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Semi-infinite LMIs

& A semi-infinite LMI is an infinite system of
LMIs of the form

Ay + S_Zl v A =0 V[Ag, ..., A €U (S)

where

e 1 is the design vector

e U/ is a set in the space (S™)"™! of (n+1)-tuples
of m x m symmetric matrices Ay, ..., A,.
& In applications, U/ usually arises in the form

U=U,= {[AOa ---aAn] — [AE?» "'7A:fb]
K
s Lol 4 e pn),

where

o [A},...,A’] is the “nominal data”,
o (A}, ..., A" and 4, are the directions and
the magnitudes of “basic perturbations”,

e A C R" is the set of “basic perturba-
tions of magnitude < 1, which is a convex
compact symmetric w.r.t. the origin,

e p > (0 is the ‘“uncertainty level”.



Ap + § A =0 Y[Ag, .., Al eU  (S)
{[AO, ,lééln] = [A], ..., AZ]
3 Gi[Af, ., A} 1 6 € pA) (*)
& In the case of (x), (S) reads

A0<>+,OZ(5]€A]€(>>‘O Vo e A
Ap(z) = A’“+ z:cZA’?, k=0,1,.. K.
& Sources of semi-infinite LMIs:

e Robust Counterparts of uncertain LMIs with
affine data uncertainty

e Robust Control

e Some problems of maximizing convex func-
tions over convex sets



& Example: Consider uncertain Lyapunov LMI
(A + p2)' X + X(As + p=) < =1 (L)

A, = € R™™ X € S™]
with perturbation = running through a given

compact set A.

® The Robust Counterpart of (L) is the semi-
infinite LMI

[T —AIX - XA]-pE'X+XZ] =0 VZ2€ A (R)

® (R) is of direct interest for Control: solu-
tions X > 0 to (R) are exactly the Lyapunov cer-
tificates for the stability of the uncertain time-
varying dynamical system
2(t) = A(t)z(t), Alt) € A, + pA
#® (R) is related to the problem of maximiz-

ing a convex quadratic form over the unit cube,
which is a NP-complete combinatorial problem.

Given G > 0, let us choose A, and A as

—I-Al - A, =G A={Z:]F; <1/2}.

In this case X = [ is feasible for (R) iff
G '=pB V(BeS":|Bjl <1)




G_l i ,OB V(B e S": |B¢j‘ S 1)

0
G >p max BV

B=BT:|B;j|<1

TG > pllel? Ve
()

' Gn < pHinlz, ¥y

0

T —1
max Gn <
i R R

& Thus, checking whether the maximum of a
given convex quadratic form over the unit cube
is < p~! is equivalent to checking whether X = |
is a solution to a specific semi-infinite LMI — the
Robust Counterpart

I - AIX - XA, —-p[='X+XZ] =0 V=ZeA
of the uncertain Lyapunov LMI
A+ pZ)' X + X[A+p=] = —1
affected by simple-looking interval uncertainty:
=e A={=:]Z;| <1}

passing to
conjugate
norms




& Good news: semi-infinite LMIs are important
& Bad news: Already simple-looking semi-infinite
LMlIs, like the Robust Counterpart of the uncer-
tain Lyapunov LMI with interval uncertainty

AX)+p[Ef X + X=Z] =0

V(= :1|=] £ Dyj,t,5 =1,...,m)
are NP-hard.
& Conclusion: When handling intractable semi-

infinite LMIs, a natural course of actions is to
look for their tight tractable approximations.

(RL)




& Definition. We say that an LMI
Sp(z,u) = 0 (Alp))

is an approximation of the semi-infinite LMI
K
Ao(z) + ,Oki_jl O A(x) =0 Vo eA (L|p])

if the projection )[p] of the solution set of (Alp|)
on the space of z-variables is contained in the
solution set X|p| of (L|p]).
Approximation is called tight within factor 8 > 1,
if
X[0p] C Ylp] C Xlp],
or, equivalently:

(i) whenever = can be extended to a fea-
sible solution of the approximation, x is
feasible for the semi-infinite LMI of inter-
est at the uncertainty level p;

(i) whenever = cannot be extended to a
feasible solution of approximation, x is not
feasible for the LMI of interest with in-

creased by factor 6 uncertainty level.



K
Ao(z) + pkgl o Ar(x) =0 Voe A

A(x,0)
& Possibilities to build tight, within moderate
factors, approximations of semi-infinite LMIs de-
pend on the structure of the LMI and the un-
certainty set.
& A “good case” here is given by structured norm-
bounded perturbations:

K
A(x,8) = Ao(z) + '0/;—:1 Ly ApRi(z) + R) (z) AL Ly
A = Diag {A1, ..., A} € A

where

e The m x m matrix Ay(zr) is symmetric and
affine in z;

e The matrices L;, R;(x) are d; x m, and Ry(x)
are affine in z;

e perturbations A = Diag{Aq,...,A;} are block-
diagonal matrices with K diagonal blocks of the
sizes di,...,dg;

e A is comprised of all A = Diag{A, ..., A} such
that

HAkH < 17 k= 17 7K7 Ak — 5k[dk7 k € L.



K
Ao([lﬁ) + p]}::l {LgAkRk(ZC) + R%ﬂ(m)Ang} ~ 0
1AL <1, E<K
Ak = 5k[dk;7 kel

e Example: Semi-infinite LMI with “interval un-
certainty”

VA = {A}:

K
Ap(z) +pk§1 0 Ar(x) =0 V(0 eR: ||| <1)
can be rewritten equivalently as
K
./40(33) + pkg—:l[LgAkRkCr) -+ R%(CE)AZL]{] ~ 0VA e A

where A corresponds to “repeated scalar per-
turbations” (Z; = {1,...,K}) and L;, Rj(x) are
given by

Ai(z) = LL Ri(x) + R} (x) L.



e Special case: The semi-infinite Lyapunov LMI
with interval uncertainty

[T — ALX — XA +p[ETX + XZ] = 0
Ao()
V(E . |EZ]‘ S Dij,’i,j — 1, ,m)
)
Ao(ZC) + ,OZ%&JDZ][BJGZTX + XBZ'Q?] t 0
V(0 = {52'3'5: 0i] < 1)

Ao(X) + pX [Lij0iiRij(X) + Rij(X)d;Lij| = 0
Z’j
VA = Dlag{éw} e A
Lij = Dije?, RZJ<X) = €ZTX
dz’j — 1, ’L,j = 1, ceey 1ML,
Iy =A{(i,j) : 1 < 4,5 <m}




Remark: In the description of structured norm-
bounded uncertainty

Al{: E dexdk
A = {Diag{Aq, ... Ax}: ||A:| £ 1, k<K
Ap = 5k]dk;7 k € 1,

1 x 1 perturbation blocks A, can be considered
both as scalar (k € Z;) and as full (k € Z,). It is
convenient to treat these blocks as full. Thus,
from now on

kel,=dy>2.

In particular, from now on we treat the Lya-
punov LMI with interval uncertainty as the semi-

infinite LMI
Ao(X) + pX [Lij6i;Rij(X) + R (X)d;; L] = 0
Z?j
VA = Dlag{&]} e A
L@'j = Dije]T, RZJ<X) = €?X
dz’j — 1, Z,] = 1, ceey TN,
Z.=10

with full 1 x 1 perturbation blocks.



& Matrix Cube Theorem [Ben-Tal, Nemirovski,
Roos, 2001]. Consider a semi-infinite LMI with
structured norm-bounded uncertainty

K
.A()(ZC) + pkgl[LkAkRk(ib) + R%(Q?)AZL/C] ~ 0

Akj E deXdk
A={Ad: A <1 k<K
Ak = 57€]dk;7 kel

The system of LMlIs in variables z, X; € S,
M €R, k&L

Xp - MLELy RI(z)
{ CRiey ady |20 FET(a)

K
.A() (QZ‘) t ’%%Xk

(Rlp))
v

is an approximation of (R|p]) tight within the
factor

? e gy el =1

Here (1) is a universal function of i such that
9(1) = ;T = 157..., 9(2) =2, 9(u) < V2rp.

Besides this, in the case K = 1 of a single per-
turbation block, (A[p]) is equivalent to (R[p]).



& Sketch of the proof.
A. A simple sufficient condition for the validity
of the LMI

K
Ao(x) + pkgl[LgAkRk(x) + Rp ()AL L] = 0

for all perturbations A, satisfying |Ax|| < 1, Ay =
opla,, k € Is, is the existence of matrices X such
that

V(Ak : ||AkH <1 & A= (Sk]dk, k € IS>

K
) Aole) = p & X
For k € 7, (a) is clearly equivalent to
Xy, = +[Li Ri(z) + Ry (z) L],

while for k£ ¢ Z,, (a) is equivalent to

=Y >~ 0

Rk<£€> )‘k[dk o

With these observations, our sufficient condi-
tion becomes exactly (A[p]); thus, (Alp]) is an
approximation of (R[p]).



B. In order to bound the tightness factor of
the approximation, assume that a given r can-
not be extended to a feasible solution of (A|p]);
we should prove that then r is infeasible for

(R (pax dy).

Our assumption is equivalent to the fact that
the optimal value in the semidefinite program
X >~ :|:Ak, kel

| X, — MLiL, R}
T;{gﬁ)\k} T e Akl
T+ A > p%Xk
[A = .A()(CU), R, = Rk<$>, A = L%Rk + R%Lk]

is positive. Since the problem is strictly feasible,
this means that the dual problem admits a feasi-
ble solution with positive value of the objective.
This reduces to

47 > 0:
|5 NP AZP 25 L2 R
> Tr(ZV2AZY?)

=0, k¢S

where \(B) is the vector of eigenvalues of B € S™
and || Bl = {Tr(BBT).




47 >0
p| X IMZPALZYP) i +2 5 (|LeZ' ||| Re 22

ke ks
> Tr(ZY2AZV?)

(*)
Lemma: Let £ ~ N(0,1,). Then
(i) For a matrix B € S, one has

E{|¢" B[} > 07 (|Rank(B)/2])[IN(B)]|x
(ii) For matrices P,Q € R™>™,

E {||P¢]l2[|Q¢l12} = 97 (D)[IP[l2| Q2.
Here 9(-) is as required in the MCT. Setting

= maxd
H ke, ks

so that
k € T, = Rank(ZY2 A4, 21?) < 24,

we get from Lemma combined with (%) the in-
equality

pO(WE{ £ (€22 ALZ1%)
€ls
+2k¢21||LkZl/2£H2HRkZl/Qsz} > Te(Z2AZ'7)
— FE {gTZUQAZl/Zf}



pO(u B X €7 212 A 217

2.2 | L Z %o || R ZV2€ |2} > Tr(Z2/2AZ1/2)
k&1
= E{{TZ12AZV%¢]

It follows that there exists a realization ( of the
random vector Z'/2¢ such that

pO(p)} = |CH Al + 2 S ILiC 2l RiCll2p > ¢CTAC (%)
ke ks
e For k € Z;, we can choose A, = £/; in such a
way that
M ARC) = (¢ [y Rt Ry LyJ¢) = ¢ [Ly ApRit-Ry Ay Lil¢

e For k & T,, we can choose A, € R**™, ||Al| =
1, in such a way that

2| LiCllal| Riclle = ¢" | Ly ArRy + REAL Ly €

Recalling that A = Ay(x), R; = Ry(z), (%) reads
¢ [ Ao(z) — pd(p) %[LZAkRk(@ + Ry (2) A L] | ¢ <0,

while by construction ||A;|| <1 and A, = 4,1, for
k € I,. Thus,

x & X[9(p)p).



& Application, I: Maximizing convex quadratic
form over the unit cube.

We have seen that if G > 0, then

_ Ten 1
W(G) = s, 1760 = g

pr=max{p: Gt = pAV(A=A" A, <1)}.
We have

pf=max{p: G 1+ P,;[LZ;AMRM + RZ;AZ;LU] = 0
i<j
V(A € R:[A;] < 1)}

Lz‘jZ{ef,, H_é], Rij=1{ f]
Lt = 2t 1=
By the MCT, the efficiently computable quan-
tity

2\ ITL.. RT

{Xz )\Z]LZ]LU Rzy t O, i S g
p = max P Ry Aij
pAXij AN} Gl = p> X
i<j

is a lower bound, tight within the factor J(1) =

5, on p°, so that 1is an efficiently computable
p
upper bound on w(G).



On a closest inspection, the efficiently com-
putable upper bound

1 1
P T T
p {Xz'j — ALl Bl ooy <
max {p: R Aij | B
prXij i G = pX X
i<j

on w(G) = max, n!' Gn turns out to be exactly the
n:(|n|| <
standard semidefinite relaxation bound

o(G) = m}n{Z)\i Diag{A} = G}
= max (Tr(GX): X =0, X; =1}
and we arrive at J-Theorem of Nesterov (1996):

For G = 0, w(G) is a tight, within the factor 7,
upper bound on w(G).

which originally was proved via the random hy-
perplane technique of Goemans and Williamson.



& Application, II: Lyapunov Stability Analysis
under interval uncertainty

The possibility to certify the stability of uncer-
tain time-varying dynamical system

A1) = A(t)2(t) (A(t) € U]

by a Lyapunov stability certificate is equivalent
to solvability of the semi-infinite LMI

X=1, A'X4+XA<-1 VAeu (L)

& Assume that uncertainty comes from struc-
tured norm-bounded perturbations:

e Ay € R
U= A=A, +p Y PIANTQ,: Ak <L, E<K
h=1 Ak = 5k[dk’ k € IS
and that we are interested to compute the Lya-

punov Stability Radius p* — the supremum of those
p for which (L) is solvable.



& With structured norm-bounded uncertainty,
the semi-infinite LMI Lyapunov LMI reads
Ao (X)
-1 — ATX — XA,
K
+Pk§1[Q£Ak(PkX> + (P X) A Qi) = 0

Al{: E dexdk
{Ac}: [[Ak] <1, k< K
Ap = 5k]dk7 k € 1,

The MCT implies a sufficient condition for solv-
ability of (x) and thus — an efficiently computable
lower bound p on p*:

X =1

H = XL = MQEQr XPY

P sup p k ki <k k

Ao(X) = P%Xk

(*)
v

The bound is tight within the factor ¢ (rl?eazx dk>:
p<p < (Igleandk) p-

For example, in the case of interval uncertainty

d, =1, k=1,..., K, the factor becomes 7.




& Many important properties of a linear time-
invariant dynamical system

Z(t) = Az(t) + Bu(t)
y(t) = Cz(t) + Du(t) (S)

are LMI-representable — (S) possesses the prop-
erty iff certain LMI

E[ A B}(X) ~ 0
C D
associated with (S) is solvable:
& Open-loop stability:
lim w(t) = 0= lim z(t) =0
)
X X =1 ATX + XA < -]
& Stabilizability via state feedback:

| 2 = A2+ Bu . B
1K - o Ks :>t1l>n(;102(t)—0
0

X =Y,Z. Y =I,YA'+ AY + ZB" + BZ! < —1I



& Positive realness:
T
2(0)=0= [u' (t)y(t)dt >0 VT >0
0

)

. ATX + XA XB-C7t
43X X =0, BTY _C —-pT'— D <0
& Real boundedness:
(O)—O:>/y dt</u u(t)dt VT >0
T
ATX+ XA XB CT
31X : X -0, BT'X —I D' | =<0

C D -1



& In all outlined (and many other) cases, solv-
ability of the semi-infinite LMI

A B
C D

is a sufficient condition for the property to be
possessed by the uncertain time-varying system

Ht) = A()z(t) + B(t)u(t) A(t) B(t)
y(t) = Ct)z(t) + D(t)u(t)’ C(t) D(1)

Assuming structured norm-bounded uncertainty

Z{g g}(X)EO\V/

]eu (%)

cU Vit

Ak c deXdk
A* B* T
U= C. D + p> PeArQ:r HAkH <1, k<K
C ' Ay = 0ply, k € Iy

and with “well-structured 3” (as it is the case in

all our examples), the MCT yields an O(1) Tax dj-

tight computationally tractable approximation
to the semi-infinite LMI ().



& Consider the analysis version of a semi-infinite
LMI with structured norm-bounded uncertainty
and scalar perturbation blocks

* i K
p :max{p:A—l—,OkE_jlékAkiOV(éER ; H5HOO§1)}
(P)

When solving this problem, we lose nothing by
assuming that A > 0. In this case, the scaling
A I, A, — AY2A,A7Y? converts (P) into the
problem

1
L. min{)\ 1S Gl AV 6]l < 1)}

0

which is the problem of computing the norm of
the linear mapping

K
A() = X oxAy : R lloo) = (8™ - [D-

The MCT offers an efficiently computable upper
bound, tight within the factor O<1Nm/?X Rank(Ay),

on this norm.

& What about computing the norm of the same
mapping regarded as a mapping from (R*,]-],)
into (R", || - [loc) — (8™, [~ ]) ?



& How to compute/estimate the norm of a linear
mapping

K
A(0) = % 0k A (RS- [lp) = (8™ - 1) 7

The case of utmost interest here is p = 2, where,
our question reduces to the following NP-hard

problem:

Given a K-dimensional ellipsoid in S", centered
at a positive definite matrix, what is the largest
similar ellipsoid with the same center which is
contained in the positive semidefinite cone?



A(8) = kfl 5. A, RE = 8™
& By the standard arguments, the function
$(a) = n(|JA]|,) = In (max {|AG)] : l8l], < 1)
is
e convex and nonincreasing in «a € [0, 1]

e Lipschitz continuous, with constant In(K).

By elementary arguments, it follows that

bla) < (1—)p(0) +ag(1)
pla) = (1—)p(0) +ﬁa¢<l> —a(l - a) In(K)

_p—1 B 1 B 1
K2 || A2 AR < Al < (AL YP)AlL
The quantity ||.A||; is easily computable:
Al = max [ 4|
while the MCT provides us with an upper bound

(A) = min =
Yoo v AX) T v = X1+ ...+ Xk

on ||Al|«, and this bound is tight within the fac-
tor O(l)\/mkax Rank(Ay).




=1

& We arrive at the efficiently computable upper
bound

1-1/p 1/p

Yol A) = (mac ALl (A

K
Al = masx{| £ 6l - 1], < 1.
and this bound is tight within the factor

O(1) (mkgx Rank(Ak))Qp K.
When p = 2 and the ranks of A; are O(1), the fac-

tor becomes O(1)K'/* (cf. the factor \/min[K,m)]
for the only previously known computable up-
per bound on || Al).



& The MCT admits complex case extension:
Matrix Cube Theorem, Complex Case: Consider
a semi-infinite LMI

K
Ao(:C) + k§1[L£AkRk(x) + Rf(x)AkHLk] >~ 0
Aj € Cd’fXd’f, E< K
AL <1, k<K (Rlp])

AL = 5k]dk7 0 € R, k€ ISR
A = 5kldk7 0, € C, k€ ISC

where L, R.(x) € CH*™ Ay(r) is Hermitian and
Ry(x), Ay(z) are affine in =.
The system of LMIs in Hermitian matrix vari-
ables X, V. and real variables )\,
Xy = £ |LJR,(x) + R!(x)L,|, k € T,
_ Xk — Vk LHRk X
L, v | R0 keI

) K
A—PkZXkEO
—1

i A:{Ak}

0. kg TR UTC (Alp])

is a tight, within the factor J¢| max d;|, ap-
keIRUIC

proximation of (R[p]). Here J¢c(p) < O(1),/pn is a
universal function such that J¢(1) = 2

e
T



Corollary 1. For a Hermitian mxm matrix G > 0,
the Semidefinite Relaxation bound

5(G) = min {z \; : Diag{\} = G}

on the quantity

w(G) = max e

(G = e O

and this bound is tight within the factor % =
1.27...:

w(G) <w(G) < —w(G).

7



Corollary 2. Consider a time-varying uncertain
dynamical system

At) = A()z(t),  A(t) € U (S)

with complex data. In the case of structured
norm-bounded uncertainty

Ay € Chxdi | < K

: HA/{H < 1, k<K

AL = 5k]dk;7 0. € R, k E.’Z'SR
A = 5k[dk7 0 € C ke ISC

the Lyapunov Stability Radius p* of (S):
p*:sup{p:ElX =1 A"X + X A" < —]VAGZ/I}

admits a tight, within the factor O(1) | max d,
keTRUTC

efficiently computable lower bound. In the case

of I = IR’ = ( (“interval uncertainty”), the

bound is tight within the factor %.

5 om
U= A*-I—pglPk Aka




