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The Service Provider’s Problem

A service provider (SP) has a communication network of

fixed capacity and 2 types of customers:

Immediate demand (dial-up) customers —
Poisson arrival processes with fixed rates
i.i.d. holding times with means ~ minutes-hours

fixed prices

Advanced reservation customers —

Customers reserve in advance for connections over a long

fixed time interval (6 months — 1 yr) at a price set in a

contract
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The SP’s problem is to (dynamically) set the price of

advanced reservation bandwidth to maximize

FEladvanced reservation revenue + immediate demand revenue]



The Model

An SP has a network:
o [ links (1 <L < o0)
e Link [ has ( circuits, 1 <[ < L
e J call types (routes)

e Type j calls need (for entire duration of call) A;; circuits on link [,
1<I<L,1<j5<J

The SP sells capacity to advanced reservation customers over time
horizon [0, T7].

Advanced reservation demand arrives as independent Poisson processes,

Aj(p) = advanced reservation demand rate for route j with prices p,

p = (p1,...,ps); pj = price for route j

Assume that A(p) has a unique inverse p(\).
Revenue rate: 7(A) =X -p(A)

(r is assumed to be twice continuously differentiable and concave, with

limy  7r(A) =0)
[Similar to model in Gallego and van Ryzin (1997)]

At time T the remaining circuits are available for immediate demand

customers.



Terminal Reward for Service Provider

g(C") = immediate demand value (per unit of time) of
network with Cll circuitson link [, 1 <[ < L

Immediate demand call parameters:

)\§ = arrival rate of route 5 immediate demand calls

le = mean holding time of route 7 immediate demand calls
pjl- = price for route 5 immediate demand calls

a; = )\]I-Tj[ : route j immediate demand ‘offered load’

Immediate demand calls arriving to find insufficient

resources are blocked and lost.

Let B;(C", a) denote the blocking probability of route j.
Then

J
= S Alpl(1 - By(CT a)
7=1



The Dynamic Pricing Problem

At each time t € [0, T], the SP chooses the advanced

reservation arrival rate A(t). Let

X;(t) = # of circuits on link [ remaining at time ¢, 0 <t < T

Then
J ¢
Xl(t) =C; — ZAljﬂ'j (/ )\j(S)dS)
j=1 0
where 71, ..., 7 are independent Poisson processes with rate
1.

For a non-anticipating A = {A(s),0 < s < T}, we let
T
VA = | [ rAs)ds + (X (T)
0

Dynamic pricing problem: Choose a (non-anticipating) A to
maximize V' (A) subject to X (7T') > 0.



A Numerical Example

Consider an SP with L=J =1, C; =100, T =1, A'+1 =50, p’
and
A(p)=Dp~°, p>0,
where € > 1. Then
p()) = pl/ey—1/e
and r(\) = DYe\Te

Set € = 1.5 and vary D from 5 to 50:
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The ‘Asymptotically Optimal’ Controls

Fluid: A\(s) =50,0<s<1

Diffusion: Let b = 0.01

_|_
z* + &[X(s) — 100 + 50s]

A(s) = A(s, X(s)) = |50 + 10(b+ 1 — s)

where x* is the unique solution to ...



The Fluid Limit
Consider a sequence of systems indexed by n, with C;(n) — oo as
n — oo: Ci(n) = |n Ci] with 0 < C; < 0.

Scale the demand function:
A (p) = n;(p) |

so that pg.n) (nA) = p;(A) and ™ (nX) = nr(N).

Scale immediate demand arrival rates (7°,p’ stay fixed):

Let X" (t) = n XM (1),

(So X!™(0) — C;.) Recall that

X (1) ZAWJ (/O M (s )ds) |

If, as n. — 0o, n A (s) = X(s) a.s. uniformly on [0, 7], then

t
XM )2 X(t) =G — ZAU/ \j(s)ds, 1<I<L,
0

and



Fluid Limit of Terminal Reward

By assumption, a;(n) = nXJI-TjI, so that @;(n) = n"ta;(n)

_ Y1 — 5.
= AT, = aj.
Suppose that x™ (T) % X(T).

Let

From Kelly (1986),

B;(X™(T),a(n)) = Bj as n— oo,
where B’j = ...

If py<1,1<I<L,then B;=0,1<j<J.



Fluid Optimization Problem

Fluid Optimization Problem (FOP):
choose {A(s),0 < s < T}

such that A(s) >0, 0<s<T

2 key observations:

1) The 2nd term depends on {A(s),0 < s < T} only through
{ S Ai(s)ds, 1< < J }

2) Due to the concavity of r(-), given that fOT Nj(s)ds =yj, 1 <j<.J,the
1st term is maximized by choosing \;(s) = y; /T, 0<s<T,1<j < J.

The FOP can thus be transformed into a J variable optimization problem:

choose y € Ri
J J—
such that ZAljyj <(Cp, 1<I<L
j=1

to maximize T7r (%) +9(C — Ay) = f(y)



Fluid Optimization Problem: Solution

choose y € R] W
J
such that ZAljyj <(C),1<I<L ’ (FOP)
71=1
to maximize T'r (%) + g(C — Ay) = f(y) )

Consider the following related problem:

maximize f(y)

J _ J FOP2
subject to ZAljyj < (Cp — ZAle_lj, 1<I<L ( )

i=1 i=1

Claim: If, at the solution to (FOP2), on every link the marginal
value of bandwidth to immediate demand is at least as great as the

marginal value of bandwidth to advanced reservation, the solution to
(FOP2) is also the solution to (FOP).

Marginal value of immediate demand bandwidth on link [

_ Z _r_ _ Zj:l Aljpjl'aj
80[ Fat 23'121 AZ'aj




The Diffusion Limit

Assume that the Fluid Optimization Problem leads to a
critical solution: p; =1 for at least 1 [ € {1,..., L}.

Let y* denote the solution to FOP.

Let
AV = y? and
(n) _ 0 (n)
Aj7(s) = nA+nug(s).
Then

K () = mp X+ Viu(s) - Tr(A) + ol ).
where p° = p(A"). For ¢ € R/, let
(&) = n V20 (X0 + Vna) — np? - A0
Then, as n — oo,

P (x) = i(x) =z - vr(AY).



The Controlled Diffusion Process

For u(™(-) ‘well enough behaved’, as n — oo,

n1/2 [wj (/Ot A§”>(s)ds) — nAl ] 23 W) + /Ot w;(s)ds,

where {W,(t),t > 0}, 1 < j < J are independent Wiener

processes with zero drift and variances )\?.

Let
XM () = n XV () - n X (1),
(So X(n)(O) — 0.) Then, as n — o0,
X" x@), 0<t<T,
where

ZAZJ U s)ds + W;(t)



The Diffusion Scale Terminal Reward, L = J =1

Jagerman (1974) showed that, if

M, =na+ v/nf+o(y/n), —ooc<pf<o0,

then
vnB(M,,na) — \}Eh (;g) :
where
h(x) = 1 ib(;zx>, —o0o < <00,
o(x) = \/lz_ﬂe"]”?/2 and () = /93 d(z)dz.
Thus
1 —X(T)

VnB(X,(T), MLl = mh ( == ) .
If we let

gn(x) = n_l/Q[gn(AbeI +vnzx) —nXrip,
then

‘/S\ITI

(Related results for network due to Hunt and Kelly (1989).)

4 (Xn(T)) — §(X(T)) = —p' VAIT I <—ff <T>>



The Diffusion Control Problem (L =J =1)

Let
V(w) = E |10\ /0 u(s)ds
e i _17_[ fOTU(S)dS—i—\/FW(T)
pVA h( N )

The Diffusion Control Problem (DCP) is:
choose (non-anticipating) {u(s), 0 <s < T}
to maximize V (u) .

Let

d(z) = ' (\)z — p! VM 1] (\/%) .

Then d is concave, and

d(z) =0 i ( ) _ )

pI

T
w/j\IfrI

Let x* denote unique solution: global maximum of d

V(u)=FE |d (/T u(s)ds + \/FW(T)) <d(x").




A Linear Quadratic Gaussian Control Problem

Let

and let b > 0 be fixed.
The ‘smoothed’ DCP is:

choose {u(s), 0 <s<T}

to minimize B |Y2(T) +b [ u?(s)ds|
This is an LQG problem:

optimal control: wu(s) =u"(s,Y (s)),

w(5,9) = o

’ b+ T —s
T

value : L*(b) = m&nE Y?(T) —I—b/ uz(s)dsl
0
* (ZC*)2b 0 T
L*(b) = b T + A°b In b
—0 as bl0

For any € > 0, can find b(e) such that

V(up) > d(z*) —e



Admission Control: Model

SP has network as before (L links, Cj circuits on link [, J call

type (routes), A;; circuits and on link / by call of type j).

Demand arrives in J independent Poisson processes with
rates A\j, 1 < 7 < J. Each accepted type j call pays p;.
(Calls do not depart.)

The system ‘operates’ over the interval [0, T'].



Admission Control Problem

At each arrival epoch the SP makes an accept/reject decision.
Let

Y;(t) = total # of type j calls accepted during [0, ¢].

We require that Y; be non-anticipating and that

dYj(t) < dmj(At).

Let

J
V) =E ijYj(T) ,

where Y ={Y (¢),0 <t < T}

Admission Control Problem: Choose a ) to maximize V ()))

subject to
J
Y Y(T)A,; <C, 1<I<L.

j=1



The Fluid Limit for Admission Control

Consider a sequence of systems indexed by n, with Cj(n) — oo as
n — oo: Ci(n) = Ln C_’ZJ with 0 < C) < 0.

Scale the arrival rates:

Consider a ‘thinning’ policy, determined by (q1,...,qs), with
0<¢q; <1,1< 75 < J: Accept each type j arrival with
probability g;.

Let

() )y _ . —1yr(n)
v () =n Y"1,

Then, by the strong law of large numbers,

v () B3 Vi) = giat



Fluid Optimization Problem for Admission Control

Fluid Optimization Problem (FOP):
choose Tlye..,TJ

such that 0<z; <)\ 1<;5<J,

J
and TZAljxj <(C;, 1<I<L
j=1
J
to maximize ija:j :
j=1

Denote the optimal solution to this LP by (z7,...z%), and the

optimal objective function value by V.

Fluid optimal policy: If capacity is available, accept each type j
arrival with probability ¢; = 7 /Aj, 1 <5< J. Let Vj» denote

the expected total revenue with this policy.

By SLLN, n_lvq(f) — V as n — o0.



The Hindsight Policy

Given the total number of arrivals, 7;(\;717), 1 < j < J, solve the
LP:
choose yi, 1<53<J

such that 0<y,; < Wj()\jT), 1< <J

J
and ZAljyj<Cl, 1<I<L

j=1
J

to maximize E DY -
j=1

Let ngn) denote the expected value of the optimal objective
function of the above LP for the n' system. Then

n—lvg") —V as n— 0.



The Diffusion Limit for Admission Control

Assume that

J
T Z Alja:;f = é[

j=1
for at least 1 [ € {1,...,L}.

On ‘diffusion scale’ the fluid optimal policy is not asymptotically

optimal:

— A >0.

Can we do better than the thinning policy?

We introduce a ‘trigger point’ policy:
— Use fluid optimal policy until trigger point 7 < T

— At 7, solve new LP and follow a thinning policy with

(qla°°°7qJ>



Trigger Points

Let
— min {42
= j:Ar,?glc?>o{ 55 )
5] = min {A;(N; — 25},
j:Alj(Aj—ZC;)>O I J
J
bi(t) = (T =) | Y Auyz; s
j=1
J
and Ul(t) = (T — t) Z Aljx;k- + S;
j=1
Also, let
T; = inf {t : bl(t) > Xl(t)},
71 = inf {t : Ul(t) < Xl(t)},
and T = min{ min 7;, min 7‘7} :
1<I<L 1<I<L

Let s, = /n[T — 7™ AT].

. a.s.
Claim: s,, — s as n — o0.

(There are more trigger points.)



The 2™ LP

At 7 solve the LP:

choose r;, 1<5<J

such that ngngj, 1<j5<J

J
and (T —7)> 5 Aijz; < Xi(7), 1<I<L
to maximize ijl piT; .
Denote the optimal solution to this LP by (Z1,...,Zs), and let
Gj = Tj/Aj.
Use a thinning policy with (q1,...,qy) during (7, T].

Note: There are O(y/n) arrivals during (7(™), T, so by the SLLN
the thinning policy is optimal to o(y/n). (This is a fluid problem
on % time with % capacity.)



An Example: L =1, J =2

Consider a system with 1 link and 2 types, C; =1,
An=Ap =1\ =X=3/4,p=2,p2=1.

The hindsight policy is to accept all w1 (A1) type 1 calls, and
Cl — 7T1()\1T) type 2 calls.

The FOP solution is 7 = 3/4, 5 = 1/4, so that ¢ =1,
q; = 1/3. Also,
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Trigger type and response:

T: stop admitting type 2

T: admit all type 2



