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LinearProgramming(LP)

Primal

min c1x1 + ¢¢¢+ cn xn

s.t. a11 x1 + ¢¢¢+ a1n xn = b1

¢¢¢

am1 x1 + ¢¢¢+ amn xn = bn

xi ¸ 0

Dual

max b1y1 + : : : + bm ym

s.t. a11 y1 + ¢¢¢+ am1 ym · c1

¢¢¢

a1n y1 + ¢¢¢+ amn ym · cn
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LinearProgramming(LP)

more succinctly

primal

min c> x

Ax = b

x ¸ 0

Dual

max b> y

s.t. A> y + s = c

s ¸ 0
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Weakduality

0 · x> s because xi si ¸ 0

= x> (c - A> y )

= c> x - x> A> y

= c> x - b > y

= duality gap

IMA Tutorial, March 11, 2003 – p.4/106



Key propertiesof LP:

Strong duality: If both Primal and Dual are feasible

then at the optimum

c> x = b > y ( ) x> s = 0

complementar y slac kness: This implies

x> s = x1s1 + ¢¢¢+ xnsn = 0 and therefore

xi si = 0
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complementarity

Putting together primal feasibility, dual feasibility and

complementarity together we get a square system of

equations

Ax = b

A> y + s = c

xi si = 0 for i = 1; : : : ; n

At least in principle this system determines the primal

and dual optimal values
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Algebraiccharacterization

We can de�ne x±s = (x1s1; : : : ; xnsn)> and

Lx : y
Lx--! (x1y1; : : : ; xnyn)> i.e. Lx = Diag(x)

We can write complementary slackness conditions as

x±s = Lxs = LxLs1 = 0

1, the vector of all ones, is the identity element:

x±1 = x
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Semide�niteProgramming(SDP)

Primal

min C1 ² X1 + ¢¢¢+ Cn ² Xn

s.t. A 11 ² X1 + ¢¢¢+ A1n ² Xn = b1

¢¢¢

A m1 ² X1 + ¢¢¢+ Amn ² Xn = bm

Xi < 0

Dual

max b > y

s.t. y 1 A 11 + ¢¢¢+ ym A m1 + S1 = C1

¢¢¢

y 1 A 1n + ¢¢¢+ ym A mn + Sn = Cn

Si < 0

Notation :

i. X < Y means that the the symmetric matrix X - Y is positive

semide� nite

ii. X ² Y =
P

ij Xij Yij = trace XY
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Characterizationsof <

Recall: X is positive semide�n ite

a> Xa ¸ 0 for all vectors a

( ) There is a matrix B: X = B> B

( ) all eigenvalues ¸ i ¸ 0
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Simpli�ed SDP

For simplicity we deal with single variable SDP:

Primal

max C ² X

s.t. A i ² X = bi

X < 0

Dual

min b > y

s.t.
P

i y i A i + S = C

S < 0

A single variable LP is trivial

But a single matrix SDP is as general as a multiple matrix
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Weakduality in SDP

Just as in LP

X ² S = C ² X - b > y

Also if both X < 0 and S < 0 then

X² S = trace (XS) = trace (XS1=2S1=2) = trace (S1=2XS1=2) ¸ 0

because S1=2XS1=2 < 0

Thus

X ² S = C ² X - b > y ¸ 0
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Complementarity Slackness Theorem: X < 0, S < 0

and X ² S = 0 implies

XS = 0

Proof:

X ² S = trace XS = trace XS1=2S1=2 = trace S1=2XS1=2

Thus trace S1=2XS1=2 = 0; since S1=2XS1=2 < 0, then

S1=2XS1=2 = 0 =) S1=2X1=2X1=2S1=2 = 0

=) X1=2S1=2 = 0

=) XS = 0
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Algebraicpropertiesof SDP

For reasons to become clear later it is better to write

complementary slackness conditions as

XS+ SX
2 = 0

It can be shown that if X < 0 or S < 0 then XS = 0 iff

XS+ SX = 0.
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De�nition: X±S def= XS + SX
2

The binary operation “±” is commutative X±S = S±X

“±” is not associative: X±(Y±Z) 6= (X±Y)±Z in general

But X±(X±X) = (X±X)±X Thus X±p = Xp is well-de�ned

In general X±(X2±Y) = X2±(X±Y)

The identity matrix I is identity w.r.t. “±”

De�ne the operator

LX : Y
LX-! X±Y thus X±S = LX(S) = LX

¡
LS(I )

¢
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ConstraintQuali�cations

Unlike LP we need some conditions for the optimal values of

Primal and Dual SDP to coincide

Here are two:

i. If there is primal-feasible X Â 0 (i.e X is positive de�nite)

ii. If there is dual-feasible S Â 0

When strong duality holds X ² S = 0
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Thus just like LP The system of equations

Ai ² X = bi for i = 1; : : : m
mX

i= 0

y i A i + S = C

X±S = 0

Gives us a square system.
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SecondOrderConeProgramming(SOCP)

Primal

min c>
1 x1 + ¢¢¢+ cn xn

s.t. a >
11 x1 + ¢¢¢+ a1n xn = b1

¢¢¢

a >
m1 x1 + ¢¢¢+ a>

mn xn = bm

xi < Q 0

Dual

max b > y

s.t. y 1 a 11 + ¢¢¢+ ym a m1 + sm = c1

¢¢¢

s.t. y 1 a 1n + ¢¢¢+ ym a mn + sm = cn

si < Q 0

Notation:

i. vectors xi , si , ci , a ij are indexed from zero.

ii. If z = (z0; z1; : : : ; zk )> and z̄ = (z1; : : : ; zk )>

z< Q 0 ( ) z0 ¸ kz̄k
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x 0

x2

1x

Q = fz j z0 ¸ kz̄kg
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WeakDuality in SOCP

The single block SOCP is not as trivial as LP but it still can be

solved analytically

weak duality: Again as in LP and SDP

X

i

x>
i si =

X

i

c>
i xi - b> y = duality gap

If x; s< Q 0 then

x> s = x0s0 + x̄> s̄ ¸

¸ kx̄k:ks̄k + x̄> s̄ since x; s< Q 0

¸ jx̄> s̄j + x̄> s̄ Cauchy-Schwartz inequality

¸ 0
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ComplementarySlacknessfor SOCP

Given x< Q 0, s< Q 0, and x> s = 0

assuming for now that x0 > 0 and s0 > 0

We have

(*) x2
0 ¸

nX

i = 1

x2
i

s2
0 ¸

nX

i = 1

s2
i ( )

(**) x2
0 ¸

nX

i = 1

s2
i x2

0
s2

0
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From x> s = 0

x> s = 0 ( ) - x0s0 = x1s1 + ¢¢¢+ xn sn ( )

(***) - 2x2
0 =

nX

i = 1

2xi si x0
s0

Adding (*), (**) and (***) we get

0 ¸
nX

i = 1

³
xi + si x0

s0

´ 2

This implies

xi s0 + x0si = 0 for i = 1; : : : ; n
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-

-

x

x

2

0

x

x1

s

x

s

When x< Q 0 and s< Q 0 are orthogonal both must be on the boundary in such a way

that their projection on the x1; : : : ; xn plane is collinear
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StrongDuality

at the optimum

X

i

c>
i xi = b> y ( )

X

i

x>
i si = 0

Like SDP constraint quali�c ations are required

if there is xÂQ 0 primal-feasible

if there is sÂQ 0 dual-feasible
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ComplementarySlacknessfor SOCP

At the optimum

x0si + x0si = 0 for i = 1; : : : ; n i

x> s = 0 for i = 1; : : : ; n i

Thus again we have a square system

X

i

A i xi = b

A >
i y + si = ci for i = 1; : : : ; n

x>
i si = 0 for i = 1; : : : ; n

(xi )0s̄i + (si )0x̄i = 0 for i = 1; : : : ; n
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Algebraicpropertiesof SOCP

Let us de�ne a binary operation for vectors x and s both

indexed from zero
0

B
B
B
B
B
B
@

x0

x1

...

xn

1

C
C
C
C
C
C
A

±

0

B
B
B
B
B
B
@

s0

s1

...

sn

1

C
C
C
C
C
C
A

def=

0

B
B
B
B
B
B
@

x> s

x0s1 + s0x1

...

x0sn + s0xn

1

C
C
C
C
C
C
A
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Just as in matrices this “±” also satis�e s

x±s = s±x

x±(y ±z) 6= (x±y )±z in general, but:

x±(x±x) = (x±x)±x and thus unambiguously: xp

x±(x2±y ) = x2±(x±y )

e def= (1;0; : : : ; 0)> is the identity: x±e = x
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As in matrices we can de�ne the operator

Lx : y
Lx--! x±y

Lx = Arw (x) def=

0

@x0 x̄>

x̄ x0I

1

A

x±s = Arw (x) s = Arw (x) Arw (s) e
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LP SDP SOCP

binary operation: x ±s =
¡
xi si

¢
i X ±S = XS + SX

2 x ±s =

0

@ x> s

x0 s̄ + s0 x̄

1

A

Identity: 1 I e =

0

@1

0

1

A

associative : yes no no

Lx : y ! Diag( x ) y Y ! XY + YX
2 y ! Arw (x) y

Primal feasibility: A x = b AI ² Xi = bi
P

i A i xi = b

dual feasible: A > y + s = c
P

i y i A i + S = C A>
i y + si = ci

Complementarity: Lx Ls1 = 0 LX
¡
LS( I )

¢
= 0 Lx Lse = 0
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An importantdistinction

In LP Lx and Ls commute:

Diag(x)Diag(s) = Diag(s)Diag(x)

in SDP and SOCP Lx and Ls do not commute in

general

IMA Tutorial, March 11, 2003 – p.30/106



An importantdistinction

In LP Lx and Ls commute:

Diag(x)Diag(s) = Diag(s)Diag(x)

in SDP and SOCP Lx and Ls do not commute in

general

IMA Tutorial, March 11, 2003 – p.30/106



ConeLP's

A set K µ Rn is a proper cone if

It is a cone: If x 2 K ) ®x 2 K for all ® ¸ 0

it is convex: x; y 2 K ) x + y 2 K

It is pointed: K \ (- K) = f0g

It is closed

It has non-empty interior in Rn

dual cone: K¤ = fx j for all z 2 K; x> z ¸ 0g
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Cone-LP's

Cone-LP is de�ned as the following optimization problem:

Primal:

min c> x

s.t. Ax = b

x 2 K

Dual

max b > y

s.t. A> y + s = c

s 2 K¤

For LP K is the nonnegative orthant

For SDP K is the cone of positive semide�nite matrices

For SOCP K is the circular or Lorentz cone

In all three cases the cones are self-dual K = K¤

IMA Tutorial, March 11, 2003 – p.32/106



Cone-LP's

Cone-LP is de�ned as the following optimization problem:

Primal:

min c> x

s.t. Ax = b

x 2 K

Dual

max b > y

s.t. A> y + s = c

s 2 K¤

For LP K is the nonnegative orthant

For SDP K is the cone of positive semide�nite matrices

For SOCP K is the circular or Lorentz cone

In all three cases the cones are self-dual K = K¤

IMA Tutorial, March 11, 2003 – p.32/106



Cone-LP's

Cone-LP is de�ned as the following optimization problem:

Primal:

min c> x

s.t. Ax = b

x 2 K

Dual

max b > y

s.t. A> y + s = c

s 2 K¤

For LP K is the nonnegative orthant

For SDP K is the cone of positive semide�nite matrices

For SOCP K is the circular or Lorentz cone

In all three cases the cones are self-dual K = K¤

IMA Tutorial, March 11, 2003 – p.32/106



Cone-LP's

Cone-LP is de�ned as the following optimization problem:

Primal:

min c> x

s.t. Ax = b

x 2 K

Dual

max b > y

s.t. A> y + s = c

s 2 K¤

For LP K is the nonnegative orthant

For SDP K is the cone of positive semide�nite matrices

For SOCP K is the circular or Lorentz cone

In all three cases the cones are self-dual K = K¤

IMA Tutorial, March 11, 2003 – p.32/106



Cone-LP's

Cone-LP is de�ned as the following optimization problem:

Primal:

min c> x

s.t. Ax = b

x 2 K

Dual

max b > y

s.t. A> y + s = c

s 2 K¤

For LP K is the nonnegative orthant

For SDP K is the cone of positive semide�nite matrices

For SOCP K is the circular or Lorentz cone

In all three cases the cones are self-dual K = K¤

IMA Tutorial, March 11, 2003 – p.32/106



SDP-Representablity

What kind of problems can be expressed by SDP and

SOCP?

De�nition: A set X µ Rn is SDP-representable (or

SDP-Rep for short) if it can be expressed linearly as the

feasible region of an SDP

X =
©

x j there exist u 2 Rk; such that for some

Ai ; Bj ; C 2 Rm£ m :
X

i

xi A i +
X

j

ujBj + C < 0
ª
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De�nition: A function f (x) is SDP-Rep if its epigraph

epi(f ) def=
©

(x0; x) j f (x) · x0
ª

is SDP-representable

If X is SDP-Rep then minx2X c> x is an SDP

if f (x) is SDP-Rep, then minx f (x) is an SDP
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A “calculus”of SDP-Repsetsandfunctions

SDP-Rep sets and functions remain so under �nitely many applications

of most convex-preserving operations If X and Y are SDP-Rep then so

are

Minkowski sum X + Y

Intersection X \ Y

Af�ne pre-Image A- 1(X) if A is af�ne

Af�ne map A(X) if A is af�ne

Cartesian Product X £ Y =
©

(x; y ) j x 2 X; y 2 Y
ª
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polarSDP-Representablity

polar

X¤ =
©

z j x 2 X ) x> z · 1
ª

is SDP-Rep if 0 2 Int X and X is compact

This can be extended to dual cone with quali�ca tions
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SDP-RepFunctions

If functions f i , i = 1; : : : ; m and g are SDP-Rep. Then the following

are SDP-Rep

nonnegat ive sum
P

i ®i f i for ®i ¸ 0

maxim um maxi f i

compositio n: g
¡
f 1(x); : : : ; f m (x)

¢
if

8
<

:
f i : Rn ! R &

g : Rm ! R

Legendre transf orm f ¤(y ) def= maxx
¡
y > x - f (x)

¢

many more ¢¢¢
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Eigenvalueoptimization

the function ¸ 1
¡
A0 +

P
i xi A i

¢
is SDP-Rep.

min ¸ 1

³
A0 + x1A1 + ¢¢¢+ xm Am

´

can be expressed as the SDP

min z

s.t. zI -
P

i xi A i < A0

and its dual:

max A0 ² Y

s.t. A i ² Y = 0

I ² Y = trace (X) = 1

Y < 0
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Let ¤ k(A) indicate sum of the k largest eigenvalues of A
Then ¤ k

¡
A0 +

P
i xi A i

¢
is SDP-Rep

min ¤ k

³
A0 + x1A1 + ¢¢¢+ xm Am

´

can be expressed as an SDP:

min kz + trace X

s.t. zI + V -
P

xi A)i < A0

X º 0

max A0 ² Y

s.t. trace Y = k

Ai ² A i = 0

Y º 0
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moreSDP-RepFunctions

The following problems can be expressed as SDP

maximizing sum of the k smallest eigenvalues of

A0 +
P

i xi A i

minimizing sum of the k absolute-value-wise largest

eigenvalues

minimizing sum of the k largest singular values of

A0 +
P

i xi A i
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A generalrule

A general Result

Let f
¡
x1; : : : ; xn

¢
such that

i. f is SDP-Rep

ii. f is symmetric i.e. independent of order of xi

If X is an n £ n symmetric matrix then

F(X) = f
¡
¸ i (X)

¢

is SDP-Rep.
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Example

For example det(X) =
Q

i ¸ i X is SDP-representable

Application: Given a set of points a i 2 Rn �nd a

minimum volume ellipsoid containing a i
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Applicationsin combinatorialoptimization

Consider the 0-1 integer Programming Problem

max ĉ> x̂

s.t. Â x̂ · b

xi 2 f0;1g

LP Relaxation: Replace xi 2 f0;1gwith 0 · xi · 1
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SDPrelaxationof 0-1Programs

Sherali-Adams and Lovász-Schrijver give the following

SDP-relaxation:

i First homogenize by introducing a new variable x0

max ĉ> x̂

s.t. x0b - Â x̂ ¸ 0

x0 = 1

xi 2 f0;1g

( )

max c> x

s.t. Ax ¸ 0

0 · xi · x0

xi 2 f0;1g
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SDPRelaxationCont'd

ii Next

divide the set of constraints into two groups A1x ¸ 0 and

A2x ¸ 0 (both must contain 0 · xi · x0)

Multiply all inequalities A1x ¸ 0 by all inequalities A2x ¸ 0

We get inequalities of the form
P

ij ai aj xi xj ¸ 0

iii Introduce a new matrix valued variable X and replace each

occurrence of xi xj with Xij

iv Require X < 0
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Lovász-Schrijver cont'd

We get the following SDP

max
P

i ci Xii

s.t. X0i = Xii

(A1 ­ A2)(X) ¸ 0

X < 0

If we require that rank (X) = 1 then the problem will be equivalent

to the integer program

Thus SDP-relaxation is the result of dropping the rank constraints
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It can be shown that this gives a sharper relaxation than LP

Lovász and Schrijver showed that when this SDP relaxation is

applied to the NP-hard maximum independent set problem it

contains many classes of well-known linear inequalities

Integer points

LP relaxation

SDP relaxation
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Positivepolynomials andmomentspaces

Consider a standard least squares approximation or

regression problem:

Given a set of “observed” pairs of points and

values (xi ; y i ) �nd a “polynomial” p(x) which

minimizes
X

i

¯
¯p(xi ) - y i

¯
¯2

We are interested in this problem with additional “shape

constraints”, examples include
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shapeconstraints

One or more of the following may be required

a. The polynomial must be nonnegative

b. it must be non-decreasing or non-increasing (isotonic

regression)

c. it must be concave or convex

d. it must be bounded by two given polynomials

q1(t ) · p(t ) · q2(t )
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PositivePolynomials

These condition may be required to hold on R, a half-line or an

interval

Obser vation The set of nonnegative polynomials of a given
degree forms a proper cone

Pn
def=

©
(p0; : : : ; pn ) j p0 + p1t + ¢¢¢+ pn t t > 0 for all t 2 Ig

where I is any of [a; b], [a; 1 ) or (- 1 ; 1 )

Impor tant fact: The cone of positive polynomials is SDP-Rep.

To see this we need to introduce another problem
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TheMomentcone

The Moment space and Moment cone

Let (c0; c1; : : : ; cn )> be such that there is a probability measure

Fwhere

ci =
Z

I
t i dF for i = 0; : : : n

The set of such vectors is the Moment space

The Moment cone:

M n =
©

®c j There is distribution F : ci =
Z

I
t i dF and ® ¸ 0

ª
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The moment cone is also SDP-Rep:

The discrete Hamburger moment problem:

I = R : c 2 M 2n + 1

m
0

B
B
B
B
B
@

c0 c1 ¢¢¢ cn

c1 c2 ¢¢¢ cn + 1
...

...
. . .

...

cn cn + 1 ¢¢¢ c2n

1

C
C
C
C
C
A

< 0

Note: This is the Hankel matrix
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The discrete Stieltjes moment problem:

I = [0;1 ) c 2 M m ( )
0

B
B
B
B
B
@

c0 c1 ¢¢¢ cn

c1 c2 ¢¢¢ cn + 1

...
...

. . .
...

cn cn + 1 ¢¢¢ c2n

1

C
C
C
C
C
A

< 0 and

0

B
B
B
B
B
@

c1 c2 ¢¢¢ cn - 1

c2 c3 ¢¢¢ cn

...
...

. . .
...

cn - 1 cn ¢¢¢ c2n - 1

1

C
C
C
C
C
A

< 0

where n = bn
2 c

The Hausdorff moment problem where I = [0;1] is similarly

SDP-Rep
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Somefactsaboutmomentandpositivepoly-
nomialcones

P¤
n = M n , i.e. moment cones and nonnegative polynomials are

dual of each other

If fu0(x); : : : ; un (x)g, x 2 I are linearly independent functions

(possibly of several variables)

The cone of polynomials that can be expressed as sum of squares

is SDP-Rep.

if I is a one dimensional set then positive polynomials and sum of

square polynomials coincide

In general except for I one-dimensional positive polynomials

properly include sum of square polynomials
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SOCP-Representablesetsandfunctions

We can de�ne SOCP-Rep sets and functions similarly to SDP-Rep

sets and functions

SOCP-Rep functions are SDP-Rep since x 2 Q iff Arw (x) < 0

The famous Fermat-Weber plant location problem: Given points

p1; : : : ; pm �nd a point x to minimize

°
° p1 - x

°
° +

°
° p2 - x

°
° + ¢¢¢+

°
° pm - x

°
°

This problem is SOCP-Rep:

min z1 + z2 + ¢¢¢+ zm

s.t.

0

@ zi

p i - x

1

A < Q 0
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w

w

w

w w
1

2

3

4 5

A mechanical model of the Fermat-Weber problem, the strings are tied at a point in

one end, are connected to weights at the other. Determining the rest position of the tie

is a weighted Fermat-Weber problem
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Hyperbolicinequalities

Inequalities of the form x> y · t 2 are SOCP-Rep

x> s · t 2 ( ) kx+ sk2

4 - kx- sk2

4 · t 2 ( ) 1
4

0

B
B
@

x + s

x - s

2t

1

C
C
A < Q 0

Inequalities involving geometric means:

³ nY

i = 1

¡
a>

i x + bi
¢́ 1=n

¸ t
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Example

For example if n = 4,

max

4Y

i = 1

¡
a>

i x- bi
¢

( )

max w3

s.t. a>
i x - bi ¸ 0

(a>
1 x - b1)(a>

2 x - b2) ¸ w2
1

(a>
3 x - b3)(a>

4 x - b4) ¸ w2
2

w1w2 ¸ w3

wi ¸ 0

This can be extended to products of rational powers of af�ne

functions
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Multi-ScenarioPortfolioOptimization

Consider the standard Markowitz theory:

1. We are interested in single period investment policy

2. There are n assets, with period price change p = (pi )

3. Assume Gaussian price volatility on p with mean ¹ and variance

§

4. We seek the portion of our investments xi allocated to asset i ,
with x = (xi ) that maximizes the expected period return:

maximize ¹ T x

subject to
P

xi = 1

xi ¸ 0 (no shorting is allowed)
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ConstraintsonPortfolioSelection

One class of constraints is to set Pr[return · ®i ] · ¯ i

After some manipulation this can be rewritten as:

¹ Tx + ©- 1(¯ i )
°
° §1=2x

°
° ¸ ®i

Another possibility is to have Many ¹ 's and many §'s and require

risk constraints satisfy for all scenarios:

¹ T
j x + ©- 1(¯ i )

°
°
° §1=2

j x
°
°
° ¸ ®i for each scenario j

Yet Another possibility: minimize risk subject to lower bound on

expected return.
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InteriorPointAlgorithms

basics: A general strategy for solving convex optimization

problem:

(I) min c> x

s.t. x 2 C where C is convex

�nd a barrier function b(x) : Int C ! R
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BarrierFunctions

b(x) is convex on Int C

for any sequence of points fxi gapproaching boundary bd (C),

b(xi ) ! 1

We can replace the problem minfc> x j x 2 Cgwith

(II ) min c> x + ¹b (x)

if x¹ is the optimum of (II) and x¤ of (I) then

x¹ 2 Int C

As ¹ ! 0, x¹ ! x¤
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The function - ln(x- 1)- ln(y - 1) is a barrier for the set C = f(x; y) j

0 · x; y · 1g

IMA Tutorial, March 11, 2003 – p.63/106



For the positive orthant fx j xi ¸ 0g,

b(x) = -
P

ln(xi ) is a barrier

For the semide� nite cone

b(x) = - ln det X = -
P

i ln ¸ i (X) is a barrier.

We will discuss the Second Order cone shortly
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Barriersfor LP andSDP

Thus LP can be replaced by

Primal ¹

min c> x - ¹
P

i ln(xi )

s.t. Ax = b

xi > 0

Dual ¹

max b> y + ¹
P

i ln(si )

s.t. A> y + s = c

si > 0

And SDP with

Primal ¹

min C ² X - ¹ ln det X

s.t. A i ² X = bi X Â 0

Dual ¹

max b> y + ¹
P

i ln det S

s.t.
P

i y i A i + S = C S Â 0
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Applying standard Optimality condition we get

LP:

Lagrangian: L (x; y ) = c> x - ¹
X

i

ln(xi ) - y > (b - Ax)

SDP:

Lagrangian: L (X; y ) = C² X- ¹ ln det X-
mX

i = 1

y i (bi - A i ² Xi )
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The standard Karush-Kuhn-Tucker condition requires that at the

optimum

r xL = 0

Which translates into

LP

r y L = b - Ax = 0
@L
@xi

= ci - ¹
x i

- (y > A)i = 0

SDP

r y L =
¡
bi - A i ² X

¢
i = 0

r X L = C - ¹X - 1 - y i A i = 0
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In LP: de�ne: si = ¹
xi

, then s = (si )i is dual feasible

In SDP: de�ne: S = ¹X - 1, then S is dual feasible

The optimality conditions result in the square system

LP

Ax = b

A> y + s = c
¡
xi

¢
i

=
³

¹
zi

´

i

SDP

Ai ² X = bi
P

i y i A i + S = C

X = ¹S - 1
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in LP: if we write xi si = ¹ we get relaxed

complementarity

in SDP: if we write Xi Si = ¹I we get relaxed

complementarity
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Newton'smethod

In LP:

Let x; y ; s be initial estimates Then

A(x + ¢ x) = b

A> (y + ¢ y ) + s + ¢ s = c

(xi + ¢x i )(si + ¢s i ) = ¹
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Newton'smethod

Newton method involves solving this system with respect to ¢ 's after
removing nonlinear terms:

A¢ x = b - Ax

A> ¢ y + ¢ s = c - A> y - s

si ¢x i + xi ¢s i = ¹ - xi si nonlinear term ¢x i ¢s i was dropped

In matrix form
0

B
B
@

A 0 0

0 A> I

Diag(s) 0 Diag(x)

1

C
C
A

0

B
B
@

¢ x

¢ y

¢ s

1

C
C
A =

0

B
B
@

r p

r d

r c

1

C
C
A where

r p = b - Ax

r d = c - A> y - s

r c = ¹ - x±s
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SolvingtheNewtonSystem

Solving this system we get

¢ y = (AL- 1
s LxA> ¢- 1

³
r p + AL- 1

s
¡
Lxr d - r c

¢́

¢ s = r d - A> ¢ y

¢ x = - L- 1
s

¡
Lx¢ s - r c

¢

Where Lx = Diag(x) and Ls = Diag(s)

The matrix
¡
AL- 1

s LxA>
¢

is symmetric and positive de�nite if A
is full rank
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In SDP:

Let X, y , and Sbe current estimates.

If we use XS = ¹I , ¢X will not be symmetric

Since X; S Â 0 then XS = ¹I ( ) X±S = XS + SX
2 = ¹I

Now applying newton to
A i ² X = bi ;

P
i y i A i + S = C; X±S = ¹I we get

Ai ² (X + ¢X ) = bi i = 1; : : : ; m
X

i

(y i + ¢y i )A i + S+ ¢Si = C

(X + ¢X )±(S+ ¢S) = ¹I
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Expanding and throwing out nonlinear terms

¡
Ai ² ¢X

¢
i = r p

P
i ¢y i A i + ¢S = Rd

S±¢X + X±¢S = Rc

where

r p = b -
¡
A i ² X

¢
i

Rd = C -
P

yi A i - S

Rc = ¹I - X±S
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Again this system can be arranged

0

B
B
@

A 0 0

0 A > I

L S 0 L S

1

C
C
A

0

B
B
@

¢ x

¢ y

¢ s

1

C
C
A =

0

B
B
@

r p

r d

r c

1

C
C
A

If vecA is a vector made by stacking columns of a matrix A

² A is a matrix whose rows are vecAi

² x = vecX; s = vecS;¢ x = vec(¢X ); ¢ s = (¢S); r d = vecRd ; r c = vecRc

² L X (and L S) are matrix representations of LX (and LS) operators

² L X = X ­ I + I ­ X and L S = S­ I + I ­ S
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Solving this system we get

¢ y =
¡
AL - 1

s LxA > ¢- 1
³

r p + AL - 1
s

¡
Lxr d - r c

¢́

¢ s = r d - A > ¢ y

¢ x = - L - 1
s

¡
Lx¢ s - r c

¢
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Note: The matrix
¡
AL - 1

s LxA >
¢

is not symmetric

because L S and L X do not commute!

In LP It is quite easy to calculate AL- 1
s LxA

Most computational work in LP involves solving systems
¡
AL- 1

s LxA
¢
v = u

in SDP even computing
¡
AL - 1

s LxA
¢

is fairly

expensive (in this form requires solving Lyapunov

equations)
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How about SOCP?

What is an appropriate barrier for the convex cone

Q = fx j x0 ¸ kx̄kg?

By analogy we expect relaxed complementary

conditions turn out to be x±s = ¹ e
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FurtherDevelopmentof AlgebraAssociated
with SOCP

In SDP:

The barrier ln det X =
P

i ln ¸ i (X)

For each symmetric n £ n matrix X, there is a characteristic

polynomial, such that

² p(t ) = p0 + p1t + ¢¢¢+ pn - 1t n - 1 + t n

² roots of p(t ) are eigenvalues of X

² trace (X) = pn - 1 det X = p0
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² roots of p(t ) are real numbers

² p(X) = 0 by Cayley-Hamilton Theorem

² There is orthogonal matrix Q : X = Q¤Q >

= ¸ 1q 1q >
1 + ¢¢¢+ ¸ n q n q >

n

where q i is the i th column of Q and ¤ = Diag(¸ i )

We now attempt to de�ne these concepts for the second order cone
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Remember in SOCP

x±s =

0

@ x> s

x0s̄ + s0x̄

1

A Lx = Arw (x) =

0

@x0 x̄>

x̄ x0I

1

A e =

0

@1

0

1

A

It is easy to verify

x2 + 2x0x +
¡
x2

0 - kx̄k2¢
e = 0

De�ne the characteristic polynomial

p(t ) = t 2- 2x0t+
¡
x2

0- kx̄k2 =
³

t -
¡
x0+ kx̄k

¢́ ³
t -

¡
x0- kx̄k

¢́

De�ne eigenvalues of x roots of p(t ): ¸ 1;2 = x0 § kx̄k

De�ne tr(x) = 2x0, and det(x) = x2
0 - kx̄k2

IMA Tutorial, March 11, 2003 – p.81/106



For each x de�ne

c1 = 1
2

0

@
1
x̄

kx̄k

1

A c2 = 1
2

0

@
1

- x̄
kx̄k

1

A

We can verify

x = ¸ 1c1 + ¸ 2c2

This relation is the spectral decomposition of the

vectors in SOCP Algebra
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� �

�����

x
-x

x
c1

c2

-
-

e

2

1

x

x

x0

To get c1 and c2, (i) project x to x1; : : : ; xn plane (ii) normalize x̄ and

- x̄ (iii) Lift the normalized vectors up to touch the boundary of the cone
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De�ne for any real number t , xt def= ¸ t
1c1 + ¸ t

2c2 whenever ¸ t
i is

de�ned:

² x- 1 = 1
¸ 1

c1 + 1
¸ 2

c2 = 1
x2

0 - kx̄k2

0

@x0

- x̄

1

A = 1
det x

0

@x0

- x̄

1

A

Now we can de�ne an appropriate barrier for Q:

² - ln det x = - ln
¡
x2

0 - kx̄k
¢2

² r x
¡
- ln det x

¢
= 2

det x

³
x0; - x1; : : : ; - xn

´
= 2x- 1
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Thus we can replace SOCP problem with (For simplicity we �rst
look at the one-block case):

min c> x - ¹ ln det x

s.t. Ax = b

xÂQ 0

The Lagrangian:

L (x; y ) def= c> x - ¹ ln det x - y > (b - Ax)

Applying KKT:

r y L = b - Ax = 0

r xL = c - ¹ x- 1 - A > y = 0

Setting s = ¹ x- 1 we see that s is dual feasible IMA Tutorial, March 11, 2003 – p.85/106



Thus we have to solve the following system (in multi-block case):

P
i A i xi = b

A>
i y + si = ci ; i = 1; : : : ; n

x- 1
i = - 2¹ si ( ) xi ±si = 2¹ ei

Using Newton's method we get
X

i

A i (xi + ¢ xi ) = b

A>
i (y + ¢ y ) + si + ¢ si = ci

(xi + ¢ xi )±(si + ¢ si ) = 2¹ e
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Now expanding and dropping nonlinear terms
X

i

A i ¢ xi = r p

A i y + ¢ si = (r i )d

si ±¢ xi + xi ±¢ si = (r i )c nonlinear term ¢ xi ±¢ si is dropped
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In matrix form this system is
0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

A1 ¢¢¢ An 0 0 ¢¢¢ 0

0 ¢¢¢ 0 A>
1 I ¢¢¢ 0

...
. . . 0

...
...

. . .
...

0 ¢¢¢ 0 A>
n 0 ¢¢¢ I

Ls1 ¢¢¢ 0 0 � x1 : : : 0
...

. . .
...

...
...

. . .
...

0 ¢¢¢ Lsn 0 0 ¢¢¢ Lxn

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

¢ x1

...

¢ xn

¢ y

¢ s1

...

¢ sn

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

(r p )1

...

(r p )n

r d

(r c )1

...

(r c )n

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A
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Analysis

Interior point algorithms for LP, SDP and SOCP:

1)Start with an initial ¹ 0 and initial x0; y 0; s0

2)Repeat

Solve for ¢ x, ¢ y , ¢ s

Set xk = xk - 1 + ¢ x, y k = y k - 1 + ¢ y , ss = xk - 1 + ¢ s

Reduce ¹ k = const.¹ k- 1

Until duality gap is small: x>
k sk · ²
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Question: Why don't we simply set ¹ = 0 and solve

for the optimum directly?

Ans wer: In order to prove bounds on convergence we

need to be very close to solution at the beginning

The larger ¹ the less the need to be close to the

solution at the outset
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TheCentralPath

In LP, SOCP and SDP

Central Path: As ¹ decreases towards zero the solution

(x¹ ; y ¹ ; s¹ ) to the system

Ax¹ = b

A> y ¹ + s¹ = c

x¹ ±s¹ = ¹ ¢ identity

traverse the a trajectory called the primal-dual central path
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Proximity measuresto centralpath:

LP: SDP

Frobenius dF( x ; s) =
q P

i ( xi si - ¹ )2 dF( X; S) =

r
P

i ¸ i

³
S1=2 XS1=2 - ¹I

´

two d2 ( x ; s) = maxi jxi si - ¹ j d2 ( X; S) =
°
° S1=2 XS1=2 - ¹I

°
°

2

in�ni ty d- 1 ( x ; s) = ¹ - mini f xi si g d- 1 ( X; S) = ¹ - mini ¸ i

³
S1=2 XS1=2

´
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Neighborhoodsaroundthecentralpath

Based on the proximity measures de�ne neighborhoods:

NF(° ) =
©

(x; y ; s) j Ax = b; A> y + s = c; dF(x; s) · °¹ g

N2(° ) =
©

(x; y ; s) j Ax = b; A> y + s = c; d2(x; s) · °¹ g

N1 (° ) =
©

(x; y ; s) j Ax = b; A> y + s = c; d1 (x; s) · °¹ g

dF ¸ d2 ¸ d1

NF µ N2 µ N- 1
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optimization direction

neighborhood Central path

Feasible region

moptimal point
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How do we de�ne proximity to central path in SOCP?

We need to de�n e a concept analogous to S1=2XS1=2

in SDP: De�n e the Quadratic Representation as the
operator:

QX : Y
Q X- - ! XYX

QX is de�ned in terms of ordinary multiplication but can be written
in terms of “±”:

XYX = 2
X XY + YX

2 + XY + YX
2 X

2 - X 2 Y+ YX 2

2 = 2X±(X±Y) - X2±Y

Equivalently:

QX = 2L2
X - LX 2

This now suggests the analog of QX for SOCP
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De�ne

Qx = 2Lx2 - Lx2 = 2
¡

Arw (x)
¢2

- Arw
¡
x2¢

=

0

@kxk 2x0x̄>

2x0x̄ det xI 2 x̄x̄>

1

A

To de�ne proximity to central path we need Qx1=2 :

Qx1=2 =

0

@x0 x̄>

x̄ det1=2(x) + x̄x̄>

det1=2 (x)+ x 0

1

A

Now

dF(x; s) =

r ³
¸ 1

¡
Qs1=2 x

¢
- ¹

´ 2
+

³
¸ 2

¡
Qs1=2 x

¢
- ¹

´ 2

d2(x; s) = max
­ ³

¸ 1
¡
Qs1=2 x

¢
- ¹

´
;
³

¸ 2
¡
Qs1=2

¢
- ¹

´ ®

d- 1 (x; s) = ¹ - min
­

¸ 1
¡
Qs1=2 x

¢
; ¸ 2

¡
Qs1=2 x

¢®
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Commutativedirections

In SDP and SOCP the matrix
¡
AL- 1

s LxA
¢

is not

symmetric in general

This is due to the fact that Lx and Ls do not commute

To get around this problem we perform scaling or

change of variables
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Monteiro-Zhang family

Consider again the system

Ax = b

A> y + s = c

x±s = ¹ ¢ identity

if p Â 0 de�ne

ex = Qp x s
e

= Qp - 1 s A
e

= AQ p - 1

Then equivalently we can write the system

A
e

ex = b

A
e

> y + s
e

= c
e

exs
e

= ¹ ¢ identity IMA Tutorial, March 11, 2003 – p.98/106



Applying Newton, getting f¢ x; ¢ y ; ¢ s
f

we arrive at the

matrix: G def=
¡
A
e

Ls
e

- 1 LexA
e

¢

Question: Is there any p such that G is symmetric?

Equiv alentl y Is there any p such that operators Ls
e

- 1

and Lex commute?

Ans wer: There are in�nitely many such p 's

The class of directions where G is symmetric is called

the commutative class
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Here are three examples from the commutative class:

HRVW/KSH/M class: p = x- 1=2 or p = s1=2

Nester ov-Todd method: choose p such that s
e

= ex

Explicitly Nesterov-Todd yields

³
Qx1=2

¡
Qx1=2 s

¢- 1=2
´ - 1=2
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Complexity Analysis

Roughly, for every digit of accuracy, We need f (n)

iterations where

in LP: n is number of variables

in SDP: n is the dimension of the matrix

in SOCP: n is the number of blocks
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When NF is chosen, f (n) = O
¡p

n
¢

for the entire

Monteiro-Zhang family, that is for every choice of p

When neighborhood is N2 or N- 1 then

f (n) = O (·n ) where · is upper bound on condition

number of L- 1
s
e

Lex:

For the Nesterov-Todd method, the matrix is identity

and · = 1

for the HRVW/KSH/M methods · = O (1) in N2

and · = O (n) in N- 1
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FurtherReading

SVW-00 R. Saigal, L. Vandenberghe, and H. Wolkowicz Handbook of

Semide�ni te Programming, Theory, Algorithms and Applications.

Kluwer Academic Publishers, 2000. Commen t: Contains many

survey articles by leading experts on all aspects of SDP, but does

not have much on SOCP

AG-02 F. Alizadeh, and D. Goldfarb Second Order Cone Programming

Math. Programming Ser B, 95:3-51, 2003. Commen t: A

comprehensive survey of SOCP
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NN94 Y. Nesterov and A. Nemirovski. Interior Point Polynomial Methods

in Convex Programming: Theory and Applications. Society for

Industrial and Applied Mathematics (SIAM), Philadelphia, 1994.

Comment: An important monograph, although covers more

general topics than SDP and SOCP, it contains signi� cant

examples and detailed analysis of SDP, SOCP. Also a good source

of SDP-Rep and SOCP-Rep functions and sets

Nem99 A. Nemirovski. What can be expressed via conic quadratic and

semide� nite programming?, August 1999. Talk presented at

RUTCOR weekly seminar Available at

http://iew3.technion.ac.il/Labs/Opt/opt/Pres/Conrut.pdf Commen t:

Although this is just a copy of slides, it is a very clear presentation

of SDP and SOCP-representable functions IMA Tutorial, March 11, 2003 – p.104/106



VB96 L. Vandenberghe and S. Boyd. Semide�ni te programming. SIAM

Review, 38(1):49–95, 1996. Comm ent: A good survey of

engineering applications of SDP

KS66 S. Karlin and W. Studden. Tchebychev Systems: With Applications

in Analysis and Statistics. Wiley intersciene Publishers, 1966.

Comment: A classical book with comprehensive coverage of

moment and positive polynomial cones and their applications in

statistics, approximation theory and analysis.
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Nes98 Y.U. Nesterov. Squared Functional Systems and Optimization

Problems. In High Performance Optimization, Edited by K. Roos,

T. Terlaky, and S. Zhang, 1998. Comment : A paper covering

connection between SDP and positive polynomials.

Las01 Lasserre, J. B. Global Optimization with Polynomials and The

Problem of Moments. SIAM J. Optim., (8):708–817, 2001.

Comment: More on positive polynomials, especially polynomials

with several variables
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