigraph
a

def© .
epi(f) = (Xo;X) JF(X) - Xo

IS SDP-representable
If X is SDP-Rep then minxox C~ X is an SDP

if f (X) is SDP-Rep, then miny f(X) is an SDP



SDP-Rep sets and functions remain so under nitely many applications

of most convex-preserving operations If X and Y are SDP-Rep then so

are

Minkowski sum
Intersection

Af ne pre-Image
Afne map

Cartesian Product

X+Y
X\Y
A" {X) ifA isafne
A(X) ifA isafne

@ a
XEY= (X;¥)]x2X;y2Y



lar
pola q

©
X"= zjx2X) xz-1

is SDP-Rep if O 2 Int X and X is compact



lar
pola q

0] © . >
X°= z1x2X) xz-1
is SDP-Rep if O 2 Int X and X is compact

This can be extended to dual cone with quali ca tions
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If functions fi, 1 = 1;:::; m and g are SDP-Rep. Then the following

are SDP-Rep

P
. ®f; for® . O

| 5

nonnegat ive sum

maximum  max; f;

8
S fi:R"! R&

g:R"! R

i ¢
Legendre transform  fo(Yy) = maxy y~ X - f(x)

many more  CCC



i P ¢
the function, 1 Ag+ ; XjA; is SDP-Rep.

3
min , 1 Ao+ X1A1 + CCC+ X A

can be expressed as the SDP



i P ¢
the function, 1 Ag+ ; XjA; is SDP-Rep.

3
min , 1 Ao+ X1A1 + CCC+ X A

can be expressed as the SDP

min Z

P
st. zl - XA < Ao



i P ¢
the function, 1 Ag+ ; XjA; is SDP-Rep.

3 ,
min , 1 Ap+ XA+ CCC+ XA

can be expressed as the SDP

and its dual:
max Apg? Y
min Z
S.L Ai2Y=0

P
st. zl - XiAi < Ag
| 2Y = trace (X) = 1

Y<O



Let © k(A) |nd|cci‘ge sum o&the K largest eigenvalues of A

Then & Ao . XjAj is SDP-Rep
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can be expressed as an SDP:



Let © k(A) |nd|cci‘ge sum o&the K largest eigenvalues of A

Then & Ao . XjAj is SDP-Rep
3 ,

can be expressed as an SDP:

min kz + trace X
P
st. zl+ V- XiA)l < Ag
X° 0



Let © k(A) |nd|cci‘ge sum o&the K largest eigenvalues of A

Then & Ao . XjAj is SDP-Rep
2 ,

min@, Ag+ X;A1+ CC+ X, A

can be expressed as an SDP:

max Apg? Y
min Kz + trace X

P
st. zl+ V- XiA)l < Ag
X° 0

st. traceY = Kk
AizAi =0
YOO



The following problems can be expressed as SDP

maximi%ing sum of the K smallest eigenvalues of

Ao+ i XA,
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The following problems can be expressed as SDP
maximi%ing sum of the K smallest eigenvalues of
Aot XA
minimizing sum of the K absolute-value-wise largest

eigenvalues

minimilz:;ng sum of the K largest singular values of

Ag+ iXiAi



A general Result
i ¢
Letf Xq:::::X, such that
i. Tis SDP-Rep

i. Tissymmetrici.e. independent of order of X;



A general Result
Letflxl; L ;Xn¢such that
i. fis SDP-Rep
i. Tissymmetrici.e. independent of order of X;

If Xisan N £ N symmetric matrix then
i ¢
HX) =1 ,i(X)

Is SDP-Rep.



For example det(X) = ~;, i X is SDP-representable



For example det(X) = ~;, i X is SDP-representable

Application: Given a set of pointsa; 2 R" nd a

minimum volume ellipsoid containing a;



Consider the 0-1 integer Programming Problem

max €~ %
stt. AR.- Db
X; 2 f0;1g



Consider the 0-1 integer Programming Problem

max €~ %
stt. AR.- Db
X; 2 f0;1g

LP Relaxation: Replace X; 2 fO;1gwithO - X; - 1



Sherali-Adams and Lovasz-Schrijver give the following

SDP-relaxation:



Sherali-Adams and Lovasz-Schrijver give the following

SDP-relaxation:
| First homogenize by introducing a new variable Xg

max €% max C~ X
st. Xob- A% 0 0) st. Ax, O
Xo=1 O- X - Xg

Xi 2 f0;1g Xi 2 f0;1g
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AoX . 0O (both must contain O - X; - Xp)
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Il Next
divide the set of constraints into two groups A1X , 0 and

AoX . 0O (both must contain O - X; - Xp)

Multiply all inequalities A1X | 8 by all inequalities A,x , O

5

We get inequalities of the form i a;ajXiXj , 0

i Introduce a new matrix valued variable X and replace each

occurrence of X;X;j with X;;

iv Require X< O



We get the following SDP

S.1. XOi = Xii
(Ar- A)(X), O
X<O0



We get the following SDP

P
max ; GiXj
S.L Xoi = Xii
(A1- A)(X), O
X<O0

If we require that rank (X) = 1 then the problem will be equivalent

to the integer program



We get the following SDP

P
max ; GiXj
S.L Xoi = Xii
(A1- A)(X), O
X<O0

If we require that rank (X) = 1 then the problem will be equivalent

to the integer program

Thus SDP-relaxation is the result of dropping the rank constraints
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It can be shown that this gives a sharper relaxation than LP

Lovasz and Schrijver showed that when this SDP relaxation is
applied to the NP-hard maximum independent set problem it

contains many classes of well-known linear inequalities

Integer points

LP relaxation

SDP relaxation




Consider a standard least squares approximation or

regression problem:

Given a set of “observed” pairs of points and
values (Xj;Yi) nd a “polynomial” p(X) which
minimizes _ _
X — 2
pP(Xi) - Vi
i
We are interested in this problem with additional “shape

constraints”, examples include
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One or more of the following may be required
a. The polynomial must be nonnegative

b. it must be non-decreasing or non-increasing (isotonic

regression)
C. It must be concave or convex

d. it must be bounded by two given polynomials

qi(t) - p(t) - qgo(t)
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interval
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These condition may be required to hold on R, a half-line or an

interval

Obser vation The set of nonnegative polynomials of a given
degree forms a proper cone

©
Pn £ (Poi::iipn)jpo+ pit + ¢¢+ p,t' > Oforalt 2 Ig

where | isanyof [@; b],[@;1 )or(- 1 ;1)
Impor tant fact: The cone of positive polynomials is SDP-Rep.

To see this we need to introduce another problem



The Moment space and Moment cone
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The Moment space and Moment cone

F where 7
ci= t'dF fori = 0::::n
|
The set of such vectors is the Moment space

The Moment cone:
© Z a
M, = ®cjThereisdistributonFF:¢c; = t'dFand®, O
|



The moment cone is also SDP-Rep:

The discrete Hamburger moment problem:

Note:

| = R: c2 Mo+
m
0 1
Cob €1 ¢C¢ c,

Cq Co ¢CC Cp: 1

Cn Cn + 1 ¢¢¢ C2n

This is the Hankel matrix



The discrete Stieltjes moment problem:

6:[0;1) C2Mnp ()

1 0
Co C1 ¢eC c, C1 Co C¢CC cC,.1
C1 Co ¢CC Ch+1q Co c3 ¢c¢¢ Cn
Cn Cn + 1 ¢¢¢ C2n Cn -1 Cn ¢¢¢ C2n -1

where N = b%C

The Hausdorff moment problem where | = [0; 1] is similarly
SDP-Rep

>N B
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Prc,’ = M ,,i.e. moment cones and nonnegative polynomials are

dual of each other

(possibly of several variables)

The cone of polynomials that can be expressed as sum of squares
Is SDP-Rep.
if | is a one dimensional set then positive polynomials and sum of

square polynomials coincide

In general except for | one-dimensional positive polynomials

properly include sum of square polynomials
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We can de ne SOCP-Rep sets and functions similarly to SDP-Rep

sets and functions
SOCP-Rep functions are SDP-Rep since X 2 Q iff Arw (X) < O

The famous Fermat-Weber plant location problem: Given points

o] o (0] o o o

"Pi- X+ p,- X+ ¢+ p- X
This problem is SOCP-Rep:
min 61 + 75 +1¢¢¢+ Zm

S.t. @ 3 A<QO
Pi - X



-

Wy

H .

A mechanical model of the Fermat-Weber problem, the strings are tied at a point in
one end, are connected to weights at the other. Determining the rest position of the tie

is a weighted Fermat-Weber problem



Inequalities of the form X”y - t2 are SOCP-Rep
0 1

kX+ Sk2 kX- Sk?
°S - tz( ) +4 B 4 ' tz( )

S§<QO

Al

2t



Inequalities of the form X”y - t2 are SOCP-Rep

0
X
kX+ Sk?  kX- Sk
X7s- t7() - B2 7 () %%x

Inequalities involving geometric means:



For example if N = 4,

max W3

0

(aiX' bl)(aZX- bZ); W%

st. a’X- b;

s

i ¢
max Iai>X- bi ()
. (azx- bz)(azx- bs), ws

W1iWyo . W3

Wi 0]

5



For example if N = 4,

max W3

st. a’x- bj, O

s

Y4 ¢ a>x- by)(alx- b w2
max IaI>X- bl () ( 1 1)( 2 2)5 1
- (azx- bg)(azx- bs), w3
WiWo . W3
Wi 0

5

This can be extended to products of rational powers of af ne

functions
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4. We seek the portion of our investments X; allocated to asset



Consider the standard Markowitz theory:

1.

2.

We are interested in single period investment policy
There are N assets, with period price change p = (Pj)

Assume Gaussian price volatility on p with mean! and variance

S

We seek the portion of our investments X; allocated to asset |1,
with X = (X;) that maximizes the expected period return:

maximize 1 TXx
_ P
subject to Xj =1

Xij . O (no shorting is allowed)

5
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One class of constraints is to set Pr[return - ®] - O

After some manipulation this can be rewritten as:

(0] o

1Tx+© %) 8% , ®

Another possibility is to have Many 1 's and many 8's and require

risk constraints satisfy for all scenarios:

o (0]

o o
. 1=2 L
1Ix+© (7)) °§7°X° , ® for each scenario

Yet Another possibility: minimize risk subject to lower bound on

expected return.



basics. A general strategy for solving convex optimization

problem:

() min C”~X

st. X 2 C where Cis convex

nd a barrier function b(X) :IntC! R



b(X) is convex on Int C
for any sequence of points fXj gapproaching boundary bd (C),
b(Xi) 1

We can replace the problem minfc” X j X 2 Cgwith
(1) minc” X + b (X)

if X1 is the optimum of (11) and X of (1) then
X1 2 Int C
As 1 | O, X: I X

o]



The function - In(X- 1)- In(y- 1) is a barrier forthe set C = f(X; V) j

O0- x;y- 1g



For the posilgve orthant fX | Xj , 0Og
b(x) = - In(X;) is a barrier

For the semide nite coneP
b(X) = - IndetX = - .In,(X) is abarrier.

We will discuss the Second Order cone shortly



Thus LP can be replaced by

Primal 1

o
min C~ X - - In(Xi)
st. AX=D

Xj >0

And SDP with

min

s.t.

Primal 1
C2 X- 1indetX
Ai2X=b; XADO

Dual:
> 1 P
max b7y + . In(si)
st. Ay+s=c¢

si >0

Dual:
P
max b7y + ! . IndetS
S.t. iyiAi'l‘S:C SAO



Applying standard Optimality condition we get

LP:

X
Lagrangian: L (X;y) = ¢”x - 1 n(x;)- y~ (b - AXx)

i
SDP:

X0
Lagrangian: L (X;y) = C2X- 1 Indet X- Vi(bi- Ai2X)

=1



The standard Karush-Kuhn-Tucker condition requires that at the

optimum
r xL =0
Which translates into
LP
ryL= b- Ax=0 ryl
& = - - (AN=0 rxL

SDP
lbi- AiZXi:O
C- X 1. y. A



InLP: dene: S = ;— then S = (Sj); is dual feasible

In SDP: de ne: S= 1X "~ 1 then Sis dual feasible

The optimality conditions result in the square system

LP SDP
AXx =D Ai2 X=Db;
. P
Aa:/+§:,c YiAi+ S=C
|

Xii: ;_| X:18—1



in LP: if we write X;S; = 1 we get relaxed

complementarity

in SDP: if we write Xj 5 = 1l we get relaxed

complementarity



In LP:

Let X; VY ;S be initial estimates Then

AX+¢x)=Db
A (y + ty)+s+Cs=c

(Xi + ¢Xi)(si + ¢s) =1



Newton method involves solving this system with respect to ¢ 's after

removing nonlinear terms:

AC X =Db- AX

A ¢y +¢s=c- Ay - s

SiCXi + XiCS;

In matrix form

8,

Diag(S)

A>
0

=1 - XS

Diag(X)

§%¢y§ %rd%i where 1,

¢s

Ic

nonlinear term ¢X; ¢S; was dropped

b- AX
c- Ay - s
1 - X#s



Solving this system we get
3

¢ | ¢
Y orp 4 AL'Sllerd - T

¢y = (ALg'LxA”
ts=rq- A" Cy

— -li ¢
¢X_-LS LX¢S' rC

Where Ly = Diag(X) and Ls = Diag(S)

|
The matrix AL'SlL)(A> is symmetric and positive de nite if A

IS full rank



In SDP:

Let X, Y, and Sbe current estimates.
If we use XS = 1| , ¢X will not be symmetric

Since X; SA Othen XS=1 () X#S=

Now applying rlgwton to
A2 X= Db iyiAi+S: C; X£S= 1 we get

XS+ SX — 1]
2

Ai2(X+¢X)=Dbji=1;:::;m
X
(yi + ¢yi)Ai + S+ ¢S; =C
i

(X + ¢X)+(S+ ¢S) = 1



Expanding and throwing out nonlinear terms

i ¢
Aij2¢X  =Tp

P
Gy iAi + €S = Ry
SHEX + X+¢S = R,

where _ ¢
rp=b- A 2X
P
Ra = C-  yiAi- S
R. =1 - XS



Again this system can be arranged
0 10 1 0 1
A 0 O ¢ X Mo
%O A~ §%¢y§= %rd§
Ls 0 Ls ¢s e

If vecA is a vector made by stacking columns of a matrix A

2 A is a matrix whose rows are vecAj
2 X = vecX;S = vecS;¢X = vec(¢X);¢s= (¢S);rq = vecRy;rc = vecR:
2 Ly (and L g) are matrix representations of Lx (and Ls) operators

2Ly =X-1+1- X andLs=S- I+1- S



Solving this system we get



i ¢
Note: The matrix AL 'SlL xA~ is not symmetric

because L gand L x do not commute!
In LP It is quite easy to calculate AL LA

Most computational work in LP involves solving systems

| ¢
AL;lLXA V=u
i ¢
in SDP even computing IAL 'SlL xA s fairly

expensive (in this form requires solving Lyapunov

equations)



How about SOCP?

What is an appropriate barrier for the convex cone

Q= fX|Xo, kXxkg

By analogy we expect relaxed complementary

conditions turnouttobe Xts = 1 e



In SDP:
P
The barrier Indet X = In, j(X)

For each symmetric N £ N matrix X, there is a characteristic

polynomial, such that

2 p(t) = po+ pat + ¢+ p,_ " t+ t"
2 roots of p(t) are eigenvalues of X

2 trace (X) = pn.1 detX = pg



2 roots of p(t) are real numbers

2 p(X) = 0 by Cayley-Hamilton Theorem

2 There is orthogonal matrix Q : X = QuQ ~

= ,10,97 + ¢¢¢+  ,q,0,

where (; is the i™ column of Q and @ = Diag(, )

We now attempt to de ne these concepts for the second order cone



Remember in SOCP
0 1 0 1 0 1

X~'S X 1
xts= @ A Lx=auwx)=@° " A o= @A

XoS + SpX X Xl 0
It is easy to verify
2 I o ¢
X<+ 2XX+ Xg- kxk® e=0

De ne the characteristic polynomial
3

D(t) = t2- 2xpt+ x3- kXK2 = t-  xo+ kXK

"3

¢

De ne eigenvalues of X roots of P(t): , 1.2 = Xp 8 kxk

De ne tr(X) = 2Xp, and det(X) = X5 - kxk?

t- 'xo- kXK

7

¢



For each X de ne

0 1 0 1
1 1
— 1 — 1
kXk kXk

We can verify

X=,1C1+ , 2Cy

This relation is the spectral decomposition of the

vectors in SOCP Algebra



- X (iii) Lift the normalized vectors up to touch the boundary of the cone



t def t

De ne for any real number t, X* = | t1C1 + t2C2 whenever , ; Is
de ned:
0 1 0 1
Xo Xo
2 1= 1 1ec, = 1_ A= _1
X ,1C1+,2C2 X%-kaZ@ 5 detX@ )?

Now we can de ne an appropriate barrier for Q:
i _ 6
2 - IndetXx = - In X§- kxKk

3

i ¢
2 - - _<£ -
¢ In det X Tor X Xo,= X1,-..



Thus we can replace SOCP problem with (For simplicity we rst
look at the one-block case):

min C~ X- 1 IndetX
st. AX=D

The Lagrangian:
L(X;y) £ ¢c>x- L Indetx- y> (b- Ax)
Applying KKT:
ryL=Db- Ax=0

rxL=c- 1x1- Ay =0

SettingS = 1 X’ ! we see that S is dual feasible



Thus we have to solve the following system (in multi-block case):

P
iAiXi =b

ATy +s =ci;i =100

Xi_lz -21si () Xjxsi = 2t e

Using Newton's method we get

X
Ai(Xi + ¢Xi) =b

i
AT (y +Cy)+ s+ Csi = ¢

(Xi + CXj)x(s; + ¢s)) = 2te



Now expanding and dropping nonlinear terms

X
AiCX; = 'p
i
Aiy + ¢si = (ri)d

SizC X; + XjxCs; = (ri). nonlinear term ¢ X; ¢ S; is dropped



In matrix form this system is

0

A, ©¢ A, | 0| 0O ¢¢ O

0 ¢¢ O [AZ| I ¢¢ O
o |

0 ¢¢ O [A2| O @¢¢ |

ls, ¢®¢ O | 0 | x, 0

0 ¢¢ Ls, | O | O @0¢ Ly




Interior point algorithms for LP, SDP and SOCP:

1)Start with an initial * g and initial Xo; Y q; So

2)Repeat
Solve for ¢x, ¢y, ¢s
Setxk = Xk- 1+ X, ¥ =Y. 1+ Cy,Ss=X¢. 1+ €S
Reduce 1 | = constl . 1

Until duality gap is small: x; sy - 2



Question: Why don't we simply sett = 0O and solve

for the optimum directly?

Answer: In order to prove bounds on convergence we

need to be very close to solution at the beginning

The larger 1 the less the need to be close to the

solution at the outset



In LP, SOCP and SDP

Central Path: As1 decreases towards zero the solution
(X1;Y1;S1) to the system

AX: = b
A>y1 + S = C

X1 S = 1 Cidentity

traverse the a trajectory called the primal-dual central path



LP: SDP
B - y
Frobenius | dg(X;s) = i (Xisi- TP | de(X; S) = L, SPXs - g
two do(X;S) = maxjXiSj - 1] b(X; S) ="SxsF2 - 1° |
innity | d.1 (X;8) =1 - mifxisig | d-1 (X;S) =1 - mijn; SPZXS¥




Based on the proximity measures de ne neighborhoods:
©
Ne(°)= (X;y;S)jAX=Db;Ay +s=c;dg(X;s) - °1 g
©
No(°)= (X;y;8)jAXx=Db;A”y +s=c;ds(x;s): °1 g
©
Ni (°)= (xX;y:s)jAX=Db;A"y+s=c;d; (X;s) °1 g

de, dp, d;
Nep Nop Nog



optimization direction

moptimal point

Central path neighborhood

Feasible region



How do we de ne proximity to central path in SOCP?

We need to de n e a concept analogous to S®XSH

In SDP: De n e the Quadratic Representation as the
operator:

Oy : Y 2 XYX

Qx is de ned in terms of ordinary multiplication but can be written
In terms of “X”:

XXY+YX XY + YX

Xyx=22 2 7 % XEVs¥X® - onaxay) - X2EY

Equivalently:
Qx = 2L% - Ly

This now suggests the analog of Qx for SOCP



De ne

. ¢ .
Ox = 2Lx2 - Ly =2 Aw(X) - Aw X2

Ve
_ @kxk 2Xo X A
2XoX detX|o> XX
To de ne proximity to central path we need wa :
0 1
X0 X~
Q=@ e 0
X det™(x) + det!=2 (X)+ Xo
Now
r s . 5 ,
i ¢ 2 i ¢ 2
dF(X,S) = .1 Qslzzx -1 + .2 Qslzzx - 1
-3 3 “®



i ¢
In SDP and SOCP the matrix AL'SleA iS not

symmetric in general

This is due to the fact that Lx and Lg do not commute

To get around this problem we perform scaling or

change of variables



Monteiro-Zhang family

Consider again the system

Ax=Db
Ay +s=c

Xxs = 1 Cidentity
ifp A Odene
R = X S= 1S A=AQ, :
Qp S Qp A Qp

Then equivalently we can write the system

AR =D

e

Ay +s=c¢
e e e
RS = 1 Cidentity
e



Applying Newton, getting dcix;¢¢ Y; (]ll S we arrive at the
|
matrix: G ALg 1LgA
e e e
Question: Is there any P such that G is symmetric?

Equiv alentl y Is there any P such that operators Lg- 1
e
and Ly commute?

Answer: There are in nitely many such P's

The class of directions where G is symmetric is called

the commutative class



Here are three examples from the commutative class:

12

HRVW/KSH/M class: p = X" orp = s¥

Nesterov-Todd method: choose P suchthatS = K
e

Explicitly Nesterov-Todd yields
3 ,
i ¢ -R
QX1=2 QX1=ZS



Roughly, for every digit of accuracy, We need f(n)

iterations where

In LP: N i1s number of variables
In SDP: N Is the dimension of the matrix

In SOCP: N is the number of blocks



ip_¢
When Ngis chosen, f(n) = O P n for the entire

Monteiro-Zhang family, that is for every choice of P

When neighborhood is N2 or N. 1 then
f(n) = O (-n ) where - is upper bound on condition
number of LélLX:

For the Ngsterov-Todd method, the matrix is identity

and - = 1

for the HRVW/KSH/M methods - = O (1) in N>
and- = O(n)inN_4
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