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Convex quadraticallyconstrainedprogram

Generic problem

minimize cT x

subject to x T Q i x + 2qT
i x + ° i · 0; i = 1; : : : ; p;

x 2 R n , c 2 R n , qi 2 R n and Q i = V T
i V i 2 R n £ n º 0 (positive semidefinite)
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Convex quadraticallyconstrainedprogram

Generic problem

minimize cT x

subject to x T Q i x + 2qT
i x + ° i · 0; i = 1; : : : ; p;

x 2 R n , c 2 R n , qi 2 R n and Q i = V T
i V i 2 R n £ n º 0 (positive semidefinite)

Convex quadratic constraint , second-order cone constraint

This problem is a second-order cone program (SOCP)

minimize cT x

subject to
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Convex quadraticallyconstrainedprogram

Parameters f (Q i ; qi ; ° i ); i = 1 : : : ; pg not known accurately

estimation errors

measurement/sensor errors

implementation errors
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Robustquadtricallyconstrainedprogram

Parameters f (Q i ; qi ; ° i ); i = 1 : : : ; pg not known accurately

estimation errors

measurement/sensor errors

implementation errors

Uncertain (Q i ; qi ; ° i ) 2 Si : robust problem

minimize cT x

subject to x T Q i x + 2qT
i x + ° i · 0; 8(Q i ; qi ; ° i ) 2 Si

For a large class of uncertainty structures Si the robust problem is a semidefinite
program (SDP) (Nemirovski & Ben-Tal (1998), El Ghaoui et al (1997,1998))
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Propertiesof uncertaintystructures

The uncertainty structures Si must be:

Flexible: model a large variety of perturbations

Parametrizable: parameters defining S easy to estimate

“Optimizable”: resulting robust optimization problem tractable
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Propertiesof uncertaintystructures

The uncertainty structures Si must be:

Flexible: model a large variety of perturbations

Parametrizable: parameters defining S easy to estimate

“Optimizable”: resulting robust optimization problem tractable

Goal: Identify structures for which robust problem is a SOCP

Outlineof remainingtalk
Three families of uncertainty sets that admit a SOC representation

Polytopic uncertainty sets

Affine uncertainty sets

Factorized uncertainty sets

(Engineering ?) applications of robust quadratically constrained programs
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Polytopicuncertaintyset
Uncertainty set

Sa =

8
<

:
(Q ; q; ° ) :

(Q ; q; ° ) =
P k

j =1 ¸ j (Q j ; q j ; ° j ); Q j º 0

A = [A 1; A 2; : : : ; A k ]¸ = b ; ¸ ¸ 0

9
=

;
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Polytopicuncertaintyset
Uncertainty set

Sa =

8
<

:
(Q ; q; ° ) :

(Q ; q; ° ) =
P k

j =1 ¸ j (Q j ; q j ; ° j ); Q j º 0

A = [A 1; A 2; : : : ; A k ]¸ = b ; ¸ ¸ 0

9
=

;

Robust constraint: x T Qx + 2qT x + ° · ®, 8(Q ; q; ° ) 2 Sa

Define

cj = x T Q j x + 2qT
j x + ° j ; j = 1; : : : ; k

Linear programming duality

¸ T c · ®; 8¸ ¸ 0 : A ¸ = b , 9¹ : bT ¹ · ®; A T ¹ ¸ c

Robust constraint equivalent to

b T ¹ · ®

x T Q j x + 2qT
j x + ° · A T

j ¹ ; j = 1; : : : ; k
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Affine uncertaintyset

Combined linear and quadratic terms

Sb =

8
<

:
(Q ; q; ° ) :

(Q ; q; ° ) = (Q 0; q0; ° 0) +
P k

j =1 ui (Q j ; qj ; ° j )

Q j º 0; uj ¸ 0; kuk · 1

9
=

;
:

Problem NP-Hard if ui unconstrained
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Affine uncertaintyset

Combined linear and quadratic terms

Sb =

8
<

:
(Q ; q; ° ) :

(Q ; q; ° ) = (Q 0; q0; ° 0) +
P k

j =1 ui (Q j ; qj ; ° j )

Q j º 0; uj ¸ 0; kuk · 1

9
=

;
:

Problem NP-Hard if ui unconstrained

Separate linear and quadratic terms

Sc =

8
<

:
(Q ; q; ° ) :

Q = Q 0 +
P k

j =1 ui Q j ; Q j º 0; kuk · 1

(q; ° ) = (q0; ° 0) +
P k

j =1 vi (qj ; ° j ) kv k · 1

9
=

;
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Affine uncertaintyset

Robust quadratic constraint:

x T (Q 0 +
P

j uj Q j )x · ¯ ; 8u

m

9f 2 R k ; x T Q 0x + kf k · ¯ ;

x T Q j x · f j ; j = 1; : : : ; k:
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Affine uncertaintyset

Robust quadratic constraint:

x T (Q 0 +
P

j uj Q j )x · ¯ ; 8u

m

9f 2 R k ; x T Q 0x + kf k · ¯ ;

x T Q j x · f j ; j = 1; : : : ; k:

Robust linear constraint:

8v : (q0 +
P

j vj q j )T x + (° 0 +
P

j vj ° j ) · ®

m

9g 2 R k ; qT
0 x + ° 0 + kgk · ®;

gj = qT
j x + ° j ; j = 1; : : : ; k:
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Factorizeduncertaintyset

Uncertainty set

Sd =

8
>>>>><

>>>>>:

(Q ; q; ° 0) :

Q = V T FV ;

F = F 0 + ¢ Â 0; ¢ = ¢ T ; kN ¡ 1
2 ¢ N ¡ 1

2 k · ´ ;

V = V 0 + W 2 R m £ n ; kW i kg · ½i ; 8i;

q = q0 + ³ ; kS
1
2 ³ k · ±:

9
>>>>>=

>>>>>;
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>>>>><

>>>>>:
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9
>>>>>=

>>>>>;

Models situations here Q is not full-dimensional

Not all perturbations may be present in applications
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Factorizeduncertaintyset

Uncertainty set

Sd =

8
>>>>><

>>>>>:

(Q ; q; ° 0) :

Q = V T FV ;

F = F 0 + ¢ Â 0; ¢ = ¢ T ; kN ¡ 1
2 ¢ N ¡ 1

2 k · ´ ;

V = V 0 + W 2 R m £ n ; kW i kg · ½i ; 8i;

q = q0 + ³ ; kS
1
2 ³ k · ±:

9
>>>>>=

>>>>>;

Models situations here Q is not full-dimensional

Not all perturbations may be present in applications

Robust constraint:

x T Qx + qT x + ° 0 · 0; 8(Q ; q; ° 0) 2 Sd

m

maxQ 2S d

n
x T Qx

o
+ qT

0 x + ±kS¡ 1
2 x k + ° 0 · 0
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Factorizeduncertaintyset

FIx x and F : supQ 2S d

n
x T Qx

o
· ¯
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Factorizeduncertaintyset

FIx x and F : supQ 2S d

n
x T Qx

o
· ¯

sup
Q 2S d

n
x T Qx

o
= sup

f W :kW i k g · ½i g
kVx + Wx k2

f
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Factorizeduncertaintyset

FIx x and F : supQ 2S d

n
x T Qx

o
· ¯

sup
Q 2S d

n
x T Qx

o
= sup

f W :kW i k g · ½i g
kVx + Wx k2

f

Worst case: all W i aligned

sup
Q 2S d

n
x T Qx

o
· ¯ , sup

f w :kw k g · 1g
kVx + (½T jx j)w k2

f · ¯
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Factorizeduncertaintyset

FIx x and F : supQ 2S d

n
x T Qx

o
· ¯

Worst case: all W i aligned

sup
Q 2S d

n
x T Qx

o
· ¯ , sup

f w :kw k g · 1g
kVx + (½T jx j)w k2

f · ¯

By S-procedure: If and only if 9¿ ¸ 0 such that

M =

2

4 ¯ ¡ ¿ ¡ x T V T
0 FV 0x ¡ r x T V T

0 F
1
2

¡ r F
1
2 V 0x ¿G ¡ r 2F

3

5 º 0
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Factorizeduncertaintyset

FIx x and F : supQ 2S d

n
x T Qx

o
· ¯

By S-procedure: If and only if 9¿ ¸ 0 such that

M =

2

4 ¯ ¡ ¿ ¡ x T V T
0 FV 0x ¡ r x T V T

0 F
1
2

¡ r F
1
2 V 0x ¿G ¡ r 2F

3

5 º 0

Let H = G ¡ 1
2 FG ¡ 1

2 = Q¤ Q T . Then M º 0 iff

2

4 1 0T

0 Q T G
1
2

3

5 M

2

4 1 0T

0 G
1
2 Q

3

5 =

2

4 º ¡ ¿ ¡ w T w ¡ r w T ¤
1
2

¡ r ¤
1
2 w ¿I ¡ r 2¤

3

5 º 0
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Factorizeduncertaintyset

FIx x and F : supQ 2S d

n
x T Qx

o
· ¯

Let H = G ¡ 1
2 FG ¡ 1

2 = Q¤ Q T . Then M º 0 iff

2

4 1 0T

0 Q T G
1
2

3

5 M

2

4 1 0T

0 G
1
2 Q

3

5 =

2

4 º ¡ ¿ ¡ w T w ¡ r w T ¤
1
2

¡ r ¤
1
2 w ¿I ¡ r 2¤

3

5 º 0

Equivalently ¿ ¸ r 2¸ max (H ), and Schur complement ¿I ¡ r 2¤

¯ ¡ ¿ ¡ w T w ¡ r 2
³ X

i :¿6= r 2 ¸ i

¸ i w2
i

¿ ¡ r 2¸ i

´
¸ 0:

IMA workshop – p.9
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FIx x and F : supQ 2S d

n
x T Qx

o
· ¯

Equivalently ¿ ¸ r 2¸ max (H ), and Schur complement ¿I ¡ r 2¤

¯ ¡ ¿ ¡ w T w ¡ r 2
³ X

i :¿6= r 2 ¸ i

¸ i w2
i

¿ ¡ r 2¸ i

´
¸ 0:

Equivalent to 9 ¿; ¾¸ 0 and t 2 R m
+ :

¯ ¸ ¿ + 1T t ;

r 2 · ¾¿;

w2
i · (1 ¡ ¾̧ i )t i ; i = 1; : : : ; m;

¾ · 1
¸ max ( H ) :

IMA workshop – p.9



Factorizeduncertaintyset

FIx x and F : supQ 2S d

n
x T Qx

o
· ¯

Equivalently ¿ ¸ r 2¸ max (H ), and Schur complement ¿I ¡ r 2¤

¯ ¡ ¿ ¡ w T w ¡ r 2
³ X

i :¿6= r 2 ¸ i

¸ i w2
i

¿ ¡ r 2¸ i

´
¸ 0:

Equivalent to 9 ¿; ¾¸ 0 and t 2 R m
+ :

¯ ¸ ¿ + 1T t ;

r 2 · ¾¿;

w2
i · (1 ¡ ¾̧ i )t i ; i = 1; : : : ; m;

¾ · 1
¸ max ( H ) :

The perturbation in F can be handled by a simple extension
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Someapplicationsof polytopicuncertainty
Decision problem with scenarios

min
x

n
cT x + max

p 2A

©
x T E p [Q ]x

ª o

Q : discrete random variable with pmf p

A : polyhedral subset of the probability simplex
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Someapplicationsof polytopicuncertainty
Decision problem with scenarios

min
x

n
cT x + max

p 2A

©
x T E p [Q ]x

ª o

Q : discrete random variable with pmf p

A : polyhedral subset of the probability simplex

Combining information from different sources

Multiple “looks” at the same information

yj = r j x + nj ; E [n2
j ] = ¾2

j ; j = 1; : : : ; k

Noise power: ³ = (¾2
1 ; : : : ; ¾2

k ) 2 P a polytope.

Output z = h T y = (h T r )x + h T n
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Someapplicationsof polytopicuncertainty
Decision problem with scenarios

min
x

n
cT x + max

p 2A

©
x T E p [Q ]x

ª o

Q : discrete random variable with pmf p

A : polyhedral subset of the probability simplex

Combining information from different sources

Multiple “looks” at the same information

yj = r j x + nj ; E [n2
j ] = ¾2

j ; j = 1; : : : ; k

Noise power: ³ = (¾2
1 ; : : : ; ¾2

k ) 2 P a polytope.

Output z = h T y = (h T r )x + h T n

Optimization problem:

min
h

n
¾2

x (1 ¡ h T r )2 + max
³ 2P

© kX

j =1

³ j h2
j
ª o
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Linearleastsquares
Linear least squares problem:

min
x

kAx ¡ y k2

A = [a1 a2 : : : am ]T = [A 1 A 2 : : : A n ]

Many applications:

Regression/Estimation

Image reconstruction

Output tracking
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Linearleastsquares
Linear least squares problem:

min
x

kAx ¡ y k2

Robust linear squares problem

min
x

max
A 2S

n
kAx ¡ y k2

o
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Linearleastsquares
Linear least squares problem:

min
x

kAx ¡ y k2

Robust linear squares problem

min
x

max
A 2S

n
kAx ¡ y k2

o

A number of robustness results available

S =
©

[A ; b ] :
°
° [A ; b ] ¡ [ ¹A ; ¹b ]

°
° · ½

ª
: SOCP (El Ghaoui & Lebret)

S =
©

[A ; b ] : [A ; b ] = [A 0; b 0] +
P n

i =1 ui [A i ; b i ]; kuk · ½
ª

:
SDP (Ben-Tal & Nemirovski)

ai 2
©

a : a = a0 +
P n

i =1 ui ai ; kuk · ½i
ª

: SOCP (El Ghaoui & Lebret)
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Linearleastsquares
Linear least squares problem:

min
x

kAx ¡ y k2

Robust linear squares problem

min
x

max
A 2S

n
kAx ¡ y k2

o

A number of robustness results available

S =
©

[A ; b ] :
°
° [A ; b ] ¡ [ ¹A ; ¹b ]

°
° · ½

ª
: SOCP (El Ghaoui & Lebret)

S =
©

[A ; b ] : [A ; b ] = [A 0; b 0] +
P n

i =1 ui [A i ; b i ]; kuk · ½
ª

:
SDP (Ben-Tal & Nemirovski)

ai 2
©

a : a = a0 +
P n

i =1 ui ai ; kuk · ½i
ª

: SOCP (El Ghaoui & Lebret)

New: Robust least squares an SOCP when A i 2
©

a : a = ¹a + ±a; k±akg · ½i
ª
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Portfolioselection

Portfolio selection: r = N (¹ ; § ), (¹ ; § ) known.

minimize ÁT § Á;

subject to ¹ T Á ¸ ®;

1T Á = 1:

Equivalent reformulations: maximum return problem, Sharpe ratio problem
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Portfolio selection: r = N (¹ ; § ), (¹ ; § ) known.

minimize ÁT § Á;

subject to ¹ T Á ¸ ®;

1T Á = 1:

Great theoretical success: CAPM and other pricing models

Uncertainty in parameter values leads to poor performance

Factor model: r = ¹ + V T f + ²

Mean return vector: ¹

Factor loadings: V

Factor: f » N (0; F )

Error: ² » N (0; D )

IMA workshop – p.12



Portfolioselection

Portfolio selection: r = N (¹ ; § ), (¹ ; § ) known.

minimize ÁT § Á;

subject to ¹ T Á ¸ ®;

1T Á = 1:

Great theoretical success: CAPM and other pricing models

Uncertainty in parameter values leads to poor performance

Robust factor model: r = ¹ + V T f + ²

Mean return vector: ¹ 2 Sm =
©

¹ : ¹ = ¹ 0 + »; j»i j · ° i
ª

Factor loadings: V 2 Sv =
©

V : V = V 0 + W ; kW i kg · ½i
ª

Factor: f » N (0; F ),

F 2 Sf =
©

F = F 0 + ¢ º 0 : ¢ = ¢ T ; kN ¡ 1
2 ¢N ¡ 1

2 k · ³
ª

Error: ² » N (0; D ), D 2 Sd =
©

D = diag (d ) : di 2 [ ¹di ; di ]
ª
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Portfolioselection

Portfolio selection: r = N (¹ ; § ), (¹ ; § ) known.

minimize ÁT § Á;

subject to ¹ T Á ¸ ®;

1T Á = 1:

Robust factor model: r = ¹ + V T f + ²

Mean return vector: ¹ 2 Sm =
©

¹ : ¹ = ¹ 0 + »; j»i j · ° i
ª

Factor loadings: V 2 Sv =
©

V : V = V 0 + W ; kW i kg · ½i
ª

Factor: f » N (0; F ),

F 2 Sf =
©

F = F 0 + ¢ º 0 : ¢ = ¢ T ; kN ¡ 1
2 ¢N ¡ 1

2 k · ³
ª

Error: ² » N (0; D ), D 2 Sd =
©

D = diag (d ) : di 2 [ ¹di ; di ]
ª

Justification and parametrization of the uncertainty structure

Sets are implied by confidence regions around the MLE of (¹ ; V ; F )

Parametrized by setting a confidence threshold !
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Portfolioselection

Portfolio selection: r = N (¹ ; § ), (¹ ; § ) known.

minimize ÁT § Á;

subject to ¹ T Á ¸ ®;

1T Á = 1:

Robust portfolio selection problem

min max( V ;F ;D ) 2 Sv ( ! ) £ Sf ( ! ) £ Sd ( ! )

n
ÁT (V T FV + D )Á

o
;

subject to min ¹ 2 Sm ( ! )
©

¹ T Á
ª

¸ ®;

1T Á = 1:
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Portfolioselection

Portfolio selection: r = N (¹ ; § ), (¹ ; § ) known.

minimize ÁT § Á;

subject to ¹ T Á ¸ ®;

1T Á = 1:

Robust portfolio selection problem

min max( V ;F ;D ) 2 Sv ( ! ) £ Sf ( ! ) £ Sd ( ! )

n
ÁT (V T FV + D )Á

o
;

subject to min ¹ 2 Sm ( ! )
©

¹ T Á
ª

¸ ®;

1T Á = 1:

Sm (! ); Sv (! ); Sf (! ); Sd (! ) is a combination of Sa ±Sd ... problem SOCP
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Portfolioselection

Portfolio selection: r = N (¹ ; § ), (¹ ; § ) known.

minimize ÁT § Á;

subject to ¹ T Á ¸ ®;

1T Á = 1:

Robust portfolio selection problem

min max( V ;F ;D ) 2 Sv ( ! ) £ Sf ( ! ) £ Sd ( ! )

n
ÁT (V T FV + D )Á

o
;

subject to min ¹ 2 Sm ( ! )
©

¹ T Á
ª

¸ ®;

1T Á = 1:

Sm (! ); Sv (! ); Sf (! ); Sd (! ) is a combination of Sa ±Sd ... problem SOCP

Translates ! into a confidence on the performance of the optimal portfolio Á ¤
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Historicalperformanceof robuststrategy
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Antennadesignproblem(Tom Luo)
System description: m antennae

PSfrag replacements

x1 x2 x3 xm

w1 w2 w3 wm

+

: : :

y = w ] x
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Antennadesignproblem(Tom Luo)
System description: m antennae

PSfrag replacements

x1 x2 x3 xm

w1 w2 w3 wm

+

: : :

y = w ] x

User i uses steering vector ai , i = 0; : : : ; N ¡ 1

y = w ]
³ N ¡ 1X

i =0

x i ai + n)
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Antennadesignproblem(Tom Luo)
System description: m antennae

PSfrag replacements

x1 x2 x3 xm

w1 w2 w3 wm

+

: : :

y = w ] x

User i uses steering vector ai , i = 0; : : : ; N ¡ 1

y = w ]
³ N ¡ 1X

i =0

x i ai + n)

Signal power: Ps = ¾2
0 jw ] a0 j2 : : : Interference power Pi = w ] (A ] §A + R )w

A = [a1 a2 : : : aN ¡ 1 ], § = diag (¾2
1 ; : : : ; ¾2

N ¡ 1), R is the noise covariance
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Antennadesignproblem(Tom Luo)
Optimization problem:

max
w

n Ps

Pi

o
= max

w

n ¾2
0 jw ] a0 j2

w ] (A ] §A + R )w

o
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Antennadesignproblem(Tom Luo)
Optimization problem:

max
w

n Ps

Pi

o
= max

w

n ¾2
0 jw ] a0 j2

w ] (A ] §A + R )w

o

Equivalent problem: . . . can convexify using phase symmetry
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Pi
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w ] (A ] §A + R )w

o

Equivalent problem: . . . can convexify using phase symmetry

min w w ] (A ] §A + R )w

s. t. ¾2
0 jw ] a0 j2 ¸ 1

Steering vectors ai uncertain: ai 2 Si =
n

a : ka ¡ ¹ai k · ²
o

.

Robust antenna: robust quadratically constrained problem

min w maxQ 2S

n
w ] (Q )w

o

s. t. min a0 2S 0

©
¾2

0 jw ] a0 j2
ª

¸ 1

Uncertainty set S =
n

Q = A ] §A + R : kai ¡ ¹ai k · ²
o
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Data f x i ; yi g corrupted ... the separating hyperplane can shift sharply if x 's move
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Data f x i ; yi g corrupted ... the separating hyperplane can shift sharply if x 's move

A simple model for perturbation: x i = ¹x i + u i , ku i k · ½

Robust optimization problem:

maximize ¿;

subject to 1T ® ¡ 1
2 ®T Q ® ¸ ¿; 8Q 2 S;

P l
i =1 ®i yi = 0;

0 · ®i · C; i = 1; : : : ; l :

where the uncertainty set

S =
n

Q : Q = V T V ; V = V 0 + U ; kU i k · ½;V 0 = [x 1; : : : ; x l ] diag (y )
o

The norm k ¢k and ½can be chosen to “match” S to confidence regions
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Estimationin linearmodels
Parameter: x » N (¹ ; § )

¹ unknown ... apriori estimate ¹¹

§ 2 S1 =
n

§ : § ¡ 1 = § ¡ 1
0 + ¢ º 0; ¢ = ¢ T ;

°
° §

1
2
0 ¢§

1
2
0

°
° · ´

o
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Ss , Sd are factorized uncertainty sets ... problem SOCP
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Thepunchline!

Three classes of tractable uncertainties: SOCPs instead of SDPs

Polytopic uncertainty

Affine uncertainty

Factorized uncertainty
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Thepunchline!

Three classes of tractable uncertainties: SOCPs instead of SDPs

Polytopic uncertainty

Affine uncertainty

Factorized uncertainty

These arise quite naturally in disparate application areas
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