
R
e
d
u
c
tio

n
o
f
A

sia
n

O
p
tio

n
s

S
ean

H
an

In
stitu

te
for

M
ath

em
atics

an
d

its
A

p
p
lication

s

U
n
iversity

of
M

in
n
esota

A
p
ril

12,
2004

J
oin

t
w

ork
w

ith
J
ean

-P
ierre

F
ou

q
u
e

1



O
u
tlin

e

•
In

tro
d
u
ction

to
M

u
lti-factor

S
to

ch
astic

V
olatility

M
o
d
el

•
P

ricin
g

A
rith

m
etic

A
verage

A
sian

O
p
tion

s

•
D

im
en

sion
R

ed
u
ction

for
P

ricin
g

P
D

E
:
C

h
an

ge
of

N
u
m

eraire

•
V

arian
ce

R
ed

u
ction

for
M

on
te

C
arlo

S
im

u
lation

s:
C

on
trol

V
ariate

E
stim

ator
an

d
Im

p
ortan

ce
S
am

p
lin

g

•
A

p
p
lication

s
of

P
ertu

rb
ation

A
n
aly

sis

2



M
u
lti-factor

S
to

ch
astic

V
olatility

M
o
d
el

U
n
d
er

th
e

p
ricin

g
m

easu
re
IP

?,
a

tw
o-factor

sto
ch

astic
volatility

m
o
d
el

is
given

as:

d
S

t
=

rS
t d
t
+
σ

t S
t d
W

(0
)

t
,

σ
t

=
f
(Y

t ,Z
t ),

d
Y

t
=

(

α
(m

1 −
Y

t )−
ν
1 √

2α
Λ

1 (Y
t ,Z

t )
)

d
t

+
ν
1 √

2α

(

ρ
1 d
W

(0
)

t
+
√

1−
ρ
21
d
W

(1
)

t

)

,

dZ
t

=
(

δ(m
2 −

Z
t )−

ν
2 √

2δ
Λ

2 (Y
t ,Z

t )
)

d
t

+
ν
2 √

2δ

(

ρ
2 d
W

(0
)

t
+
ρ
1
2 d
W

(1
)

t
+
√

1−
ρ
22 −

ρ
21
2
d
W

(2
)

t

)

,

w
h
ere

(

W
(0

)
t
,W

(1
)

t
,W

(2
)

t

)

are
in

d
ep

en
d
en

t
stan

d
ard

B
row

n
ian

m
otion

s.
A

ssu
m

e
tim

e
scales

are
sep

arated
:
α
−

1
<

1
<
δ
−

1.

3



T
h
e

P
ricin

g
of

A
rith

m
etic

A
verage

A
sian

O
p
tion

s:
P

D
E

A
p
p
roach

In
tro

d
u
ce

th
e

ru
n
n
in

g
su

m
p
ro

cess:

d
I
t
=
S

t d
t.

T
h
e

p
rice

of
an

A
sian

call
op

tion
at

tim
e

0
≤
t≤

T
d
efi

n
ed

b
y

P
(t,s,y

,z
,I

)
=
E
∗t,x

,y
,z

,I

{

e
−

r
(T
−

t)h
(
I
TT
−
K

1
S

T
)

}

w
h
ere

h
(v

)
=
v
+

,
solves

a
fou

r-d
im

en
sion

al
P

D
E

L
α

,δP
=

0,

P
(T
,x
,y
,z
,I

)
=
h
(I
/T
−
K

1 x
),

w
h
ere

th
e

p
artial

d
iff

eren
tial

op
eratorL

α
,δ

is
d
efi

n
ed

b
y

L
α

,δ
=
αL

0
+
√
αL

1
+
L

2
+
√
δM

1
+
δM

2
+
√
α
δM

3 .

4



D
im

en
sion

R
ed

u
ction

T
ech

n
iq

u
e:

C
h
an

ge
of

N
u
m

eraire

D
y
n
am

ically
in

vestin
g

th
e

am
ou

n
t

of
u
n
its

q(t)
=

1
−

e
−

r
(
T
−

t
)

r
T

of

you
r

w
ealth

in
sto

ck
s

an
d

p
u
t

th
e

rest
in

b
on

d
s,

you
r

fi
n
al

w
ealth

w
ill

rep
licate

th
e

sto
ck

p
rice

average
b
y

self-fi
n
an

cin
g

trad
in

g,
i.e.,

X
T

=
1T

∫

T

0

S
t d
t,

if
you

r
in

itial
w

ealth
is
X

0
=
q(0)S

0 .
C

h
an

ge
of

n
u
m

eraire
Ψ

t
=

X
t

S
t

resu
lts

in

d
Ψ

t
=

(q(t)−
Ψ

t )f
(Y

t ,Z
t )d

(W
∗t
−
∫

t

0

f
(Y

s ,Z
s )d

s).

A
ssu

m
e

th
at
f

is
b
ou

n
d
ed

.

5



C
h
an

ge
of

P
ricin

g
M

easu
re

A
n

eq
u
ivalen

t
p
rob

ab
ility

m
easu

re
P̃
∗

is
d
efi

n
ed

b
y

d
P̃
∗

d
P
∗

=
ex

p

(

∫

T

0

f
(Y

t ,Z
t )d
W
∗t
−

12

∫

T

0

f
(Y

t ,Z
t )

2d
t

)

=
e
−

r
T
S

T

S
0
.

U
n
d
er

th
is

n
ew

m
easu

re
P̃
∗,

th
e

A
sian

op
tion

p
rice

can
b
e

ex
p
ressed

as
P

(0,x
,y
,z

;T
,K

)
=
x
u
(0,ψ

,y
,z

;T
,K

),
w

h
ere

u
(t,ψ

,y
,z

;T
,K

)
solves

th
e

th
ree-d

im
en

sion
al

P
D

E
(

αL
0

+
√
αL

1
+
L̂

2
+
√
δM̂

1
+
δM

2
+
√
α
δM

3

)

u
=

0,
(1)

L̂
2 (f

(y
,z

))
=

∂∂
t

+
12
(ψ
−
q
t
−

)
2f

(y
,z

)
2
∂

2

∂
ψ

2
,

M̂
1

=
−

(g
(z

)Γ
(y
,z

)−
ρ
2 g

(z
)f

(y
,z

))
∂∂
z

+
ρ
2 g

(z
)f

(y
,z

)(q
t
−
−
ψ

)
∂

2

∂
x
∂
z

6



A
sian

O
p
tion

A
sy

m
p
totics:

S
olve

T
w

o
1-d

im
.

P
D

E
s

D
en

ote
ε

=
1/α

,δ
�

1

u
ε
,δ(t,ψ

,y
,z

)≈
u

0 (t,ψ
;z

)
+
√
εu

1
,0 (t,ψ

;z
)
+
√
δu

0
,1 (t,ψ

;z
)

w
h
ere

u
0 (t,ψ

;z
)

solves

<
L̂

2
>
u

0
=
∂
u

0

∂
t

+
12
(ψ
−
q
t
−

)
2
<
f
(y
,z

)
2
>
∂

2u
0

∂
ψ

2
=

0,

u
0 (T

,ψ
;z

)
=
h
(ψ
−
K

1 ),

<
L̂

2
>

(ũ
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(Î

(i)
T
/T

)−
K

)
+
Q

(i)
T

w
h
ere

Q
T

=
ex
p

{

∫

T

0

H
(t,P

?t
)d
η̃

t −
12

∫

T

0

|H
(t,P

?t
)| 2d

t

}

T
h
e

im
p
ortan

t
sam

p
lin

g
tech

n
iq

u
e

con
sists

of
d
eterm

in
in

g
H

su
ch

th
at

th
e

varian
ce

of
P

?
can

b
e

red
u
ced

.
T

h
e

op
tim

al
ch

oice
of

th
e

fu
n
ction

H
is
H

=
−

1P
?
a

T∇
P

?
w

h
ich

can
lead

to
a

zero
varian

ce.

B
U

T
P

?(t,x
,y
,z
,Î
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