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Semi-infinite LMIs

♣ A semi-infinite LMI is an infinite system of
LMIs of the form

A0 +
n∑

i=1
xiAi º 0 ∀[A0, ..., An] ∈ U (S)

where
• x is the design vector
• U is a set in the space (Sm)n+1 of (n+1)-tuples
of m×m symmetric matrices A0, ..., An.
♣ In applications, U usually arises in the form

U = Uρ = {[A0, ..., An] = [A∗0, ..., A
∗
n]

+
K∑

k=1
δk[A

k
0, ..., A

k
n] : δ ∈ ρ∆}, (∗)

where

• [A∗0, ..., A∗n] is the “nominal data”,
• [Ak

0, ..., A
k
n] and δk are the directions and

the magnitudes of “basic perturbations”,

• ∆ ⊂ RK is the set of “basic perturba-
tions of magnitude ≤ 1, which is a convex
compact symmetric w.r.t. the origin,

• ρ ≥ 0 is the “uncertainty level”.



A0 +
n∑

i=1
xiAi º 0 ∀[A0, ..., An] ∈ U (S)

U = {[A0, ..., An] = [A∗0, ..., A
∗
n]

+
K∑

k=1
δk[A

k
0, ..., A

k
n] : δ ∈ ρ∆} (∗)

♣ In the case of (∗), (S) reads

A0(x) + ρ
K∑

k=1
δkAk(x) º 0 ∀δ ∈∆

Ak(x) = Ak
0 +

n∑

i=1
xiA

k
i , k = 0, 1, ..., K.

♣ Sources of semi-infinite LMIs:
• Robust Counterparts of uncertain LMIs with
affine data uncertainty

• Robust Control

• Some problems of maximizing convex func-
tions over convex sets



♣ Example: Consider uncertain Lyapunov LMI
(A∗ + ρΞ)TX +X(A∗ + ρΞ) ¹ −I

[A,Ξ ∈ Rm×m, X ∈ Sm]
(L)

with perturbation Ξ running through a given
compact set ∆.
♠ The Robust Counterpart of (L) is the semi-
infinite LMI

[−I−AT
∗X−XA∗]−ρ[ΞTX+XΞ] º 0 ∀Ξ ∈∆ (R)

♠ (R) is of direct interest for Control: solu-
tions X Â 0 to (R) are exactly the Lyapunov cer-
tificates for the stability of the uncertain time-
varying dynamical system

ż(t) = A(t)z(t), A(t) ∈ A∗ + ρ∆

♠ (R) is related to the problem of maximiz-
ing a convex quadratic form over the unit cube,
which is a NP-complete combinatorial problem.

Given G Â 0, let us choose A∗ and ∆ as

−I − AT
∗ − A∗ = G−1; ∆ = {Ξ : |Ξ|ij ≤ 1/2}.

In this case X = I is feasible for (R) iff

G−1 º ρB ∀(B ∈ Sn : |Bij| ≤ 1)



G−1 º ρB ∀(B ∈ Sn : |Bij| ≤ 1)
m

ξTG−1ξ ≥ ρ max
B=BT :|Bij|≤1

ξTBξ ∀ξ
m

ξTG−1ξ ≥ ρ‖ξ‖2
1 ∀ξ

m



passing to
conjugate
norms




ηTGη ≤ ρ−1‖η‖2
∞ ∀η

m
max

η:‖η‖∞≤1
ηTGη ≤ ρ−1

♠ Thus, checking whether the maximum of a
given convex quadratic form over the unit cube
is ≤ ρ−1 is equivalent to checking whether X = I
is a solution to a specific semi-infinite LMI – the
Robust Counterpart

−I − AT
∗X −XA∗ − ρ

[
ΞTX +XΞ

]
º 0 ∀Ξ ∈∆

of the uncertain Lyapunov LMI

[A + ρΞ]TX +X [A + ρΞ] ¹ −I
affected by simple-looking interval uncertainty:

Ξ ∈∆ = {Ξ : |Ξij| ≤ 1}.



♣ Good news: semi-infinite LMIs are important
♣ Bad news: Already simple-looking semi-infinite
LMIs, like the Robust Counterpart of the uncer-
tain Lyapunov LMI with interval uncertainty

A(X) + ρ[ΞTX +XΞ] º 0
∀(Ξ : |Ξij| ≤ Dij, i, j = 1, ...,m)

(RL)

are NP-hard.
♣ Conclusion: When handling intractable semi-
infinite LMIs, a natural course of actions is to
look for their tight tractable approximations.



♠ Definition. We say that an LMI
Sρ(x, u) º 0 (A[ρ])

is an approximation of the semi-infinite LMI

A0(x) + ρ
K∑

k=1
δkAk(x) º 0 ∀δ ∈∆ (L[ρ])

if the projection Y [ρ] of the solution set of (A[ρ])
on the space of x-variables is contained in the
solution set X [ρ] of (L[ρ]).
Approximation is called tight within factor θ ≥ 1,
if

X [θρ] ⊂ Y [ρ] ⊂ X [ρ],
or, equivalently:

(i) whenever x can be extended to a fea-
sible solution of the approximation, x is
feasible for the semi-infinite LMI of inter-
est at the uncertainty level ρ;

(i) whenever x cannot be extended to a
feasible solution of approximation, x is not
feasible for the LMI of interest with in-
creased by factor θ uncertainty level.



A0(x) + ρ
K∑

k=1
δkAk(x)

︸ ︷︷ ︸
A(x,δ)

º 0 ∀δ ∈∆

♣ Possibilities to build tight, within moderate
factors, approximations of semi-infinite LMIs de-
pend on the structure of the LMI and the un-
certainty set.
♣ A “good case” here is given by structured norm-
bounded perturbations:

A(x, δ) ≡ A0(x) + ρ
K∑

k=1

[
LT

k∆kRk(x) +RT
k (x)∆

T
kLk

]

∆ = Diag {∆1, ...,∆K} ∈∆
where
• The m × m matrix A0(x) is symmetric and
affine in x;
• The matrices Lk, Rk(x) are dk ×m, and Rk(x)
are affine in x;
• perturbations ∆ = Diag{∆1, ...,∆k} are block-
diagonal matrices with K diagonal blocks of the
sizes d1,...,dK;
• ∆ is comprised of all ∆ = Diag{∆1, ...,∆k} such
that

‖∆k‖ ≤ 1, k = 1, ..., K; ∆k = δkIdk, k ∈ Is.



A0(x) + ρ
K∑

k=1

[
LT

k∆kRk(x) +RT
k (x)∆

T
kLk

]
º 0

∀

∆ = {∆k} : ‖∆k‖ ≤ 1, k ≤ K

∆k = δkIdk, k ∈ Is




• Example: Semi-infinite LMI with “interval un-
certainty”

A0(x) + ρ
K∑

k=1
δkAk(x) º 0 ∀(δ ∈ R : ‖δ‖∞ ≤ 1)

can be rewritten equivalently as

A0(x) + ρ
K∑

k=1
[LT

k∆kRk(x) +RT
k (x)∆

T
kLk] º 0 ∀∆ ∈∆

where ∆ corresponds to “repeated scalar per-
turbations” (Is = {1, ..., K}) and Lk, Rk(x) are
given by

Ak(x) = LT
kRk(x) +RT

k (x)Lk.



• Special case: The semi-infinite Lyapunov LMI
with interval uncertainty

[−I − AT
∗X −XA∗]︸ ︷︷ ︸
A0(x)

+ρ[ΞTX +XΞ] º 0

∀(Ξ : |Ξij| ≤ Dij, i, j = 1, ...,m)
m

A0(x) + ρ
∑

i,j
δijDij[eje

T
i X +Xeie

T
j ] º 0

∀(δ = {δij} : |δij| ≤ 1)
m

A0(X) + ρ
∑

i,j

[
LijδijRij(X) +RT

ij(X)δijLij

]
º 0

∀∆ = Diag{δij} ∈∆


Lij = Dije
T
j , Rij(X) = eTi X

dij = 1, i, j = 1, ...,m,
Is = {(i, j) : 1 ≤ i, j ≤ m}






Remark: In the description of structured norm-
bounded uncertainty

∆ =





Diag{∆1, ...,∆K} :
∆k ∈ Rdk×dk

‖∆k‖ ≤ 1, k ≤ K
∆k = δkIdk, k ∈ Is





1 × 1 perturbation blocks ∆k can be considered
both as scalar (k ∈ Is) and as full (k 6∈ Is). It is
convenient to treat these blocks as full. Thus,
from now on

k ∈ Is ⇒ dk ≥ 2.

In particular, from now on we treat the Lya-
punov LMI with interval uncertainty as the semi-
infinite LMI

A0(X) + ρ
∑

i,j

[
LijδijRij(X) +RT

ij(X)δijLij

]
º 0

∀∆ = Diag{δij} ∈∆


Lij = Dije
T
j , Rij(X) = eTi X

dij = 1, i, j = 1, ...,m,
Is = ∅




with full 1× 1 perturbation blocks.



♣ Matrix Cube Theorem [Ben-Tal, Nemirovski,
Roos, 2001]. Consider a semi-infinite LMI with
structured norm-bounded uncertainty

A0(x) + ρ
K∑

k=1
[Lk∆kRk(x) +RT

k (x)∆
T
kLk] º 0

∀



∆ = {∆k} :

∆k ∈ Rdk×dk

‖∆k‖ ≤ 1, k ≤ K
∆k = δkIdk, k ∈ Is




(R[ρ])

The system of LMIs in variables x, Xk ∈ Sm,
λk ∈ R, k 6∈ Is:

Xk º ±[LkRk(x) +RT
k (x)Lk], k ∈ Is


Xk − λkL

T
kLk RT

k (x)
Rk(x) λkIdk


 º 0, k 6∈ Is

A0(x) º ρ
K∑

k=1
Xk

(A[ρ])

is an approximation of (R[ρ]) tight within the
factor

ϑ

max
k∈Is

dk


 [max

k∈∅
dk] = 1

Here ϑ(µ) is a universal function of µ such that

ϑ(1) =
π

2
= 1.57..., ϑ(2) = 2, ϑ(µ) ≤ √2πµ.

Besides this, in the case K = 1 of a single per-
turbation block, (A[ρ]) is equivalent to (R[ρ]).



♠ Sketch of the proof.
A. A simple sufficient condition for the validity
of the LMI

A0(x) + ρ
K∑

k=1
[LT

k∆kRk(x) +RT
k (x)∆

T
kLk] º 0

for all perturbations ∆k satisfying ‖∆k‖ ≤ 1, ∆k =
δkIdk, k ∈ Is, is the existence of matrices Xk such
that

(a) Xk º LT
k∆kRk(x) +RT

k (x)∆
T
kLk

∀(∆k : ‖∆k‖ ≤ 1 & ∆k = δkIdk, k ∈ Is)

(b) A0(x) º ρ
K∑

k=1
Xk

For k ∈ Is, (a) is clearly equivalent to

Xk º ±[LT
kRk(x) +RT

k (x)Lk],

while for k 6∈ Is, (a) is equivalent to

∃λk :



Xk − λkL

T
kLk RT

k (x)
Rk(x) λkIdk


 º 0

With these observations, our sufficient condi-
tion becomes exactly (A[ρ]); thus, (A[ρ]) is an
approximation of (R[ρ]).



B. In order to bound the tightness factor of
the approximation, assume that a given x can-
not be extended to a feasible solution of (A[ρ]);
we should prove that then x is infeasible for
(R[ϑ(max

k∈Is
dk)]).

Our assumption is equivalent to the fact that
the optimal value in the semidefinite program

min
τ,{Xk},{λk}





τ :

Xk º ±Ak, k ∈ Is

Xk − λkL

T
kLk RT

k

Rk λkIdk


 º 0, k 6∈ S

τI + A º ρ
∑

k
Xk





[A = A0(x), Rk = Rk(x), Ak = LT
kRk +RT

kLk]

is positive. Since the problem is strictly feasible,
this means that the dual problem admits a feasi-
ble solution with positive value of the objective.
This reduces to

∃Z º 0 :

ρ



∑

k∈Is

‖λ(Z1/2AkZ
1/2)‖1 + 2

∑

k 6∈Is

‖LkZ
1/2‖2‖RkZ

1/2‖2




> Tr(Z1/2AZ1/2)

where λ(B) is the vector of eigenvalues of B ∈ Sm

and ‖B‖2 =
√
Tr(BBT ).



∃Z º 0 :

ρ



∑

k∈Is

‖λ(Z1/2AkZ
1/2)‖1 + 2

∑

k 6∈Is

‖LkZ
1/2‖2‖RkZ

1/2‖2




> Tr(Z1/2AZ1/2)
(∗)

Lemma: Let ξ ∼ N (0, Im). Then
(i) For a matrix B ∈ Sm, one has

E
{
|ξTBξ|

}
≥ ϑ−1(bRank(B)/2c)‖λ(B)‖1

(ii) For matrices P,Q ∈ Rd×m,

E {‖Pξ‖2‖Qξ‖2} ≥ ϑ−1(1)‖P‖2‖Q‖2.

Here ϑ(·) is as required in the MCT. Setting

µ = max
k∈Is

dk,

so that

k ∈ Is ⇒ Rank(Z1/2AkZ
1/2) ≤ 2µ,

we get from Lemma combined with (∗) the in-
equality

ρϑ(µ)E{ ∑

k∈Is

|ξTZ1/2AkZ
1/2ξ)

+2
∑

k 6∈Is

‖LkZ
1/2ξ‖2‖RkZ

1/2ξ‖2} > Tr(Z1/2AZ1/2)

= E
{
ξTZ1/2AZ1/2ξ

}



ρϑ(µ)E{ ∑

k∈Is

|ξTZ1/2AkZ
1/2ξ|

+2
∑

k 6∈Is

‖LkZ
1/2ξ‖2‖RkZ

1/2ξ‖2} > Tr(Z1/2AZ1/2)

= E
{
ξTZ1/2AZ1/2ξ

}

It follows that there exists a realization ζ of the
random vector Z1/2ξ such that

ρϑ(µ)





∑

k∈Is

|ζTAkζ| + 2
∑

k 6∈Is

‖Lkζ‖2‖Rkζ‖2




> ζTAζ (∗)

• For k ∈ Is, we can choose ∆k = ±Idk in such a
way that

|ζTAkζ| ≡ |ζT [LT
kRk+R

T
kLk]ζ| = ζT [LT

k∆kRk+R
T
k∆

T
kLk]ζ

• For k 6∈ Is, we can choose ∆k ∈ Rdk×m, ‖∆k‖ =
1, in such a way that

2‖Lkζ‖2‖Rkζ‖2 = ζT
[
LT

k∆kRk +RT
k∆

T
kLk

]
ζ

Recalling that A = A0(x), Rk = Rk(x), (∗) reads
ζT


A0(x)− ρϑ(µ)

∑

k
[LT

k∆kRk(x) +RT
k (x)∆

T
kLk]


 ζ < 0,

while by construction ‖∆k‖ ≤ 1 and ∆k = δkIdk for
k ∈ Is. Thus,

x 6∈ X [ϑ(µ)ρ].



♣ Application, I: Maximizing convex quadratic
form over the unit cube.
We have seen that if G Â 0, then

ω(G) ≡ max
‖η‖∞≤1

ηTGη = 1
ρ∗ ,

ρ∗ = max
{
ρ : G−1 º ρA ∀(A = AT : |Aij| ≤ 1)

}
.

We have

ρ∗ = max {ρ : G−1 + ρ
∑

i≤j
[LT

ij∆ijRij +RT
ij∆

T
ijLij] º 0

∀(∆ij ∈ R : |∆ij| ≤ 1)}
Lij =





eTi , i 6= j
1√
2
ei, i = j

, Rij =





eTj , i 6= j
1√
2
ej, i = j

By the MCT, the efficiently computable quan-
tity

ρ̂ = max
ρ,{Xij},{λij}





ρ :



Xij − λijL

T
ijLij RT

ij

Rij λij


 º 0, i ≤ j

G−1 º ρ
∑

i≤j
Xij





is a lower bound, tight within the factor ϑ(1) =
π
2, on ρ∗, so that 1

ρ̂ is an efficiently computable

upper bound on ω(G).



On a closest inspection, the efficiently com-
putable upper bound

1

ρ̂
=

1

max
ρ,Xijλij





ρ :



Xij − λijL

T
ijLij RT

ij

Rij λij


 º 0, i ≤ j

G−1 º ρ
∑

i≤j
Xij





on ω(G) = max
η:‖η‖≤1

ηTGη turns out to be exactly the

standard semidefinite relaxation bound

ω̂(G) = min
λ




∑

i
λi : Diag{λ} º G





≡ max
X
{Tr(GX) : X º 0, Xii = 1}

,

and we arrive at π
2-Theorem of Nesterov (1996):

For G º 0, ω̂(G) is a tight, within the factor π
2 ,

upper bound on ω(G).

which originally was proved via the random hy-
perplane technique of Goemans andWilliamson.



♣ Application, II: Lyapunov Stability Analysis
under interval uncertainty
The possibility to certify the stability of uncer-
tain time-varying dynamical system

ż(t) = A(t)z(t) [A(t) ∈ U∀t]
by a Lyapunov stability certificate is equivalent
to solvability of the semi-infinite LMI

X º I, ATX +XA ¹ −I ∀A ∈ U (L)

♠ Assume that uncertainty comes from struc-
tured norm-bounded perturbations:

U =





A = A∗ + ρ
K∑

k=1
P T

k ∆
T
kQk :

∆k ∈ Rdk×dk

‖∆k‖ ≤ 1, k ≤ K
∆k = δkIdk, k ∈ Is





and that we are interested to compute the Lya-
punov Stability Radius ρ∗ – the supremum of those
ρ for which (L) is solvable.



♠ With structured norm-bounded uncertainty,
the semi-infinite LMI Lyapunov LMI reads

A0(X)
︷ ︸︸ ︷

[−I − AT
∗X −XA∗]

+ρ
K∑

k=1
[QT

k∆k(PkX) + (PkX)
T∆T

kQk] º 0

∀



{∆k} :

∆k ∈ Rdk×dk

‖∆k‖ ≤ 1, k ≤ K
∆k = δkIdk, k ∈ Is




(∗)

The MCT implies a sufficient condition for solv-
ability of (∗) and thus – an efficiently computable
lower bound ρ̂ on ρ∗:

ρ̂ = sup
ρ,X,{Xk},{λk}





ρ :

X º I
Xk º ±[QT

kPkX +XP T
k Qk], k ∈ Is


Xk − λkQ

T
kQk XP T

k

PkX λIdk


 º 0, k 6∈ Is

A0(X) º ρ
∑

k
Xk





The bound is tight within the factor ϑ

max
k∈Is

dk


:

ρ̂ ≤ ρ∗ ≤ ϑ

max
k∈Is

dk


 ρ̂.

For example, in the case of interval uncertainty
dk = 1, k = 1, ..., K, the factor becomes π

2 .



♣ Many important properties of a linear time-
invariant dynamical system

ż(t) = Az(t) +Bu(t)
y(t) = Cz(t) +Du(t)

(S)

are LMI-representable — (S) possesses the prop-
erty iff certain LMI

Σ[
A B

C D

](X) º 0

associated with (S) is solvable:
♠ Open-loop stability:

lim
t→∞ u(t) = 0⇒ lim

t→∞ z(t) = 0

m
∃X : X º I, ATX +XA ¹ −I

♠ Stabilizability via state feedback:

∃K :





ż = Az +Bu
u = Kz

⇒ lim
t→∞ z(t) = 0

m
∃X = [Y, Z] : Y º I, Y AT + AY + ZBT +BZT ¹ −I



♠ Positive realness:

z(0) = 0⇒
T∫

0
uT (t)y(t)dt ≥ 0 ∀T ≥ 0

m
∃X : X Â 0,



ATX +XA XB − CT

BTX − C −DT −D


 ¹ 0

♠ Real boundedness:

z(0) = 0⇒
T∫

0
yT (t)y(t)dt ≤

T∫

0
uT (t)u(t)dt ∀T ≥ 0

m

∃X : X Â 0,




ATX +XA XB CT

BTX −I DT

C D −I



¹ 0



♣ In all outlined (and many other) cases, solv-
ability of the semi-infinite LMI

Σ[
A B

C D

](X) º 0 ∀


A B
C D


 ∈ U (∗)

is a sufficient condition for the property to be
possessed by the uncertain time-varying system

ż(t) = A(t)z(t) +B(t)u(t)
y(t) = C(t)z(t) +D(t)u(t)

,



A(t) B(t)
C(t) D(t)


 ∈ U ∀t

Assuming structured norm-bounded uncertainty

U =







A∗ B∗
C∗ D∗


 + ρ

∑

k
Pk∆kQ

T
k :

∆k ∈ Rdk×dk

‖∆k‖ ≤ 1, k ≤ K
∆k = δkIdk, k ∈ Is





and with “well-structured Σ” (as it is the case in
all our examples), the MCT yields an O(1)

√√√√max
k∈Is

dk-

tight computationally tractable approximation
to the semi-infinite LMI (∗).



♣ Consider the analysis version of a semi-infinite
LMI with structured norm-bounded uncertainty
and scalar perturbation blocks

ρ∗ = max



ρ : A + ρ

K∑

k=1
δkAk º 0∀(δ ∈ RK : ‖δ‖∞ ≤ 1)





(P)
When solving this problem, we lose nothing by
assuming that A Â 0. In this case, the scaling
A ← I, Ak ← A−1/2AkA

−1/2 converts (P) into the
problem

1

ρ∗
= min



λ : ‖

∑

k
δkAk‖ ≤ λ ∀(δ : ‖δ‖∞ ≤ 1)





which is the problem of computing the norm of
the linear mapping

A(δ) = K∑

k=1
δkAk : (R

K, ‖ · ‖∞)→ (Sm, ‖ · ‖).

The MCT offers an efficiently computable upper
bound, tight within the factor O(1)

√
max

k
Rank(Ak),

on this norm.

♠What about computing the norm of the same
mapping regarded as a mapping from (RK, ‖ · ‖p)
into (RK, ‖ · ‖∞)→ (Sm, ‖ · ‖) ?



♠How to compute/estimate the norm of a linear
mapping

A(δ) = K∑

k=1
δkAk : (R

K, ‖ · ‖p)→ (Sm, ‖ · ‖) ?

The case of utmost interest here is p = 2, where,
our question reduces to the following NP-hard
problem:

Given a K-dimensional ellipsoid in Sn, centered

at a positive definite matrix, what is the largest

similar ellipsoid with the same center which is

contained in the positive semidefinite cone?



A(δ) = K∑

k=1
δkAk : R

K → Sm.

♣ By the standard arguments, the function
φ(α) ≡ ln(‖A‖ 1

α
) = ln

(

max
{

‖A(δ)‖ : ‖δ‖ 1
α
≤ 1

})

is

• convex and nonincreasing in α ∈ [0, 1]
• Lipschitz continuous, with constant ln(K).

By elementary arguments, it follows that




φ(α) ≤ (1− α)φ(0) + αφ(1)
φ(α) ≥ (1− α)φ(0) + αφ(1)− a(1− α) ln(K)

m
K
−p−1

p2 ‖A‖1−1/p
∞ ‖A‖1/p

1 ≤ ‖A‖p ≤ ‖A‖1−1/p
∞ ‖A‖1/p

1

The quantity ‖A‖1 is easily computable:

‖A‖1 = max
k
‖Ak‖,

while the MCT provides us with an upper bound

γ∞(A) = min
γ,{Xk}




γ :

Xk º ±Ak

γI º X1 + ... +XK





on ‖A‖∞, and this bound is tight within the fac-
tor O(1)

√
max

k
Rank(Ak).



A(δ) = K∑

k=1
δkAk : R

K → Sm.

♣We arrive at the efficiently computable upper
bound

γp(A) =

max

k
‖Ak‖



1−1/p

γ1/p
∞ (A)

on

‖A‖p = max



‖

K∑

k=1
δkAk‖ : ‖δ‖p ≤ 1



 ,

and this bound is tight within the factor

O(1)

max

k
Rank(Ak)




1
2p
K

p−1
p2 .

When p = 2 and the ranks of Ak are O(1), the fac-
tor becomes O(1)K1/4 (cf. the factor

√
min[K,m]

for the only previously known computable up-
per bound on ‖A‖2).



♣ The MCT admits complex case extension:
Matrix Cube Theorem, Complex Case: Consider
a semi-infinite LMI

A0(x) +
K∑

k=1
[LH

k ∆kRk(x) +RH
k (x)∆

H
k Lk] º 0

∀




∆ = {∆k} :
∆k ∈ Cdk×dk, k ≤ K
‖∆k‖ ≤ 1, k ≤ K
∆k = δkIdk, δk ∈ R, k ∈ IR

s

∆k = δkIdk, δk ∈ C, k ∈ IC
s




(R[ρ])

where Lk, Rk(x) ∈ Cdk×m, A0(x) is Hermitian and
Rk(x), A0(x) are affine in x.
The system of LMIs in Hermitian matrix vari-
ables Xk, Vk and real variables λk

Xk º ±
[
LH

p Rp(x) +RH
p (x)Lp

]
, k ∈ IR

s ,

Xk − Vk LH

k Rk(x)
RH

k (x)Lk Vk


 º 0, k ∈ IC

s ,


Xk − λkL

H
k Lk RH

k (x)
Rk(x) λkIdk


 º 0, k 6∈ IR

s ∪ IC
s

A− ρ
K∑

k=1
Xk º 0

(A[ρ])

is a tight, within the factor ϑC


 max
k∈IR

s ∪IC
s

dk


, ap-

proximation of (R[ρ]). Here ϑC(µ) ≤ O(1)
√
µ is a

universal function such that ϑC(1) =
4
π.



Corollary 1. For a Hermitian m×mmatrix G º 0,
the Semidefinite Relaxation bound

ω̂(G) = min
λ




∑

i
λi : Diag{λ} º G





on the quantity

ω(G) = max
η∈Cm:‖η‖∞≤1

ηHGη,

and this bound is tight within the factor 4
π =

1.27...:

ω(G) ≤ ω̂(G) ≤ 4

π
ω(G).



Corollary 2. Consider a time-varying uncertain
dynamical system

ż(t) = A(t)z(t), A(t) ∈ U ∀t (S)

with complex data. In the case of structured
norm-bounded uncertainty

U =





A∗ + ρ
K∑

k=1
PH

k ∆kQk :

∆k ∈ Cdk×dk, k ≤ K
‖∆k‖ ≤ 1, k ≤ K
∆k = δkIdk, δk ∈ R, k ∈ IR

s

∆k = δkIdk, δk ∈ C, k ∈ IC
s





the Lyapunov Stability Radius ρ∗ of (S):

ρ∗ = sup
{
ρ : ∃X º I : AHX +XAH ¹ −I ∀A ∈ U

}

admits a tight, within the factor O(1)
√√√√ max
k∈IR

s ∪IC
s

dk,

efficiently computable lower bound. In the case
of IC

s = IR
s = ∅ (“interval uncertainty”), the

bound is tight within the factor 4
π.


