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Preamble: distance to singularity

Theorem 1 (Eckart and Young) Assume
A € R**" js non-singular. Then

1

= omin(A4),

where

dist(A,Sing) = inf{||AA| : A+ AA is singular},
and

O'min(A) = SUD{5 . 5BRm C AIBRn}

(Bga :={z € R : [lz]| < 1}.)



Square matrices and linear equations

Let A € R*"%" Notice:

A non-singular < A surjective
& {Az iz e R} =R"

< Ax = b feasible for all b € R™.



THEME:

Extend the above to rectangular matrices
defining a conic system

Axr = b
x € C,

and for perturbations restricted to some
block structure.




Rectangular matrices and conic systems
Assume C C R" is a closed convex cone.

Definition Let A € R™MX7",
AeF & {Az. 2z € C}=R™

Ax = b

1 m
zcC feasible for all b € R™,

(Put Z := F°¢.)



Distance to infeasibility

E-Y like identity for conic systems:

Theorem 2 (Renegar) Assume A € F.
Then

dist(A,T) = p(A),
where
dist(A,T) ;= inf{||AA|: A+ AAEZF},
and

p(A) :=sup{d : 6Bpm C A(BrrNC)}.



Proof of Renegar’s Theorem:

Key: rank-one perturbations

Assume A € F.

Given v € R™ | |et

p(A,0) == min
s.t. Ax =
rx el
Notice:
1
p(A) =

mavaH:l qb(A, ’U) .

Given u € R™ \ {0}, let

Y(A,u) == sup



Proposition 1 Assume A € F. Then
max ¢(A,v) = maxy (A, u).
|lv||=1 u70

A Hm )

(The above max is a kind of |

Rephrase Theorem 2:

Theorem 3 Assume A€ F. Then

1 1
dist(A,7) =

maxu;&o ’(ﬂ(A,u) — mavaH:l qb(A,’U)



Notice:
A+ AAZFeIy£0st. (A+AA)Tye
and given 6 > 0O
0 <iyp(A,u) &
Jy s.t. ATy + u € C*,

Proof of Thm 3.
“<'": Given 0 <0 < yY(A,u), let y be as above.
Then

with

“>"1 Proceed in reverse order.



Block-structured distance to infeasibility

Simple block:

Suppose R" = X1 x X»o, and only allow
perturbations in the set

A::{[Bl O] ‘Bl:Xl—ﬂR{m}.
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Obvious modification of proof above shows:

Theorem 4 (P.) Assume A€ F. Then

1

max (A, v)
[v]|=1

diStA(A,I) =

Y
m%w( , U)

Where

dista(A,T) :=inf{||B||: B€ A, A+ B ¢ F},

p(A,v) = min o]
s.t. Ax =
x € C,
and
Y(A,u) ;= sup iyl
y  lul
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Multiple blocks:
Suppose R" = X7 x Xo, Y7,Y> C R™, and only
allow perturbations in the set

A:={|B1 Ba||B;j:X; =Y j=1,2}.
For B = [Bl BQ] € A, define

IBlla := max{||B1l|; || B2][},

and

distA(A,T) .= inf{||B|[p : BE A, A+ B ¢ F}.
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E-Y like characterization for dista(A,Z):

Given u € R" \ {0}, define

Y(A,u) ;= sup min{”?Jl“ ||y2||}
Y [ua || [[ua]l

st. Aly+4ueC

Theorem 5 (P.) Assume A€ F. Then

1

T;gw(A, u)

diStA(A,I) =
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Proof. (Similar to the unstructured case.)
For a given 6 > O

0 <Y(Au) &
Nyl

Jy s.t. ATy + u € C*,
[l

> 6.

“<": GivenuF#A0and 0<O0 < yY(A,u), let y
be as above. Then

[Al + |2 ylu]— AQ + |2 yQUér] §Z F

||y1| ||y2|
with
1 T lujl] 1
| yiu; || = —— < —
ly;]12 77 ly;l| — 6

“>"1 Proceed in reverse order.
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General block structure:

Suppose X; CR", Y; CR™, 5 =1,...,k are
given.

Let

A = {|Bj] \Bj:Xj—>Yj,j=1,...,k}.

(Notation: |B;|z:=>k_, Bjz;.)

For B = |Bj| € A, let

|Blla := max{[|Bj|l, s =1,... , k}.
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Given u; € X; not all zero, put U = [ul..

and let

Y(A,U) := sup mlnM

y [l

s.t. ATy + Ue € C*.

Theorem 6 (P.) Assume A€ F. Then

1

max AU)
-EXj,U;éOw( )

diStA(A,I) =

16

]



Can also consider the dual counterpart:

Given v; €Y}, put V:=[v1 ... v and let
0(A,V):= inf max ”xjH
$,Z J Zj
s.t. Ax=Vz
reC
z > 0.

Proposition 2 Assume A € F. Then

max A, V)= max AU).
Uje}/j,”’vj”:l(p( ) ’UJjGXj,U;éOw( )

A7HA")

(Again, these max are kind of “|
Thus, have a “dual”’ version of Thm 6:

Theorem 7 Assume A€ F. Then
1

max o(A, V)
v;€Yj, [lvi]|=1

dist A (A,T) =
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Special cases:

Componentwise distance to infeasibility.

Suppose E C {0, 1}™*™ determines some
Sparsity structure, e.g.,

X X 0
X
X
O

O O O X

X X oo

0 X
0 0
X 0

Consider the 1 x 1 blocks defined by E.
In this case dista(-,Z7) = distg(-,Z), where

distp(A,7Z) :=inf{d : 3AA with |AA| < FE
s.t. A+ AAZ F}.
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In this case Thm 7 can be sharpened:

Given B € R™*X" et

xo
j=1..n Z;

s.t. Ax = Bz
xeC
z > 0.

Theorem 8 (P.) Assume A€ F. Then

1

distp(A,Z) =
E( ) maX|B|:E CD(A,B)
1

maxg P(A4, SE)’
max taken over signature matrices:
S is a signature matrix iff |S| = 1.

19



Componentwise distance to singularity:

When m = n and C = R":
distgp(A,Z7) = distg(A,Sing)

inf{é : 3AA with |AA|<J{E
s.t. A+ AA € Sing}.

On the other hand, have a connection
between distance to singularity and
eigenvalues:

Example. Assume A € R™®*" is non-singular
and B € R"*™, Then

1
po(A~1B)

inf{|d| : A+ 0B € Sing} =

po(+) is the real spectral radius:

po(M) := max{|A| : X is a real eigenvalue of M}.

(If M has no real eigenvalues, pg(M) :=0.)
20



Is there a connection between distg(A, Sing)
and eigenvalues?

Theorem 9 (Rohn) Assume A € R*"*" js
non-singular. Then

1
maxg, s, Po(A"151ES>)’
max taken over signature matrices.

distg(A, Sing) =

Can recover Thm 9 from Thm 8.
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Key step:

Theorem 10 (Rump) Assume M € R*X™,

Then
M .
max pg(MS) = max min M
S x#0 x;7#0 |37z|
|(M Sz);]

= max inf max
S 2>0 1 Z;

= msgx (I, MS).

(Can be shown via LP duality.)

Thus,
maxg ®(A, SE)

MaXg, s, d(1, A_lleSQ)
maxg, s, Po(A™151ES3).

Hence Thm 9 follows from Thm 8.
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The structured singular value

Assume n =m, R" = Xq x --+ X X, and
C = R".
Let

A ={|Bj||B; : X; = X;}.

(A : a diagonal block-structure with Y; = X;.)

Definition (Doyle)

1

na(M) = inf{||B|| : B€ A,det(I — MB) = 0}

pa: iImportant parameter in robust control
(Doyle et al.)
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Notice: For M non-singular
1

= inf{||B||a : B€ A, M~! - B € Sing}
pa (M)

= dista (M1, 7).

Hence by Thm 7,
pa(M) = max{e(M~1,V): v; e Xj, |lvj|l =1}

= max{p(I,MV): v; € Xj, ||’U]|| = 1}.

Connection with real-spectral radius:

ua(M) = max{po(MB): B € A, ||B|| = 1}

= max{p(I,MV) : v; € Xj, ||vj]| = 1}.
(This holds for all M € R**™))
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A bit more generality

Weighted blocks

Suppose X;,Y; and «; > 0 are given.
For B € A let the a-weighted norm be

1Blla,e = max{]||Bj|/a;}.

For this norm have:

1
dista o(A,T) =

v;€Y5, ||vj||=a;

max o(A, V)
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General conic systems

Suppose Cx C R", Cyv C R™. Consider

b— Ax € Cy
x e Cyx.

Just rewrite as

4 1)[f] =

]ECXXCY,

and declare identity block not subject to
perturbations.
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Summary of E-Y like identities

E-Y:
1

— Umin(A)7

Renegar:
1

A = o) = it (A, 0)

Rohn:
1

distg(A,Sing) = ,
maxg, s, Po(A~1S1ES))

1
maX, cy;, |lv;|=1 P(4; V)

dist A (A,T) =

(A: block-structure defined by X, Y;.)
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E-Y identity for set-valued maps

Let X,Y be Banach spaces.
Consider a set-valued map F: X =Y.

Define graph(F) C X xY, F~1:Y = X, and
|F’|| as follows

graph(F) := {(z,y) : y € F(x)},
z € F 1(y) &y € F(x),
|F|| = sup inf |y,

c€By yEF ()
Bx: unit ball in X.

A set-valued map F is sublinear if graph(F) is
a convex cone.

(Sublinear maps a.k.a. convex processes.)
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Theorem 11 (Lewis) Assume F is a
sublinear map with closed graph. Then

1
(Pl

= inf{||AF|| : AF € L(X,Y),

F 4+ AF not surjective}.

Thm 2 (Renegar): special case of Thm 11.

Dontchev, Lewis, Rockafellar: E-Y identity
for the radius of metric regularity
(distance to metric irregularity)
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What is next?

E-Y
A e R’RX’I’L
dist(A, Sing)
Rohn
A E R’RX')’L
distg(A, Sing)
Renegar
A E Ran
dist(A,7)
Lewis P.
F. X=Y A € RMmxn
dist(F, non-Surj) distA(A,7)
P.
F:X=Y

dist A (F, non-Surj)

77
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Block-structured distance to
non-surjectivity:

Suppose X, C X,Y;CY,5=1,...,k are
given.
Let

A :={|Bj| : Bj € L(X;,Y)), i =1,... ,k}.

For B = |Bj| € A, let

IBlla := max{[|Bj|l, s = 1,... , k}.

Theorem 12 (P.) Assume F is a sublinear
map with closed graph. Then

1
IF~ A

= inf{||B||a : B € A,
F 4+ B not surjective}.
(For suitable ||[F~Y||A.)
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Concluding remarks

— Extensions of the Eckart and Young
identity hold for rectangular matrices, conic
systems, and block-structured perturbations.

— Proof technique: low-rank construction.

— Work in progress: block-structured
e dist. to non-surj. (sublinear maps)
e radius of metric reg. (set-valued maps)

— Future work:
e Other types of structure (e.g., Toeplitz).
e Other norms to measure perturbations
(e.g., Frobenius).

— Acknowledgments:
Raphael Hauser, Oxford University.

32



