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GLOBAL OPTIMIZATION

Consider the optimization problem
P — p* := min{go(x)|gi(x) > 0,i=1,...m},
where g:(x) : R®—R are all real-valued polynomials. Let
K = {xeR"|g((x)>0,i=1,...m},

be the feasible set, and let

2
1,21,22,...%n, X, T1TD, ..., Ty,

be a basis (of dimension s(r) = (”IT)) of the vector space of
real-valued polynomials of degree at most r, and write

p(z) = ) paz® = > pa [w?l...x%‘” :
o <r | <r

with |o| = Y11 a;, and p = {pa} € R3(") its vector of coefficients.
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Two dual points of view
I. p* global minimum < gp(x) —p*>0 VxeK, i.e.,
go(x) — p* is a nonnegative polynomial on K.
= Characterize these polynomials ....

— (real) algebraic geometry (Representation results by Schmidgen,
Putinar, Prestel and Jacobi, etc ...)

SDP representation : Shor, Nesterov, Lasserre, Parrilo, ....



II. But we also have

() P* = min{ [ go(x) u(dx) |1 € P(K)},

where P(K) is the space of probability measures with support
contained in K. Indeed,

/go(a?) p(dr) > p*, Vu € P(K),

and with p := é,+ at a global minimizer x*,

[ 90(@) 6,+(dz) = p.

Observe that both I and II are valid for global optima only

mini(go, ) | (U, p) = 17 (Ulge, p) = 07 p = O}

= characterize these measures u ..... (functional analysis)
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The dual linear program of (*) is

max{y | Allge+7llk < go(z), Vz e R"}
o

or, equivalently, max,{v | go(z) —v > 0 on K}.



I. The point of view of moments

[ 90(2) n(dz) = 3(g0)a [ @ (dz) = 3 (g0)ava,
87 «
with yo— a-moment of u. Hence, (*) reads

miny Za(gO)Ozya

Yo = [2%u(dz) Va for some probability © on K
Hence, translate the condition

there is some probability 1 on K such that

Yo = /wau(dw), Va < ap,

into a condition on y, to obtain a finite-dimensional optimiza-
tion pb on y. This is the K-moment problem, which dates back
to Hausdorff, Markov, Stieltjes, Hamburger, etc ...



II. The point of view of positive polynomials

—=Hilbert’s 17th problem on the representation of positive poly-
nomials. In the one dimensional case,

p(z) > 0 & p(x) = > qp(x)”.
k=1

Not true anymore in R" ....



Representation of polynomials,
positive on K := {x e R" |gy(x) >0, k=1,...m}

Theorem [Schmudgen, Putinar, Jacobi, Prestel]

Assume there is a polynomial u(x) : R*—~R such that

W@ = @)+ 3 gpl@)o(@),
k=1

for some polynomials q(x),v(x), all sums of squares, and such
that {u(x) > 0} is compact. Then:

Every polynomial p(x) > 0 on K has the representation:

o m '
() p(x) = > q;(x)*+ > gx) [ tiy(x)?],

for some (finite) family of polynomials {q;(z)}, {ty;(z)}.



For instance, the representation (*) holds whenever
- {gp(x) > 0} is compact for some k,
- when all the g, (x) are linear and K is compact,

In practice, one may also add the redundant constraint M —
;w2 >0 for M large enough.

This is also the case when one has integrality constraints :1;22 =
for all 2. = very general result!
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SDP-relaxations

Moment matrix. With a € N?, and yaq,...,an ~ [ X7' - xndpy

1 Y1,0 Y0,1 Y20 Y11 Y02
Y1,0 Y20 Y11 Y3.0 Y2,1 Y12
0,1 Y1,1 Y02 Y21 Y12 Y
Mp(y) = | “%4 1 Fhe S0z 1 et T2 S0
yv20 | ¥30 Y21 | Y40 Y31 Y22
¥y11 | ¥21 vi2 | Y31 Y22 Y13
vo2 | Y12 %3 | Y22 Y13 Y04

In general, if Mr(y)(i,1) = ya and Mr(y)(1,5) = yg then

Mr(y)(%,7) = Yat8 = Yay4+PB1.....an+0Bn
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Localizing matrix.

Given a polynomial 6 : R"—R of degree w, with coefficient vector
0 ¢ R5(W) let M, (0y) be the localizing matrix

Mr(0y) (3, 5) 1= D 0aYia(ij)+a}-

For instance, with = — 0(z) = 1 — 27 — 23, M>(0y) =

1 — Y20 — Y02, Y10 — Y30 — Y12, Y0l — Y21 — Y03
Y10 — Y30 — Y12, Y20 — Y40 — Y22, Y11 — Y21 — Y12
| Y01 — Y21 — Y03, Y11 — Y21 — Y12, Y02 — Y22 — Y04 |

If My(y)(i,5) = yp then My(0y)(i,j) = >o0ayp+a that s,

M (0y) (i, )~ [ o 0() u(d)
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If (1,y) is the vector of moments up to order 2r of some probabil-
ity measure u on the Borel sets of R", then for every polynomial
q(x) : R"—R of degree at most r,

(g, Mr(y)q) = /Q(x)Qu(dw) > 0,
so that M,(y) > 0. Similarly,

(0, Mr(0y)a) = [ 0(2)a(w)? j(da) > O,
and thus M,(0y) = 0 whenever u is supported on {0(x) > 0}.

The K-moment problem identifies those vectors y with M, (y) >

O that are moments of a measure . with support contained
in K.

Dual theory in algebraic geometry = representation of poly-
nomials, positive on a semi-algebraic set K
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Introduce the family {Q,} of SDP-relaxations

myin Z(QO)aya
(6%
Qi M;(y) =0
| Mi—y(gry) =0, k=1,...m.

and the family {Q7} of their dual

Q; ¢

(

\

m
max  —X(1,1) — 0)Z.(1, 1
v M (1,1) kglgk()k( )
m

S.t. <X7 BOf> + Z <Zkac§> — (gO>Oi7 Vo
k=1

where we write

Mz(y) — Z yOéBOé; Mz—fuk(gky) — Z yacg, k = 1, c. .
(@8 (@8
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SDP-RELAXATIONS’ INTERPRETATION :
From the primal : y,— [2%du;, p(K) =1
Primal SDP-relaxation = K-moment problem.

From the dual : one has maxQ; < p* and

S m Sk
p(z) —maxQf = > ¢;(@)?+ Y gr(z) {Z qm(w)2] ,

j=1 k=1 =1
with degree(q;) < i and degree(qy;) < i — vg.

Dual SDP-relaxation «—— Schmudgen-Putinar representa-
tion of p(x) — p*
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Theorem 1. Assume that there exists a polynomial u(x) : R"—R
with Putinar’s representation

u(@) = ao@) + > gi(@)a(), (1)

j=1
with {q;} sums of squares, and with {u(x) > 0} compact. Then:

infQ; T p* = minP.

In addition, if p(x) — p* has Putinar’'s representation (1) for
polynomials {q;} of degree at most 2N, then

ES

P = minQi7 VIZNa
and for every optimal solution x* of P, the vector
v o= (xd, . xE L (xDE L (xDP
is an optimal solution of Q;.
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Software GLOPTIPOLY for polynomial programming:
D. Henrion and J.B. Lasserre, ACM Trans. Math. Soft.
(to appear). Free access at http://www.laas.fr/~henrion

Continuous optimization problems:
CPU times in seconds and LMI relaxation orders
required to reach global optima
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pb n | m| d M N CPU | LMI
FP2.2] 5 11| 2 | 461 | 7987 | 11.8 3
FP2.3] 6 |13 ] 2 | 209 | 1421 | 1.86 2
FP2.4] || 13 |35| 2 | 2379 |17885 || 1012 | 2
FP2.5] 6 | 15| 2 | 209 | 1519 | 1.58 2
FP2.6] || 10|31 | 2 | 1000 | 8107 | 67.7 2
FP2.7] || 10| 25| 2 | 1000 | 7381 | 75.3 2
FP2.8] |[20] 10| 2 - - - dim
FP2.9] |24 |10 | 2 - - - dim

[FP2.10] | 10 | 11| 2 | 1000 | 5632 | 45.3 2
FP3.2] 8 | 22| 2 | 300271775 | 3032 | 3
FP3.3] 5 116 2 | 125 | 1017 || 1.20 2
FP3.4] 6 |16 | 2 | 209 | 1568 | 1.50 2
FP3.5] 3| 8| 2 | 164 | 4425 || 2.42 2
FP4.2] 1| 2|6 6 34 0.17 3
FP4.3] 1 | 2 50| 50 1926 | 0.94 | 25
FP4.4] 1 | 2|5 6 34 0.25 3
FP4.5] 112 | 4 4 17 0.14 2
FP4.6] 21 2|6 27 172 0.41 3 18
FP4.7] 1 | 2| 6 6 34 0.20 3
FP4.8] 1|12 | 4 4 17 0.16 2




SYSTEMS OF POLYNOMIAL EQUATIONS

S — gi1(x1,...,zn) = 0;...; gn(x1,...,2n) = O.

where g; € Rl[z1,...,zn] foralli=1,...,n.

The polynomial ideal I = {(g1,...,9n) C R[z1,...,2zn], generated
by the family {g;} is assumed to be zero-dimensional, i.e. the
algebraic variety

Vo(I) = {zeC"|gp(z) =0 k=1,...,n} is finite
Define
VRUI) = {zeR"|g(z) =0 k=1,...,n}

be the set of real zeros of the system S.
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I. Numerical solution :

Solve the SDP-relaxations
Qr— myax {Z faya | Mr(y) = O, Mr—vk(gky) =0 k=1,...,n}
(8

for some arbitrary polynomial criterion f.
When I is zero-dimensional Q, is exact for some r.

Systems of polynomial equations:
CPU times in seconds and SDP-relaxation orders
required to extract at least one solution
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problem n | m|d M N CPU MI | sol
boon 6 6 | 4| 3002 52864 | 1220 4 8
bifur 3| 3 (9| 454 8717 8.20 5 2
brown 5 5 15| 461 4001 6.27 3 1
butcher ’ 7 |4 6434 | 120156 - 4 mem
camerals 6 6 |2 209 952 1.33 2 2
caprasse 4 | 4 4| 209 1285 0.58 3 2
cassou 4 | 4 8| 4844 | 280151 - 38 mem
chemequ 5 5 |3 461 3661 0.48 3 1
chemequs 5 5 |3 124 486 6.73 2 1
cohn?2 4 | 4 |6 209 1229 0.48 3 1
cohn3 4 | 4 |6 209 1229 0.55 3 1
comb3000 || 10| 10 | 3| 1000 4951 24.6 2 1
conforml 3 3 |4 83 430 0.22 3 2
conform?2 3| 3 |4 83 430 0.19 3 2
conform3 3 3 |4 285 3766 3.89 5 4
conform4 3| 3 (4| 454 8946 12.2 6 2
cpdmb 5 513 125 446 0.24 2 1
dl 12112 |3 - - - 3 dill
desl18_3 8 | 8 | 3] 12869 | 303945 - 4 mem
des22 24 || 10| 10| 2| 1000 5016 77.2 1 1




problem n | m|d M N CPU MI | sol
discret3 8| 8 |2]| 44 39 0.31 1 1
ecob 5 5 | 3] 461 3661 5.98 3 1
ecob 6 6 | 3| 923 7980 | 57.4 3 1
eco’ 4 7 | 3| 1715 | 15921 | 256 3 1
ecos8 8 | 8 | 33002 | 29565 | 1310 3 1
fourbar 4 | 4 4| 69 229 0.16 2 1
geneigd 6 6 | 3| 923 7602 | 33.2 3 1
heart 8 | 8 | 4| 3002 | 31545 | 1532 3 2
i1 10| 10| 3| 1000 | 4366 | 44.1 2 1
ipp 8| 8 |[2]| 494 | 2385 | 6.42 2 1
katsurab 6 6 | 2| 2009 952 0.74 2 1
kinema 9 9O | 2| 714 | 3520 | 26.4 2 1

kinl 12112 | 3 - - - 3 dim
kulO 10| 10| 2| 1000 | 5016 | 72.5 2 1
lorentz 4 4 | 2| 209 1705 0.64 2 2
manocha | 2 2 | 8 90 326 1.27 6 1
noon3 3|1 3 |3 83 430 0.22 3 1
noon4 4 4 | 3| 209 1285 0.65 3 1
noonb5 5 5 | 3] 461 3241 4.48 3 1

N
N



problem n | m|d M N CPU MI | sol
proddeco | 4 4 | 4 69 229 0.11 2 1
puma 8 8 | 213002 | 35505 1136 3 4
quadfor2 | 4 | 4 |4 | 209 1495 0.75 3 2
quadgrid 5 5 5] 461 3641 10.52 3 1
rabmo 9 O [5|5004 | 51703 - 3 mem
ropl 6 6 | 3| 923 7602 36.9 3 1
redecob 5 5 |2 20 41 0.16 1 1
redeco6 § 6 | 2 27 55 0.13 1 1
redeco7 7 7 |2 35 71 0.14 1 1
redeco8 8 8 | 2 44 89 0.13 1 1
rediff3 3 3 |2 9 19 0.09 1 1
reimerb5 5 5 | 6| 6187 | 264516 - 6 mem
rose 3 3 19| 679 16681 79.5 { 2
sO_ 1 8 8 | 2| 494 2385 5.45 2 1
sendra 2 2 |7 65 453 0.34 5 1
solotarev | 4 | 4 | 3 69 257 0.24 2 1
stewartl 9 O | 2| 714 3520 20.4 2 2
stewart?2 || 12 | 10| 2| 1819 9191 372 2 1 23
trinks 6 6 | 3| 209 925 0.78 2 1
Virasoro 38 8 | 2 44 89 0.16 1 1




II. Characterization of zeros

Problems : Give conditions on the coefficients of {g;} to ensure
that

e Vo(I) =VRy(), i.e., S has only real zeros

o Vo(I) =Vr(I) and VR(I) C K for some specified semi-algebraic
set K C R"™.

e V(1) C K for some specified semi-algebraic set K C C".
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Illustration on the one-dimensional case.
Let g € R[z] with z — g(z) = 2"t + apa™ + ... + ao.

Conditions on the {a;} for the n zeros {x(j)} C C (counting
multiplicities) of g to be all real and contained in the interval
[A, B] C R.

Define the Newton sums (counting multiplicities)
13
s = — > xz(j) k=0,1,...,
n ._—_
1=1
The si.'s are the moments of the probability measure
1 n
poi= =y d(;) counting multiplicities
n
=1

Hence, write that u is supported on K := [A, B]!I!
25



Let M(n,s) and H(n,s) be the respective Hankel matrices

1 $S1 ... Sp | [ 5q Sp ... Sp41 |
S1 S cer Sp41 i and S 1) cee Sp42
| Sn Sp41 .- Son | Sn4+1 Sn42 - Son41 |

Theorem : [Lasserre (J. Alg. Comb. (2002))]

(i) All the zeros of g are real iff M(n,s) = 0.
( and rank(My,(s,y)) are distinct.)

(ii) All the zeros of g are real and contained in [A, B] iff :

BM(n,s) = H(n,s) = AM(n,s)
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The complex case

The complex moment matrix : Consider the basis of monomials

2 z2 1 —n—1 —n

1,2,2,2°,22,2°,...,2, 2" "2z,...22" ~,2", ...

of the complex polynomials g € C[z, z], that is,

z— q(z2,z) = ZqijEizj for finitely many g;;.
For a measure p on C let y;; = [z2/dp for all 4,j = 0,1,...,
and let M,(y) be its moment matrix, i.e.,

[My(i,1) = ypq and My(1,5) = yow] = My(i,j) = Yp4-v,q+w-
Then, V f € C[z,z] with degree < r, and coefficient vector f,
(EMef) = [T E(2) p(dz) = [IF2dg,
so that M,(y) is Hermitian and positive semidefinite (M,(y) = 0)
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Let p(2) =ag+aiz+...anz"+ 2"T1 € R[z] be a polynomial with
real coefficients, and let

K:={z€C| g.(z,z) >0, k=1,...,m}
be a given (nonnecessarily compact) semialgebraic set of C.

Problem: Under which condition on the coefficients {a;} do
we have all the zeros of p contained in K7

Example : K = {z € C| 2z 4z < 0} for stability of linear
systems.

Let {z(k)}}_, C C be the n zeros of p (counting their multiplic-
ity), and define the probability measure pu on C

1 .
po= = Oy Yy = /522‘7 dp = yj;.
=1
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Hence, M,(y*) > 0 is a real symmetric matrix.

ygj = y;o = /zj du = s; jg, Newton sum = fi(a)

The Newton sums s;'s are known and (easy to compute) func-

tions of the a;'s, but not the y;‘j.

Also, because p(z) = 0, we have

L =3 Br(p)z®; 2 =Y Bp(p)z”

k=0 k=0
for some {B.(p)} C R. Hence, for all p,q we have
() Ypg = D i) 5 for some {v;;(p,q)} C R.
0<z,j<n
and the ~;;(p,q)'s are easy to compute.
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So define the moment matrix M, (y) (or M,(y,s))

Ex: Ms(y) = Ma(y,s) =

1 S1
$1 Y11
S1 =19
$2  Yi2
Y11 Yi2
=39 S3

S1 52
S2 Y12
Yyi1 S3
S3 Y22
Y12 Y13
Yi2 5S4

with y unknown in lieu of y*, and using (*)

Ypg —

0<z,5<n

> i) vij

Y11
Y12
Y12
Y13
Y22
Y13

52
53
Y12
54
Y13
Y22
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For 2z — g1(2,2) = >0 9k(u,v)z% 2Y, define the usual localizing
matrices

My(y,s)(i,5) = Ypqg = Mgkﬂ“(yas)(iaj) — ng(u7v) Yp+u,g+v

forall k=1,...,m.

Theorem : All the zeros of p are contained in K if and only if

Mn(y,S) i Ov Mgk,n(y78) t 07 k= 17 cee, M

for some vector {y;;}. (In which case y = y* is unique)

T he proof uses a nice result of Curto and Fialkow on flat positive
extensions of moment matrices.
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Multivariable case C"

Consider the system S of polynomial equations

hi(xz1) = 0; ho(xy1,22) = 0;...; hn(x1,22,...,2n) = 0

in triangular form, where :

hk(il?) — hkl(x17 JR 7$k—1>x?];k + hk‘Q(wlv - 7xk>r k=2,...,n

and hp1(x1,...,2_1) 7 0 whenever h;(x) =0,k=1,... k— 1.

(i) Every system of polynomial equations associated with a zero-
dimensional ideal is a finite union of such triangular systems

(ii) Symbolic computation packages can obtain this form.
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Let {z(k)}\_; C C™ be the ¢ complex zeros of the system S.
Then, if one defines the generalized Newton sums

1 t
Saq 1= /z?l---sz‘n du, WwWith p = n Z 5z(k)
k=1

(**) One may compute {sq} recursively as rational fractions of
the coefficients of the polynomials {h;} that define S.

Similarly, let

y(’;ﬁ = /EO‘ 2P u(dz) a,3 € N".

As in the one-dimensional case,

(%) ups = 2. 7ap(1,0) Yag
o, B <r; Vi
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Let K:={z€C"| gu(2,2) >0, k=1,...,m} C C™ be given.

One defines the multivariable analogues of the moment matrix
M;y(y,s) and localizing matrices My, »(y,s), with y unknown in
lieu of y*

Theorem : All the zeros of S are contained in K if and only if

Mn(y78> i Ov Mgk,n(y78) >__ 07 k= 17 ceey M

for some vector {y;;}. (In which case y = y* is unique)

Again, we use Curto and Fialkow’s result on flat positive exten-
sions of moment matrices.
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BOUNDS ON MEASURES WITH MOMENT
CONDITIONS

[Lasserre (2002)], Annals Appl. Prob.

Let ' C N™ and let {va}q,er be a finite sequence of scalars.
Problem: Given a semi-algebraic set

K:={zxeR"|gi(x) >0, i=1,...,m}
we want to find, or approximate
p" = sup {u(K)| /Xo‘du = Yo a€l}
peEP(RM)
Applications in Probability, Finance, Queuing, ...

Work motivated by nice results from Bertsimas and Popescu
(1999)-(2002) for K convex, and first-and second order moment

conditions.
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Write p = ¢+ with (K¢ = 0 and let {ya, zo} be the respective
moments of ¢,1, so that

/Xo‘d,u = ya+20 o€ N

SUp yo

pf = S.t. Yya+20a =7 a€el
e(K¢) =0

— SDP-relaxations
( sup yg
Q, | s.t. My(y),Mr(z) =0
" MT—’UZ'(giy> ~0 1=1,....m
L Yo _l_ 2oy — Y« o & I_
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Theorem: (a) As r—oo

supQr | & > p*.

(b) If in addition, Q, is solvable and an optimal solution y*, z*
satisfies

rank M, (y*) = rank M,._4(y*); rank M,(z*) = rank M, _1(z™),
then

max = p" = max K /xo‘d: , acl.
Qr P ueP(R”){M( ) | H = T

— the bound max Q, is tight!
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Performance evaluation: Invariant probability measures of
Markov chains

Let (X, B,Q) be a time-homogeneous Markov chain (MC) &, =
(Pg,Pq1,...) with state space X, and t.p.f. Q.

- Q(xz,.) is a prob. measure on B for all x € X.

- z — Q(x, B) is measurable for all B € B.

Prob(®; € B| ;1 =x) = Q(x,B) BeB, xe X.
uw € P(X) is an invariant prob. measure for the MC &, iff
Q) = u, i.e.,

W(B) = /XQ(:I:,B),LL(d:c) VB e B.
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If 1 is unique and f € L1(un) then :
1 T-1
’I!i—r>noo Exf t;() f(Py) = /de,u [L—a.e.,
and for p-a.a. = € X,
1 T-1
Jim t;) (D) = /deﬂ Px—a.s

Simulation gives only an estimator of [ fdu.

Remark: X = R". If Qf € R[z1,...,zn] when f € Rlxq,...,xn]
then

Ya — /xadﬂ — /(Qi’?a) dp = (Aa,y)
Invariance of p =- linear relations between its moments!
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SDP-relaxations: Let f =3, faz® € R[x], and

maxy (or miny) >, fava
— (Aa, y) =0, Vel <r
Then minQ, < /deu < maxQ,  Vr
so that
supminQ, = p< / fdu < p = inf maxQ,
r - X r

If u is the unique inv. prob. measure then one gets upper
and lower bounds on [ fdu. More generally :

supmMinQr = p < |nf /fdu< sup/fdu<p—|nfmaer
r - HQ=p HQ=p
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LP-relaxations: Stockbridge, Helmes

maxy (or miny) >, faya
LP, < s.t. Hausdorff (linear) moment conditions

Yo — (Aa,y) = 0, V]of <7
SDP better than LP-relaxations which are ill-posed because of

binomial coefficients in the Hausdorff moment conditions. But
SDP software packages are still limited.

EXx: I. Barnsley Iterated function systems:

Lt4+1 — fﬁt(mt)a t=0,1,...,

- X = R", and & is a sequence of i.i.d. random variables with
Prob(ép =i) =p;, 1 =1,...,N.

- fi :R"—R is a polynomial for every : =1,...,N
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Let © be an invariant prob. with all moments {y,} finite.
N
Yo = /nwo‘du = > /npjfj(:v)o‘dﬂ = (Ao, y)
j=1 "R
Ex : Logistic map:
X = [O, 1] and Ti41 = 4:875(1 — a:t).

1 n 1 mn - n n
yn=/ x du=/ [dz(1—2)]"dp = > 4"()yng;

42



II. Diffusions.
dXs = b(S,Xs) ds —I— O‘(S,)(S)C].‘Rfs7 XO — X,

where {Ws} is a standard one-dimensional Brownian motion.

T he associated generator A with domain D satisfies

5 07

%, o 1
= — +b(t,x) — + —o(t,x)? —
A= o +bt,x) 4 Jo(t,x)" -,

and
£(r.X,) — £(t,X,) — /tT Af(s,Xs)ds, Vit <7 e[0T

is @ martingale for each f € D.

Performance criterion :

J(r) = Ega, | /OTh(s,Xs)ds + g(r, X ]
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Define the measure v+ and probability measure ur on [0,T] x R

vr(A) = Eg, [ /OTIA<s,Xs>ds]; ur(A) i= Eo g [La(r, X))

with respective moments {u;;} and {v;;}. From
[ fdus = £(0,30) + [ Af(t, ) dvr(t,2),
and with f a polynomial t'z? of R[t, z]
(%) /ti:cj dur = v = Oix{) + /Atiacj dvr(t,x),
and if A maps polynomials into polynomials then (*) reads
v = Oifv‘é + (Wi, u),

a linear relation between moments of ur and v;!!
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SDP Relaxations :
vr is supported on [0,7) x R and pr is supported on {7} x R.

If h,g are polynomials, then one approximates J, by

( max (min) > o hata + gava
My(v) = O — M7
Qr—{ ™™, _1(u) = M,_1(t,u) = 0  — v (r—1t>0)
M?“—l(tau) i 0 — Vr (t Z O)
X vz'j — <Wz37u> — OZLU% Vi —|— j S 2r

One obtains upper and lower bounds, because

sup minQ, < Jr < ir;f max Q
T
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CONCLUSION

Theory of moments and positive polynomials have a wide range
of potential important applications ....

SDP-relaxations for K-moment conditions or Putinar’s repre-
sentation of polynomials > 0 on K, appear to be very efficient.

but SIZE LIMITATION ... =

Need for efficient SDP-solvers for large-scale problems!!
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