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Abstract

Why do mutual fund investors chase past winner funds despite the absence of performance
persistence among such funds? In this paper we adopt a “tournament” framework to analyze the
incentives of two fund managers, with unequal performance at an interim stage, who compete for
investor cash flows. Our model is characterized by an absence of differential ability among
competing fund managers. We show that in equilibrium (a) it is optimal for the fund manager
who is trailing behind at the interim stage (i.e., the interim loser) to increase the idiosyncratic
risk of her portfolio, and (b) risk averse investors anticipate the incentives facing losing fund
managers and rationally chase winners. Our analysis yields a number of testable predictions. In
particular, we show that the increase in the idiosyncratic risk of the interim loser manager’s
portfolio is directly related to the magnitude of the performance gap at the interim stage, and to
the strength of the investor (cash flow) response to the relative performance rankings of the
funds (i.e., the strength of the tournament effect). Furthermore, we show that the ex-ante utility
of long-term fund investors is decreasing in the strength of the tournament effect. Our results
have implications for several aspects of fund design including the optimal fund entry/exit policy,
and choice of organizational form (i.e., closed-end vs. open-end).



On Performance Chasing, Mutual Fund Tournaments, and

Managerial Incentives

The tendency to chase past performance is one of the best known facts regarding the behavior of mutual
fund investors." However, investors are routinely warned that “past performance is no guarantee of future
results” and there is little evidence to suggest that mutual fund performance persists.” What then explains
the performance chasing behavior of fund investors? In this paper we provide a potential explanation for
such investor behavior based on an analysis of the incentives faced by the fund managers. We show that,
in light of the managerial incentives, performance chasing represents an optimal investor response, even if
fund managers do not possess superior ability and there is no persistence in fund performance.

Our analysis builds on the observation that funds with superior relative performance attract
disproportionately large cash inflows in the future. In this sense the mutual fund industry resembles a
tournament in which players are competing with each other for investor cash flows. As shown by Brown,
Harlow, and Starks (1996), the tournament nature of the mutual fund industry provides adverse incentives
to losing fund managers. Specifically, they find that funds that trail at the half-year mark tend to
subsequently increase the volatility of their portfolios in an attempt to catch up. Similarly, Chevalier and
Ellison (1997) study the relationship between fund flows and past performance of mutual funds and
conclude that the flow-performance relationship provides incentives for the funds to alter the risk of their
portfolios at the interim stage.” In this study we adopt a tournament framework to analyze the incentives
of fund managers and investors with a view to better understand the process of capital allocation to

intermediaries like mutual funds.

" A number of studies have documented a strong positive relation between a fund’s past performance and its future
fund inflows. See, for example, Ippolito (1992), Chevalier and Ellison (1997), Sirri and Tufano (1998), and Sapp and
Tiwari (2004).

? Evidence of performance persistence has been documented by Grinblatt and Titman (1992), Hendricks, Patel and
Zeckhauser (1993), Ibbotson and Goetzmann (1994), Brown and Goetzmann (1995), Malkiel (1995), and Elton, Gruber
and Blake (1996), among others. However, Carhart (1997) shows that such persistence is explained by common factors in
stock returns, rather than by managerial skill.

* See, also, Koski and Pontiff (1999). In related work, Busse (2001) analyzes daily returns for a sample of 230 equity
funds over the period 1985-1995, but fails to find support for the hypothesis that fund managers actively alter the risk of



We analyze a model in which two risk-neutral fund managers with unequal performances at an interim
stage, compete for investor cash flows. Given the unequal performances of the managers at the interim
stage, we may think of one manager as an interim winner, and the other as the interim loser. Neither
manager possesses superior information. Consistent with standard industry practice, managers’
compensation is assumed to be a fixed proportion of the assets under management. Each manager has the
choice of investing in a market index in addition to a security that represents pure idiosyncratic risk. Our
focus is on the portfolio choices made by the two managers after they observe their interim performances.
In the interests of expositional clarity, we begin by analyzing a single-period version of the model and
then extend it to a multi-period setting which allows us to analyze the optimal response of risk averse
investors to the incentives facing the fund managers. In this context we consider two groups of investors,
namely, long-term or passive investors, and short-term or active investors.

We show that there exists an equilibrium in which (a) it is optimal for the fund manager who is trailing
behind at the interim stage (i.e., the interim loser) to increase the idiosyncratic risk of her portfolio, and
(b) risk averse investors anticipate the incentives facing losing fund managers and rationally chase
winners.* Our analysis yields a number of testable predictions. In particular, we show that the increase in
the idiosyncratic risk of the interim loser manager’s portfolio is directly related to the magnitude of the
performance gap at the interim stage, and to the strength of the investor (cash flow) response to the
relative performance rankings of the funds (i.e., the strength of the tournament effect). Furthermore, we
show that the ex-ante utility of long-term fund investors is decreasing in the strength of the tournament
effect. While a full welfare analysis of the costs and benefits of the implicit incentives generated by the

tournament effect is beyond the scope of the present paper, our results point to several directions in which

their portfolios in response to past performance. However, he recognizes that “uncovering a more complex behavior patter
should be a fruitful area for future research” (p. 73).

* In a model with decreasing returns to scale in active portfolio management, and managers with differential ability,
Berk and Green (2002) show that the response of fund flows to past performance reflects a competitive allocation of
capital to the fund industry. In contrast, we focus on the incentive effects of the tournament framework (in the absence of
differential information and moral hazard) to analyze the flow-performance relationship.



this research may be extended with potential implications for the optimal design of fund entry/exit
policies, among other features.’

Our study contributes to a growing literature that examines managerial incentives and investor
behavior in the mutual fund industry. On the theoretical front, a number of recent studies analyze the
incentives facing mutual fund managers in a “tournament” framework (see, e.g., Goriaev, Palomino, and
Prat (2003), and Taylor (2003)). Our model is closest in spirit to that of Taylor (2003) who develops a
two-period model of a mutual fund tournament in which two fund managers with unequal midyear
performances compete for new cash inflows.’ Taylor derives a mixed-strategy equilibrium for the case
when both funds are actively managed. The pure strategies that are the basis for the mixed-strategies are
those of the extreme form, i.e. to invest fully in risky assets or to invest fully in the risk-free asset. In
contrast, we allow the fund managers the option to take on idiosyncratic risk in addition to investing in
the market portfolio and the risk free asset, and focus on the pure strategies equilibrium. A key feature of
the earlier studies is that they take the performance chasing behavior of investors as given, i.e., they
assume the existence of a tournament effect. In contrast, our model has a dynamic structure where
investors make strategic decisions when choosing a particular fund. In this sense we endogenize the
investor’s decision regarding the choice of a fund to invest in. Such a framework allows us to provide a
rationale for the existence of the tournament effect in the mutual fund industry. Furthermore, our model
provides a rationale for performance chasing by investors in a setting where managers do not differ in
terms of talent, efficiency, or in terms of superior information.

The rest of the paper is organized as follows. Section I presents a one-period version of our model
while Section II extends the analysis to a multi-period version of the basic model. Section III provides

concluding remarks. All technical proofs are relegated to the appendices.

* Meyer and Vicker (1997) show that in a dynamic principal-agent framework, relative performance evaluation may
be either welfare increasing or decreasing.
% Our one-period framework which includes two sub-periods corresponds to Taylor’s two-period setting.



I. One Period Model
For the sake of clarity and to enable comparison with recent theoretical studies in the area, we begin
our analysis by considering a one-period model in which we explore the nature of managerial incentives
and implications for portfolio performance when portfolio managers are faced with investors who chase
recent performance. Subsequently, in Section II, we analyze a multi-period model in which we explicitly

model the incentives and the resultant behavior of the fund investors.
A. Model Structure

Consider two risk neutral managers who manage a pool of assets for a single period. Let the single
period be divided into two (not necessarily equal) sub-periods (indexed by dates t = 0 to ¢t = I, and t = /
to t = 2), with the end of the first sub-period marking an interim evaluation stage at which managers
observe their performances to date, and make portfolio choices for the second sub-period. Figure 1
contains a timeline representing the sequence of events. Let m, and m,, be the year-to-date cumulative
performances of the two managers at the end of the first sub-period (i.e., at the interim evaluation stage),
with the assumption that m, > m,. Based on their relative performances in the first sub-period, we denote
manager g (b) a “winning” (“losing”) manager. Let the performance gap between manager g and manager

b at the interim stage (date # = /) be denoted by m, where m; =m, —m,.

A.1. Managers’ compensation
We assume that both managers begin with an asset base of size s at date ¢+ = (. At date ¢ = 2, the
manager with the higher average return over the two sub-periods realizes additional fund inflows equal to
A. In other words, in this part of the paper we assume that there is a group of investors, with aggregate
wealth A, who chase the winner fund. Consistent with normal practice in the industry, we assume that
managers are paid a fixed percentage k of the assets under their management at date = 2. Hence, each
manager’s objective is to enlarge the size of their asset base which can be achieved by earning a higher

return over the single period and by attracting the performance chasing investors at the end of the period.



A.2. Investment opportunity set and asset returns
Each manager faces an identical investment opportunity that consists of a riskfree asset with return

R, >0, and a market index portfolio with return R,. In addition to the market index portfolio, each

manager has the option to invest in a portfolio that offers pure idiosyncratic risk (i.e., it offers zero
expected risk premium). Let R, denote the random return realized by the idiosyncratic portfolio chosen by
the winning manager and let R, be the random return realized by the idiosyncratic portfolio chosen by the
losing manager. We assume R,,, R,, and R, are mutually independent normal random variables, where

R,~N(u,0,) andu>R,, and R,,R,~N(R,,0,).The properties of the asset returns are public
knowledge, so neither manager possesses superior knowledge.’

B. Analysis of the Model

We now focus on the portfolio choices made by each manager at the start of the second sub-period.

g

Manager g’s portfolio allocation decision is characterized by «* :{ .

}20, withe! +af <1, where af
aZ

is the proportion of the total assets she decides to invest in the market index portfolio, &* is the proportion

invested in the idiosyncratic portfolio, and 1—(0:{" +af) in the riskfree asset. Similarly manager b’s

b

. . . . (24
decision is characterized by o’ ={ lb

}20, withe +a? <1.* Note that the managers’ end-of-period
aZ

compensation is given by
C, =ks(1+m)(1+R, +af (R, —R,)+a%(R, —R,))+ A[a?,a"]) (1)
and

C, =ks(1+m,)(1+R, +a’ (R, -R,)+a’ (R, - R,))+ (1 -T[a*,a"])) )

7 While the assumption that managers do not possess superior information, is certainly consistent with empirical
evidence on the performance of actively managed funds (see, for example Jensen (1968), Gruber (1996), Grinblatt and
Titman (1993), Carhart (1997), among others), it is not critical for our analysis. Our results hold as long as the two
managers do not differ in their abilities.

¥ Consistent with the restrictions facing the typical mutual fund, we disallow short sales.



where

o o b b
iff (mg +0!1& (Rm _Rf)+a§ (Rg _Rf)) > (mb +a, (Rm _Rf)+a2 (Rb _Rf))

e, a’]=1
[ ] 5 5

M[a®,a"]=0 otherwise.
At the end of the single period, with probability 1, one of the two funds will end up with a higher
average return measured over the two sub-periods. The fund with the higher average return over the two
sub-periods will be the ultimate “winner” of the tournament and it will experience a positive cash flow

into the fund while the “loser” fund will not get any additional cash inflow. Note that the indicator
variable I[a*,a"] equals 1 when manager g ends up as the ultimate “winner” and it equals 0 when
manager b ends up as the ultimate winner. Hence, the last term in the expressions for the compensation of
the managers, reflects the inflow of funds accruing to the “winner” fund. It is straightforward to note that

ms+(af - ) -R,)

E[T]]=N —
Jei raho] vt Yo,

3)

where N(.) denotes the standard normal distribution function. We note that the above expression
represents the probability of manager g finishing the game as the ultimate winner.

Since the constant k (proportional management fee charged by the managers) and s (the initial size of
each fund) have no bearing on a manager’s strategy, we will assume in this section, for simplicity, that

ks=1. We now consider the expected utility of the two managers for a strategies

af || af
pair {ag a’ }: { lg},[ lb}} . The winning manager’s expected utility is
aZ aZ

m; +(af —a))(u—R,)

U,(a*,a")=+m)1+R, +af(u-R,))+ N . @)
‘ \/(ag2+ab2)02+(ag—ab)20' :
2 2 i 1 1 m
and the losing manager’s expected utility is
my+(af —a)(u—R
U,(a*.a’)=(1+m)(1+R, +a!(u—R,))+A— N ot ma)u-R) )

\/(afz +0{§'2)O'l.2 +(af -al)'o,’



At date r=1, manager g chooses portfolio holdings of to maximize her expected utility (4), and

manager b chooses a’ to maximize (5). The following result characterizes the portfolio choices made by
the two managers at date =1, in equilibrium.

PROPOSITION 1: In equilibrium, af >a], where the equation hold only when af=a, =1. Moreover,
af=0 and a +a) =1.

Proof: See appendix A.

Proposition 1 establishes that, in equilibrium, (a) manager g (i.e., the winning manager at the interim
stage) will invest a proportion of her portfolio in the market index that is at least as large as the proportion
chosen by manager b, (b) manager g’s portfolio will not involve any exposure to idiosyncratic risk, and
(c) manager b will not invest in the risk free asset. We also note that the manager g will always desire a
portfolio allocation to the market index that is strictly greater than the manager b’s allocation to the
market index when the short sale constraint is not binding. Intuitively, the manager who is ahead at the
interim stage (date ¢ = /) would like to “lock in” her gains while the interim loser attempts to increase her
portfolio’s idiosyncratic risk in an attempt to “hit a home run” in order to catch up. Note that in our
setting the interim loser fund has an incentive to increase her portfolio’s idiosyncratic risk, rather than the
systematic risk of the portfolio. The intuition for this result is that the only way for the loser fund to catch
up to (and possibly surpass) the winner fund is to hold a portfolio that is different from that held by the
winner fund. Given the winner fund manager’s incentive to hold an indexed position, the loser fund
manager attempts to take on additional idiosyncratic risk. Our result that the interim loser fund manager
has an incentive to increase idiosyncratic risk is different from earlier studies (e.g., Taylor (2003)) that
focus primarily on the losing fund manager’s incentive to affect the total volatility of her portfolio.

Proposition 1 allows us to reduce each manager’s portfolio decision problem a choice involving a

single variable, namely her allocation to the market index (i.e., &® or «; ), because in the equilibrium

af =0 and a) =1-a; . The following lemma gives further description of the equilibrium in terms of the

%

optimal portfolio allocations, & , and a” .



* 1 * 0
LEMMA 1: In equilibrium either a® = {0} Lor b = [J , or both.
Proof: See Appendix B.
We focus on the equilibrium with a* = {O} . Later, we provide a sufficient condition for this to be the

case. We make the following assumption that

(6)

(1+m,,)(ﬂ—Rf)2/1n( ms ('”_Rf)} mg

\/af +o. " \/af +o. \/af +o. '

The left hand side of the above inequality is the expected rate of increase of manager b’s assets if the
manager chooses to increase her allocation to the market index portfolio, and the right hand side
represents the additional reward the manager expects to get for having a larger chance of winning the
tournament by lowering the allocation to the market index. Intuitively, the above assumption states that
the tournament effect is not so overwhelming that manager » would want to go to the extreme of
allocating 100% of her portfolio to the idiosyncratic risky asset in order to win the tournament. Inequality

(6) is equivalent to

1 b
abUh at=| |a"= “ b
oa, 0 l-¢

Thus, the assumption represented by inequality (6) ensures that the interim loser fund has a non-zero

- - >0.
\/01. +o,

:(l+m,)(ﬂ—Rf)—/1n( s (ﬂ_R/)J s

+
2 2 2 2
\/O'i +o0, \/0,. +0,

al=0

allocation to the market index (i.e., o > 0) in the equilibrium.
It is worthwhile to have a closer look at the first order optimality condition for the portfolio allocation
of manager b (See Appendix C for the detailed discussion). In general, the first order condition is

equivalent to

h(x)=In (1+m)(u—R,)\o! +o, \/E] 1 { m, (u—R,) -

+= x4+ —2Inx=0
Ams 2 \/0.2 +0’ \/0.2 +0’



where x =

T Function A(x) is strictly convex, and thus has at most two roots. In the case that /(x)

has only one root or no root in the interval [1,00), U, will be a strictly increasing function with respect to
. b . . b* 1 . . .
the variable ¢, . We can then conclude that, in this case, o’ = 0 will be the manager b’s optimal

response. We thus have the following statement regarding the existence of equilibrium.

« [ « [
ProroOSITION 2: In the case that LZ C,, the pair {ag =[ },ab :{O}} constitutes a Nash

2 2
Jol+a? 0

equilibrium where C, oc 1.

(See Appendix C for the definition of C})

Proof: See Appendix C.

Proposition 2 states that if the interim performance gap, m,, is larger than C,,/o] +o. , it will be

1
optimal for manager b choose strategy a’ = {0} . As a result, her chance of winning the tournament is

exactly zero. Essentially this means that manager » withdraws from the tournament. The intuition is as
follows. When the performance gap is large, the chance for manager b to make up such a large gap before
the end of the game is so slim that she simply gives up and decides instead to focus on the reward from
the linear contract. Moreover, the bound on the size of the performance gap is proportional to A, the
reward from winning the tournament in the form of the end-of-period cash inflow. Intuitively, the higher
the reward to the winner of the tournament, the stronger the desire for the manager b to stay on in the
tournament. She might, therefore, still consider participating in the tournament even when she is lagging
behind significantly at the interim stage.

In the case that function 4(x), defined by identity (7), has two roots in the interval [1,0), we denote

the roots by x, and x, with 1< x, <x,. We have that A(x) >0 for x €[l,x,)U(x,,»), and that 4(x)<0

10



for xe(x,x,). Thus U, is increasing for a €[0,1-1/x,)uU(l-1/x,,0), and decreasing for

al e[1-1/x,,1-1/x,]. Therefore,

1 b
argmaxU,| a® =| |,a"= % , =10r1—i. (8)
af 0 -« X,

A more detailed version of above discussion regarding A(x) and its relation with the first order
optimality condition for the portfolio allocation of manager b, with some properties of the root x,, is
provided in Appendix C. With those properties, we can attain the following result regarding the

equilibrium.,

* 1 * *
ProposITioN  3: In case that of :{0] and o] <1, we have aiﬂ(l—af)>0, and

N

—+ >0.
om, |Jol+o2l-al" Jol+o?

Proof: See appendix D.

b
Proposition 3 implies that when a’ :{ ! b*:l is manager b’s optimal response with a <1, the
1- 1

(24

higher the stakes in the tournament (i.e. the larger value of A), the greater the weight on the idiosyncratic
risky asset in manager b’s portfolio. This proposition also points out that in the equilibrium, everything
else equal, the larger the lead enjoyed by manager g at the interim stage of the game (date ¢+ = I), the
greater the probability of manager g finishing the game as the ultimate winner, after taking into
consideration the losing manager’s incentive of taking on more idiosyncratic risk to reduce this
probability.

So far, most of our discussion of the equilibrium is based on the assumption that it exists. The

following theorem establishes the existence of the equilibrium under the condition that the interim

performance gap (i.e. m; ) between the two managers is not too big.

11



THEOREM 1: There is a positive value C that depends on other parameters except mg, such that if

D 5" . 1
my < Cylo’ +o., the pair {af ={O}ab =|:1 a;b*} will be an equilibrium, where o =1—x—.
—a 1

—_ b* ®
M>O and lim (1-a )=0. To be exact, we have that

Furthermore, 0< a,b <1,
ma ms—>0"

I-a = 0(m,).

Proof: See Appendix D for a more precise version of the theorem and the proof. Also notice that under
the condition of the theorem, the claims made in proposition 1 and 3 are true.
COROLLARY 1: The Sharpe Ratio of the fund b is lower than that of fund g, and it is decreasing with
respectto my; and A .

Proof: See Appendix D.

In additional to assuring the existence of the equilibrium, this theorem also points out that manager b’s

portfolio holding of the idiosyncratic risky asset is an increasing function of the performance gap, m; .

That is, the larger the gap, the more the aggressive is manager b’s portfolio allocation in respect of the
magnitude of idiosyncratic risk in her portfolio. When the performance gap approaches zero, manager b ’s
portfolio holding of idiosyncratic risk also approaches zero. Furthermore, the corollary to the theorem
shows that the interim loser fund has a lower Sharpe ratio compared to the interim winner fund. As we
show later, in the context of the multi-period version of our model, it is optimal for short-term investors to
invest in the winner fund. Below we discuss some issues relating to the existence of the pure strategy

equilibrium identified by us.

C. Discussion
Theorem 1 places a restriction on the magnitude of the performance gap, m, between the two

managers, namely, m; < Cy/o; + o . As pointed out in proposition 2, when the gap is too large it will be

12



1
optimal for the losing manager to choose o’ ={0} as her optimal strategy. In that case, the pair

N 1 . 1
{a" ={0},a1 ={0}} will be an equilibrium. Therefore, the above condition which places an upper

bound on the performance gap, is by no means necessary for the existence of equilibrium. The true
condition for the existence of equilibrium is certainly less restrictive than the condition stated in the

theorem. Having said that, we note that the equilibrium may not exist unconditionally. To see this, we

take an extreme, unrealistic case as an example. Let’s assume that x—R, =0 and al.z =0. Under the
condition that z— R, =0, all feasible strategies for both managers provide the same expected return. The

condition that O'l.2 =0 reduce the model to the case where the only investment opportunity for both

managers consists of a risk-free asset and the market index , as in the model examined by Taylor(2003).

ms

Now, the probability that manager g wins the tournament reduces to N| . The optimization

|a1g ~a! |0'm
problem for manager g is to choose ¢ to maximize such probability, and that for manager b is to choose
o) to minimize it. For any & , manager g wants to set @ =a; . On the other hand, the losing manager
wants to set ¢ tobe 1 or 0, depending on whether af or (1-¢) is larger. Therefore, there is no pure

strategy equilibrium under the condition that x#—R, =0 and o’ =0.

Allowing managers to have access to idiosyncratic risk, i.e. o> >0, helps ensure the existence of the

2

m 2

equilibrium. Let us take for example that O'l.2 >0, and still keep the assumption that z—R, =0. We

have that the probability that manager g wins the tournament equals to

ms

N
V@ +a)o? +(af —a!)'o,

* O * 0
. It is then not difficult to see that the pair {ag ={ },ab :[ }}

forms a Nash equilibrium.

13



Taylor (2003) faces the problem of nonexistence of an equilibrium, which is particularly severe due to
the fact that 01.2 =0 in his model, as we have seen from the above two examples. He coped with the

problem by focusing on the mixed strategy equilibrium. Even with the mixed strategy equilibrium, one
still has to impose some ad hoc restrictions on the managers’ feasible strategies in order to apply some
version of the fixed point theorem to ensure the existence of equilibrium. Taylor makes the assumption
that both managers are only allowed to mix the two extreme pure strategies, that is, either to invest all
assets in the market index or to invest all assets in the risk free asset. Under this condition, Taylor is able
to derive the equilibrium. Even with the existence of equilibrium assured, there is a potential problem of
the mixed strategy equilibrium in this case, i.e., its stability. If we start with the assumption that the
manager g chooses on her part the mixed strategy as specified in the equilibrium, then manager » will be
indifferent to all of her feasible strategies. This is essentially the condition of the mixed strategy
equilibrium. Such a condition makes the chance slim that manager b will happen to choose on her part the
mixed strategy as specified in the equilibrium. The same is true when we reverse the role of the two
managers in the above argument.” The pure strategy equilibrium stated in Theorem 1 does not suffer from
this problem, because for each manager, it is optimal for her to take only the strategy stated in the

equilibrium given that her counterpart does so.

I1. Multi-Period Model
We now extend our basic model to a multi-period setting in which the incentives of mutual fund
shareholders, as well as the incentives of managers, are explicitly analyzed. The multi-period setting

allows us to examine the reasons for the existence of a tournament effect.
A. Model Structure

Consider two risk neutral managers who manage a pool of assets for three periods. Let the three

periods be indexed by s=1,2,3, and they correspond to the time intervals ¢ €[0,1), ¢ €[1,2), and ¢ €[2,3]

’ The interpretation that each manager is a representative of a population of the same type of managers will not
resolve this problem.

14



respectively. At the beginning of the first period, there is a continuum of investors, indexed by

j €[0,2]." The investment horizon of these investors, who may be viewed as passive investors, is three

periods. The passive investors pick a fund to invest in at the beginning of the first period. They then stay
with the fund throughout the three periods, and take the payoff at the end of the third period."" At the
beginning of the second and the third periods, new investors with a single period investment horizon, and
with measure A for each period, choose to invest in one of the funds.'” These investors, who may be
viewed as active investors, select one of the two funds at the beginning of their investing period and take

the payoff at the end of that period. They are indexed by j (2,2 + 4] for investors participating in period
2, and je[3,3+ 4] for investors participating in period 3. We further assume that investors have log
utility, i.e., U,(C) =1og(C) .3 At the beginning of period two and period three (i.e., =1 and ¢ =2), both

managers’ performances to date are publicly observed by all the players in the game, i.e., all investors and
both managers. Each player in the game makes strategic decisions based on the information available to
date to maximize her expected utility.
A.1. Distribution of payoffs among managers and investors

At the end of each period, managers and investors are rewarded according to the following scheme. As
in the one-period model, managers are paid by a fixed percentage k of the assets currently under their
management. The residual assets of each fund are then distributed evenly among all the investors who
invest in the fund at the beginning of the period. In the case of a long-term, passive investor, her portion
of the residual assets at the end of period one or period two, are invested in the fund for the coming period

on her behalf.

' We choose to normalize the measure of these investors to be 2 instead of 1 so that each fund will have one unit of
asset under management at the beginning of the game.

"' We can either assume that there is a sufficiently high cost to switch fund during the game or at least there are some
investors who don’t switch for other reasons. Under either interpretation, such an assumption is consistent with empirical
findings.

"> 1t will not change any of our results if we assume that some short term investors also invest in the funds at the
beginning of the first period.

15



A.2. Investment opportunity set and asset returns

At the beginning of period s (s =1,2,3), manager i (i=1,2) faces the investment opportunity set that

consists of a riskfree asset with return R, > 0, the market index portfolio with return R, , and an
idiosyncratic risky portfolio with return R;. There are no changes in the investment opportunity set across
periods. We assume that R, ; and R;; are mutually independent lognormal random variables. More

specifically, we assume that throughout the whole duration of the game, the four assets evolve as follows:
dR;, =R, -rdt;
dR,, =R, - (,umdt +0,dB,);
dR, =R, -(rdt+cdB) fori=12,

where B, ,, B, and B,, represent three independent standard Brownian motion processes. Notice that

m,t > 1,

the drift term of dR,, is the same as the instantaneous risk free rate. That is, there is no risk premium for

holding the idiosyncratic risky asset. We assume that u, —7, 2 ()‘m2 ,and o, = ()'2.14 Each manager at

the beginning of each period decides her instantaneous holding on each of the three assets that are

i
1,s

i i i
. } 20, a;, +a, <1, where a;

available for her. Manager i’s decision for period s is formalized by {
2,8

is the portion of the total asset she decides to invest in the market index portfolio, e, is the portion in

the idiosyncratic risky portfolio, and the rest, (1-a,, —a; ), in the risk free asset. The manager then

holds such weights constant throughout each period, and only adjusts the weights at the beginning of the

next period. Manager i ’s wealth process in period s is given by

i ( dR [ dR.
dWl;t =rdt+a, [R—’”’ — rfdtJ +a,, (R_” — rfdt)

, ” )

m,t

=(r, +ay,(u, —r,))dt+a, 0,dB,, +a, cdB,,, forte[s—1,s)

" While the assumption of log utility is made for reasons of tractability, our main results are not dependent on
such an assumption.
" Since investors have log utility, this assumption is satisfied in the equilibrium of a CAPM model.
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What differentiates the above expression from the typical wealth process often seen in continuous time

portfolio decision problems is that the instantaneous portfolio weights, a‘j.’x (i=1,2; j=12), are

piecewise constant. Such an assumption demands some explanation. First, we make this assumption
because we abstract away private information and other reasons for managers to change their
instantaneous holdings. Our earlier exploration of the one period model follows a more traditional method
to abstract away the reason for managers to trade actively, namely, to assume that managers follow buy
and hold strategies. The buy and hold strategies work well with the assumption of normality of asset
returns. However, normality doesn’t serve us well in the multi-period model due to the fact that it can lead
to negative outcomes. In the multi-period model, a negative return for the fund could result in a negative
asset base for the manager to start the next period, which is unacceptable for the model. With normality
substituted by log-normality, the buy and hold strategies are not as tractable. The assumption we made
above regarding managers’ investment opportunity set allows us to avoid the unacceptable properties of
possible negative returns and at the same time keep the tractability. Moreover, our assumption does not
seem to be any less natural than the traditional buy and hold modeling assumption, given the fact that in
reality managers do balance their portfolio holdings from time to time.

In our model, neither manager possesses superior information. To introduce the random event of one
manager outperforming the other in the first period, we assume that there are mean zero noise variables ¢;

(i=1,2) subject to random shocks, that affect the performance of manager i in period 1."> The wealth

process of manager i for ¢ €[0,1) is modified to be

dVVti i dRm 1 i dR[[
—=(r, —c)dt +aj, ——rdt |+, | ———rdt
14 R ' R (10)

t m,t S

= ((Vf - ci) + ali,l(lum - I”_/.))dt + ali,lo-mdBm‘t + a;,lo-idBi,t
We assume that ¢; (i=1,2) are random variables with independent identical continuous distributions of

compact support [—c,c]. We assume that the magnitude of ¢ is not large so that at the end of the first
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period, the manager that happens to have faced the larger cost is still well in the game. Loosely speaking,
this means that the manager who is trailing at the end of the first period will have a reasonable chance of
winning the cash inflow at the end of the second period by adjusting her portfolio strategies.
B. Analysis of the game

Since managers are paid a fixed percentage of the assets under their management at dates
t=1,2,and 3, each manager’s objective is to enlarge the size of her fund’s assets in order to earn higher
compensation. In addition to the absolute growth of the assets through investments, the funds’ asset can
also be enlarged by attracting new investors into the fund. Therefore, when a manager makes portfolio
decisions, she has to take into consideration the investors’ behavior along with the optimal strategy of the
competing manager. We consider a possible equilibrium in which active investors chase the fund with the
superior to-date performance. We specify the investors’ strategies as follows:

(J1) At the beginning of the first period, investors j €[0,2] are indifferent between the two managers.

One half of the investors invest with one manager and the other half invest with the other manager.

(J2) At the beginning of the second period, investors je(2,2+ 4] will all invest in the fund which

performed better in the first period (performance chasing).

(J3) At the beginning of the third period, investors j e[3,3+ A] will all invest in the fund whose average

performance in the first two periods is better.

It is clear that the fund with higher cumulative return in the first period should be viewed as the to-date
performance winner fund at date # =1. We index, ex post, this performance winner fund by g (good), and
the other fund by b (bad). A manager is identified with the fund that she manages. At the beginning of the
third period (i.e., ¢ =2 ), the fund with the higher average instantaneous returns of the first two periods is
regarded by the investors as the to-date performance winner fund at date #=2. This is equivalent to

saying that those investors who, by chance, invest at date =0 in this to-date performance winner fund

' The random shocks ¢; may be viewed as the average instantaneous operational costs faced by fund 7 in period
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(at date t=2) will enjoy higher ex post growth of their investment in the first two periods than the
investors who invest in the competing fund.

We define F'=InW', S'=InW, —InW;, T'=InW,; —InW,, where i=gorb. That is, F', S' and
T’ represent fund i’s average instantaneous return within first, second, and third period respectively. We

note that, by Ito’s lemma, we can express F', S’ and T’ as follows:

i i | 1 i i
F'= (rf _Cf) + al,l(,um _rf)_a(auo-m)z _E((lz,lo-f)2 t+a,,0 B +a2,lo-iBi,l ; (11)

m—m,l
i i 1 i 2 1 i 2 i i .
§'= r/‘ + a, , (:um - rf) - 5 (al,zo-m) - E (a2,2o-i) + Q,,0, (Bm,Z - Bm,1) + @, ,0; (Bi,z - Bi,l) > (12)

l- ,- 1, 1 ,. ,_
= T+ a, (4, = rf) _E(al,fio-m )2 —5(0{2’301.)2 +a,0, (B Bm,2) +a,,50; (Bi,3 - Bi,z) - (13)

m,3

We further denote the first period performance difference by F°, namely, F°=F*—F">0. We restate

the above criterion of the to-date performance winner at date # =2 . Fund g is the to-date performance

winner at date ¢ =2 if and only if F* +S" > F’ +S”, where we ignore the probability zero event that the
two sides shall be equal.

Panel A of Table 1 contains a schedule of payoffs to the managers at the end of each period. Panel B
specifies the returns to investors in each period. Below, we first study managers’ optimal portfolio
strategies for each period, taking as given investors’ investment decisions specified in (J1) — (J3). We
verify the optimality of such investors’ decisions afterwards.

B.1. Managers’ portfolio strategies

A fund’s asset follows a process that has jumps at dates 7=1 and ¢=2 due to manager’s
compensation, investors’ withdrawing, and potentially new investors’ coming in. The processes of the
funds’ assets have the following boundary conditions:

W, =1,fori=gorb;

W =(-kWE+ 2, and W) =(1-kW' ;

We=(1-kWE+2A and W) =(1-kyw), if §"-S*<F°,

19



We=(0-k)W; and Wz]’ = (1—k)W;ﬁ + A, otherwise.
These boundary conditions with equations (9) and (10) fully specify the processes of the funds’ assets
throughout three periods.
We solve the managers’ optimization problems through backward induction. The following
proposition characterizes managers’ strategies in the third period.

PROPOSITION 4: In equilibrium, both managers hold the market index portfolio in the third period. That is,
al"; =1 for i =1,2. Moreover, E,[exp(T")]=exp(u,)."

Proof: Since the game ends at date =3, there is no tournament effect in this period. Each manager

shall maximize her fund’s last period expected return, which is: E[exp(T i)]=exp[r, +a),(u, -r)].

Lok
Therefore, o), =1.

Proposition 4 states that in the last period of the game, both managers will take the same portfolio
strategy, namely hold the market index. We next go on to study managers’ decision at the beginning of
the second period.

At the beginning of the second period (date ¢=1), manager » is burdened by a performance
disadvantage and needs to make up the performance deficit (F°) by the end of the second period in order

to attract additional cash flow at date 7 =2 . Manager g wins the third period cash flow if and only if
s b 1,2 20 2 1,2 20,
F* —(a, —ab) (i, - re)+ 5 (o, —af, )o, + 5 (, -3, )o;
> (aﬁz -af)o,(B,,-B, )+ 0‘5,251' (By,—B,,) - aig,zgi (Bg,z - Bg,l)
Notice that the right hand side of the above inequality is a random normal variable with distribution

2 2 2, 2
N(O, (af,—afy) e, +(as, +a5, )o; ) . Therefore,

16 E} denotes the expectation conditional on the information available at date 7 .
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5 1 2 2 1, ,2 2
F° _(alb,z_afz)(ﬂm_rf)"‘g(aﬁz _afz )O-m2 +5(0!é’2 _aiz )O-iz

Pls? —s% < F?|=N (14)

b 2 2 b 2 2, 2
\/(al‘z_afz) O +(0{2,2 +0‘2g,2 )o,

The above expression is the probability of manager g becoming the to-date performance winner at date
t =2 . Comparing equation (14) with equation (3), we can see that the multi-period model preserves the
tractability that we have entertained in the one period model. With expression (14) and Proposition 4, we
can now express manager g’s objective function at date ¢ =1 as:

k(exp(F‘f)VI/lb + AXI +(1-k) exp(,um))exp[rf +af, (1, - rf)]+ kA exp(u, )P[Sb -85 < F‘f]. (15)
Similarly, manager b’s objective function is'’

K (1+ (1= kyexp(,))explr, +aty(u, — )]+ kAexp(u, )1 - P[s” - $* < F?)). (16)

At the beginning of the second period (date ¢ =1), manager g chooses her portfolio holdings to maximize

expression (15), and manager » maximizes expression (16). In equilibrium, we have the following result.

oa’, .
= >0, anj >0, lim oy, =0, and

gep g b* b * b * aafz
PROPOSITION 5: In equilibrium, o, =1>a, , a/, +a,, =1, :

0
OF°

P[Sb -8¢< F5]< 0. More precisely, we have azqu* = 0(\/ F° ) Furthermore, E,[exp(S*)]=exp(u,)

and E,[exp(S")]<exp(u,).

Proof: The proof of this proposition is similar to that of propositions 1, and 3, and Theorem 1 in the
one-period model. Furthermore, the existence of the equilibrium is assured here. In addition, because
al, =1>al, , wehave E[exp(S%)]=e" , and E,[exp(S")] <™ .

Proposition 5 establishes that, in equilibrium, manager g’s portfolio for the second period will
not involve any exposure to idiosyncratic risk, and manager » will not invest in the risk free

asset. Intuitively, the manager who is ahead at the end of the first period (date = /) would like

'” By comparing the expected rewards of both managers, one can see that in the setting of the multi-period model, the
manager that performed worse in the first period will have a stronger incentive to win the second period tournament. This
is because the losing manager’s reward has a lower weight on the payment from the contract.
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to “lock in” her gains while the manager who is trailing attempts to hold a portfolio that is
different from that held by the winner fund in order to catch up. Given the winner fund
manager’s incentive to hold an indexed position, the loser fund manager attempts to take on
additional idiosyncratic risk.

Proposition 5 implies that the higher the stakes in the tournament (i.e. the larger value of ), the greater
the weight on the idiosyncratic risky asset in manager b’s portfolio. In addition, the larger the lead
enjoyed by manager g at the end of the first period (date ¢ = I), the greater the probability of manager g

becoming the to-date performance winner at date ¢=2. Manager b’s portfolio holding of the
idiosyncratic risk asset in the second period (i.e., aé’)z*) is an increasing function of the performance gap,

m, . That is, the larger the gap, the more the aggressive is manager b’s portfolio allocation in respect of
the magnitude of idiosyncratic risk in her portfolio. When the performance gap approaches zero, manager
b’s portfolio holding of idiosyncratic risk also approaches zero.

The managers’ portfolio strategies in the first period are described in the following proposition.
PROPOSITION 6: Both managers will hold the market index portfolio in the first period. That is, afyl* =1 for

i=1,2. Ex ante, each manager will become the to-date performance winner manager at the end of the
first period (date t =1) with equal probability, namely probability .

Proof: See Appendix E.

Unlike the case for manager b in period 2, holding idiosyncratic risky assets at date ¢=0will not
enhance a manager’s chance to win against the other manager at date # =1, and tends to hurt the fund’s
absolute performance. Therefore, it is only optimal for both managers to hold the market index for period
1. As a result, both funds provide the same expected return for the first period and also have the same
chance (i.e., each with probability one half) of ending the first period with the superior performance to

date.
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Having solved managers’ portfolio decision problems under the specification of investors investment
decisions given by (J1) — (J3), we now go on to verify the optimality of investors’ investment decisions.
B.2. Investors’ investment decision

Due to symmetry of the setting, investors j €[0,2] will be indifferent between investing in either of

the two funds when they are making the investment decisions at the beginning of the first period. This
statement is further corroborated by Proposition 6. At the start of the third period, because both managers

are following the same strategy as stated in proposition 4, the investors j €[3,3+ 4] are again indifferent

between investing in either of the two funds. Therefore, it is rational for them to choose the to-date
performance winner fund to invest in.'® In summary, we have the following proposition.

PRrOPOSITION 7: Investors j€[0,2] at date t =0, and investors je[3,3+ 4] at date t =2 are indifferent
between investing in either of the two funds. It is therefore optimal for investors je[0,2] to invest in any
one of the two funds at date t=0, and also optimal for investors je€[3,3+ 1] to invest in the to-date

performance winner fund at date t =2 .

We formally state and justify the optimality of the strategy for investors j e (2,2+ 4] in the following
proposition.
PROPOSITION 8: It is only optimal for investors je(2,2+ 1] to invest with manager g.

Proof: For investors who come in at the beginning of the second period (date ¢#=1), their expected

utility of investing with manager i is In(1-k)+E,[S']. By Proposition 5, we have a{j’z*:1>al’f2*.

Therefore, under the assumption 4, —r, 2 0, ?

, 1 1 1
EI[SI ] = kf + alljz(lum - rf) - E(al}jZO-m)z _E(a2b,20-i)2 < rf + (/um - rf) - Eo-mz = El[Sg] .

Thus the proposition is proved.

' Another possible way to reconcile this fact is a model within which the game stops at a random stopping time.
Then, at the beginning of every period, faced with the possibility that the game will go on into the next period, the
manager currently behind will have the incentive to take on more idiosyncratic risk, which in turn makes it rational for
investors to chase performance.
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Propositions 7 and 8 together justify the optimality of all investors’ investment decisions that are stated
in (J1) — (J3). Therefore, the set of strategies for investors and for managers forms a Nash equilibrium. In

this Nash equilibrium, we have the following result regarding the welfare of the passive investors
(/€[0.2])
PROPOSITION 9: The ex ante utility of the passive investors is a decreasing function of A .

Proof: For passive investors ( j €[0,2]), one dollar invested with manager i at date ¢ =0 will grow to

(1-k)’ exp[F' +S'+T'] at date =3 . By Proposition 6, the long term investors will have probability

equal to % of investing with ex post manager g and an equal probability of investing with manager b.

Therefore, the expected utility for the long term investors is given by
U=3In(1-k)+1/2E)[F% +8% +T¢1+1/2E,[F" +S" +T"]
Substituting the portfolio allocations given by Proposition 4, 5, 6, we have

5 1 1 1 * 1 * 1 *
U E3ln(1_k)+§(;um _50m2)+5rf +EE0[alb,2 (ll’lm —I’f)—a((lsz O-m)z —5((1—(Zﬁ2 )Gi)2:| .

s

b

1,2

By Proposition 5, <0, and therefore,

au_1
oL 2

. . N\l
E{((/lm _’”/’)_alba o, +(1-ey, )O'iz) gj }< "

because (u, —lf/,)—afo*O'mz +(1—aff2*)0'[2 > (u, —r/.)—O'm2 0.

Proposition 9 hints at the potential costs imposed on passive investors by the behavior of the active
investors. Interestingly, our analysis highlights a potential utility loss to long-term investors that is purely
on account of the perverse managerial incentives created by the active trading engaged in by short-term
investors.”” In future work we intend to examine the welfare consequences of the short-term investors’

actions in a richer setting.

' Previous studies of the impact of short-term cash flows on fund performance have focused on the liquidity
costs imposed by such behavior (see, for example, Edelen (1999)) or its impact on a fund’s betas (Ferson and
Warther (1996)).
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I11. Conclusions and Implications

In this paper we provide a potential explanation for the tendency of mutual fund investors to chase past
performance despite the absence of evidence in favor of performance persistence. Our analysis builds on
the observation that the mutual fund industry resembles a tournament in which players are competing
with each other for investor cash flows. We show that, in light of the managerial incentives generated by
the tournament nature of the industry, performance chasing is optimal, even if fund managers do not
possess superior ability and there is no persistence in fund performance. Additionally, our study
contributes to the literature on mutual fund tournaments by providing a rationale for the existence of a
tournament effect in the fund industry.

We analyze a model in which two risk-neutral fund managers with unequal performances at an interim
stage, compete for investor cash flows. Neither manager possesses superior information. Our focus is on
the portfolio choices made by the two managers after they observe their interim performances. We also
analyze the optimal response of risk averse investors to the incentives facing the fund managers. In this
context we consider two groups of investors, namely, long-term or passive investors, and short-term or
active investors.

We show that there exists an equilibrium in which (a) it is optimal for the fund manager whose
performance lags behind at the interim stage (i.e., the interim loser) to increase the idiosyncratic risk of
her portfolio, and (b) risk averse investors anticipate the incentives facing losing fund managers and
rationally chase winners. Our analysis affords a number of testable predictions. Specifically, our results
suggest that (a) the increase in the idiosyncratic risk of the interim loser manager’s portfolio is directly
related to the magnitude of the performance gap at the interim stage, and to the strength of the investor
(cash flow) response to the relative performance rankings of the funds (i.e., the strength of the tournament
effect), and (b) the ex-ante utility of long-term fund investors is decreasing in the strength of the
tournament effect.

While a full welfare analysis of the costs and benefits of the implicit incentives generated by the

tournament effect is beyond the scope of the present paper, our results hint at several directions in which
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this research may be extended with potential implications for the optimal design of fund entry/exit
policies, and fund organizational form (i.e., closed-end v/s open-end), among other design features. For
example, it would be interesting to extend our framework to a richer model that encompasses the twin
features of (a) costly information acquisition by fund managers, and (b) tournament incentives. Such a
setting will allow us to more fully explore the relative benefits (e.g., the incentive to acquire information)
and the costs (such as those identified here) of the tournament nature of the fund industry. We leave these

tasks to future research.
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Appendix A
Proof of Proposition 1: We prove the proposition in 4 steps.

6

0,
1. For any losing manager’s feasible strategy, o’ ={ } the winning manager’s strategy {01} strictly

2

ag
dominate any one of her feasible strategies { lg} with af <6, and any one of her feasible strategies

aQ
91 .
| with «f >0.
a;

For af <6,, we have:
ms + (alg B 91 )4 — Rf) < mg <M
V@ +6:)07 +(af -6) 02 (@ +0)0! +(af-0)'c; O

and therefore,

m

N

my +(af ~0)(u-R)) SN( m, j
Vi + 0107 + (@i -0y | L0

where the equality holds only if ¢ =6, and «f =0. We thus have, for of <6,,

ofee 2k [5)

=(+m)(1+R, +af(1—R,)+ AN ms +(af —0)(u—R,)

V@i +62)07 +(af —6)c?

S(1+mg)(1+Rf+alg(y—Rf))+/1N(0m§ J

261'

s(1+mg)(1+Rf+91(u—Rf))+,1N(H’”5 ]

Zo-i
=U,|laf= o ;o = o ,
0 0,

where the equality holds only if ¢ =6, and a; =0.

0,

ag
2. For any losing manager’s feasible strategy, o' ={ } the winning manager’s strategy { 01 } if

2

ag
1} with af >0.
g

af 20, strictly dominate any one of her feasible strategies Ll
2

For of > 6,, we have:
m5+(a1g_€1)(/u_Rf) <m5+(a1g_91)(/u_Rf)
V@ +00)0? + (@ -0 0% 8o +(a'=6) o,

and therefore,
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mo (@ —0)=R) |\ fms+ (@l ~0)w-R)
V@i’ +0)0 +@i-0ya; | oo+ -6)0;
where the equality holds only if «f =0. We thus have, for «f > 6,,
g 0 g 6
Ulat=|" Lot =7 ||<ulas = Lo’ =| ],
¢ a;s 0, £ 0 6,

where the equality holds only if f =0.

0,
>0-

0 U|a®= ar ol = !
Oaf ¢ a; , o, . {0,}
“To

w 9 ‘ W_g _R
U, O!WZ{(Z' };0!12{ 1} =(1+m)1+R, +a"(u—R,))+ AN ms +(a” —0)u-R,) .
0 %, \/0220,.2 +(a)-6) 0o,

3. We have

We then have

g U,|af= alg_'a”: o
daf ¢ as | 0,

where n(-) stands for the standard normal density function.

U—R, m,
=1+ —R)+A —2 >0
4] e g '{aﬁ}
o

g
] if af >al ————2— (especially if af>a),

a
4. For any winning manager’s feasible strategy, { lg (4—R,)
H— Ry

2
b
al
b
1

b

b

a
} strictly dominates any one of her feasible strategies { : }
2

then the losing manager’s strategy L

with a +al <1.

If a'+a’<1, with short sale constraint, we have a’ <(1—a1b)2, and therefore

\/(afz +a ol +(af —a’) ol <\/(a§'2 +(1-a))o! +(af —al)’'c’  In the case that
m§
(/U_Rf)

my +(af —a/)u-R)) N m, +(af —a)(u-R,)

V@ +a)o +(af —al) ol @ +(-a'))o? +(af —al) o

at>al - , we have A+ (af —a/)(—R,)>0, and therefore
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_ af b alb
U,{ag _{ag}a _[ah:D
2 2

o+ g _ b _R
=(1+m)(1+R, +of (u—R,)+A-AN m; + (a7 —a ) R))

J@ +a2)o? +(af —a))'o?

my +(af —a)u—R,)

J@t +(-a'))o? +(af —a')o?

<(I+m)(1A+R, +a/(u—R,)+A-IN

=U|af= ar o’ = a .
b af | 1-af

To finish the proof, we derive the claim of the proposition from the above four proved statements. From
statement 1, we have that in the equilibrium o > &/ . From 2, we have af =0. Then from 3, we have that

af>al with the equation hold only if ¢ :alb =1.From 4, we have that @ +a) =1. Thus the

proposition is proved.
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Appendix B
Proof of Lemma 1: Given the assumption that the equilibrium exist, we can denote the equilibrium to

af || a” .
be o ! h* because of the proposition 1.
0 ||1-

af |, a

Ug(agz £ ‘a :{ b D:(1+mg)(1+Rf+af’(,u—Rf))+/1N(

1
l1-a’

1

my+(af —al)u-R,) J

Ja-a'yo? +(of —al) o’

my +(af —a))u—R)) ] .

Ja-a'yo? +(af —al)o?

- b
U{ag: % ;abz[lib} =(1+mb)(1+Rf+af(y—Rf))+,1—/1N[
1

mbining the derivatives of the above two functions, we get that

aU agzalg_'abz @ ——aUag:alg'a”: @
oaf ¢ 0 l-a'|] 0a "’ 0 1-af

= my(u—R,)+ An ms +(af —a))(u—R)) .(m(;-i-((llg—O[Ib)(/u—Rf)kl—alb)o-iz

/2
Ja-a)o? +(af —al)o,? ((l—af Yo +(af —a )zomz)z

>0

This shows that the first order optimality condition for the portfolio allocation of manager g and the
first order condition for manager b will not be satisfied at the same time. As a consequence, in the
equilibrium, the short sale constraint is binding for at least one of the two managers. If the short sale

|1
constraint is binding for manager g, we have, by Proposition 1, af = [O} If the short sale constraint is

« |1 + |0 |1
binding for manager b, we have either o’ = [0} or a’ = L} . In the case that a” = LJ , we have, again

. 1 « |1 « |0
by proposition 1, a* = {0} . Therefore, in equilibrium, either a* = {0} ,ora’ = L} , or both.
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Appendix C
In general, the first order optimality condition for the portfolio allocation of manager b is

1 b
Oz—abUb af=| |a"= alb
oa, 0 l-a,

=<1+m,>(u—Rf>—ﬂn{

I (u—Rf)] m, I

mﬁ
+ )
\/0'1.2+0':1 - \/0'1.2+0':1 \/0'1.2+0':1 (1-a/)’
In the equilibrium, either the above first order condition is satisfied, or, o’ :{0] The first order

condition is equivalent to
mg " (ﬂ - R/)

o

\/0',.2+0'; \/0',.2+0'; \/0',.2+ajl l-a,

Notice that both sides are positive. We can therefore take natural log of both sides, which yields the
equivalent condition:

h(x)Eln{(l+m,)(u—Rf),/o-f+(7:,\/E] 1[ my N (u—Rf)J Clmx=0. (Al

+— x
Am, 2\ Joi ol Joi+a?

(1+mh)(,u—Rf):/1r{ J ms x>, where x=——

1 b
It is straight forward to see that A(x) and %Ub[ag ={O}a” = L % bD have the same sign. Taking
a, -Q

derivatives of A(x), we have:

2
) -R ) )
h/(x):[ mg 4+ (ﬂ /) J mg _g ,and h/r(x):{LJ +%>0'
X

2 2 2 2 2 2 [ 2 2
\/O-[ +O—m \/O-i +o—m \/O-’- +o—m X o-i +O_m

Therefore, h(x) is a strictly convex function and thus have at most two roots. It is clear that

lilg} h(x)=1limh(x) = +o0. In the case that 4(x) has only one root or no root, by the middle value theorem

of continuous function, we have A(x)>0 for xe[l,0). Therefore U, will be a strictly increasing
* 1 .
function with respect to the variable al” . We can then conclude that, in this case, a” = LJ will be the

manager b’s optimal response.
In the case that function A(x) has two roots, we denote the roots by x, and x, with 1<x <x,.

Because A(x) is a convex function, we have A(x)>0 for xe[l,x)U(x,,0), and A(x)<0 for
xe(x,x,). Thus U, is increasing for ae€[0,1-1/x,)u(1-1/x,,0), and decreasing for
a) €[1-1/x,1-1/x,]. Therefore,

1 b
argmaxU,| a® =| |a’= % , forl-_.
o 0 -« X,

We derive some properties regarding the equation /4(x)=0, especially regarding x,, and record the
results in the following several lemmas. The existence of roots for A(x) is given by the following lemma:
LEmMA 2: h(x) has two roots in (0,+ ) if and only if the following condition holds:

< (A2)

[ 2 2
o, +0,
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where

2

~ ) L (ﬂ—Rf)2+8+ WR) ||| w=R) | o W-R)
1 Al+m)u=Ry) | 2|\ o] +o, ol +o, ol +o, Jol+ol

m.
o —
o =C,.
o, +o,

Proof: The only critical point of /(x), located by the first order condition %'(x) =0, is at

x*_l{ m, J [(u—R_/)J+8_(u—R,f)_ A3)

2 \/O'l.2+0'j, \/0',.2+0'31 ol +o.

Therefore, h(x") =min A(x) . The ending behavior of A(x) is given by:
2
lim A(x)> lim —2% ¥ 2y = o0,

X—>+0 X—>+00 2(0-1_2 + O'm2)

linolh(x) >-2lim Inx =+o.

X—>+00

In addition, h(x) has one root if and only if

Because /4(x) is convex, we then have that /4(x) has one root in (0,+ ) if and only if 4(x")=0, and it

has two distinct roots in (0,+00) if and only if 2#(x") <0.Plug x" into A(x), we get the proof the lemma.

The above lemma puts some restriction on the gap between the winning manager and the losing
manager. The gap, m,, can not be too large in order for /4(x) to have roots. If the condition of the lemma

does not hold, A(x) will always be positive. It will then lead to the conclusion that it is optimal for the
1
losing manager to choose o' :{0} as her optimal strategy. Notice that the bound of the gap in the

condition is proportional to A, the reward of winning the tournament.

Another way to express the bound in the above lemma is to say that there is at least one feasible
portfolio holding for the losing manager at which this manager would prefer to increase her holding on
idiosyncratic risk. Increasing the holding on idiosyncratic risk affect the losing manager’s utility through
two ways. First, for the losing manager to hold more idiosyncratic risk will increase the variance of the
difference between her portfolio and the winning manager’s portfolio, bring more noise into the outcome
of the tournament, and therefore has the potential of increasing the chance for the losing manager to make
up the gap and win the tournament. Second, increase on the holding of it means lower the holding on the
market index and lower the expected return. Low expected return has in itself two consequences on the
losing manager’s utility. It will lower the expected the manager’s expected reward from the explicit linear
contract, and it will lower the chance of winning the tournament for the losing manager. The losing
manager has to take all these three factors into consideration to reach the portfolio decision.

For the rest of the section, we will maintain the assumption that the condition of lemma 2 holds. That
is, we assume that A(x) has two roots. It will be sufficient for that condition to hold if we assume that the

tournament has some effect on at least one of the managers portfolio decision. We will maintain the
notation X, to denote the smaller one of the two roots of 4(x).
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Proof of Proposition 2: 1t follows immediately from Lemma 2 that, under the condition of the proposition,

s

1 « |1 « |1
a’ = {O} is optimal for manager b given af = {O} . The optimality of a® = [0} for manager g is assured by

* 1 * 1
Proposition 1 (see Appendix A). Thus {0{ Y= { 0} a' = [ 0} is a Nash equilibrium.

Proof: Since x, be the smaller one of the two roots of the convex function /(x). Therefore, h(x,)=0
and /'(x,)<0.From h(x,)=0,

2

R
1n((1+m,)(,u—Rf)1/0,.2+0',f1\/2zz)—ln/1—lnm5+1 s WRD | o =0

E 2 2 o+ 2 2
\/O'i +o, \/O'i +o,

Differentiating the above equation, we get & = ! <0. Thus the lemma is proved.

04 h'(x)A
M >0, and lim mgx, =0. Moreover, we have lim x, =+, and to be more precise, we

m ms—0" ms—0"

have x, = O(m,"*).”’

LeMMA 4:

-R, :
Proof: By h'(x;) <0, we have 7 X, + (R, ms 2 <0
\/0'1.2+0':1 \/0'1.2+0'r2ﬂ \/0',.2+O'r2ﬂ X
Differentiate equation A(x,) =0, we get that
L _ ms X, + (/1 B Rf) X
ox, ms \/O',.2 +to) \/0'1.2 +to. \/0'1.2 +o.
om; m, (u-R) | m, 2
X, + -
\/0i2+0':1 \/Gl.z-f-O'i \/Gl.z+0'i X,
Therefore,
O|lm;x Ox
[ J l] — xl + m()‘ 1
om m
-1
m -R m 2
- sy WR) s | 1K (x)>0
\/O'i2+051 \/0'1.2+le \/0'1.2+G:1 X
We thus have that m,x, is a increasing function of m, . Moreover, m;x, >0 . Therefore, lim mx, exists,
ms—0"
is bounded and nonnegative.
An equivalent equation of /(x,) =0 is:
. -R, .
(U+m)(u—R,) = An| —2x + W-R)\_ms (A4)
\/O'l.2+0'i \/O'l.2+di \/0'1.2+0',f1

and this is further equivalent to

2% The notation O means that both X, and m 571/2 approach infinity with the same order of speed when m; — 0" .
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e (- R)] (m,x. )

\/0f+a \/0 +0 \/0 +o)
Take limit of both sides of the above equality by let m; — 07 :
2
0 B (- R)) (mlli% ’"axlj
\/O'i+0 \/0' +o. x/UmLU:,

which implies that lim mx, =0 . Go back to equation (A2). We have
ms—0"

(L4 m ) (- R, )m; = ﬁ’n[

-1
lim mx,
! My R
hm mgXx, :_(1+m’)(#_R/')\/m‘ al 72 (u )J

s — A \/0'1. +0 \/0' +0
(,u_R/)

1
:Z(1+m,)(,u—R/,)1/o;2+Gi | n ﬁ}
cl+o

The right hand side of the above identity is positive. Therefore, we have that lim x, =+o0, and to be more

msg—0"
precise, x, = O(m ({”2) . Thus the lemma is proved.
LEMMA 5: aai <0 for sufficiently small mg. In fact, it is true for any

m§
mg e (O, Joli+o) -min(C],Cz)), (45)

where C, is given as in lemma 2, and

A .n_[ W-R) , (u- R)J
2

" 4(+m)(u—R,) o+ ,/a o

2

[(u—R,)] a W-R)

[ 2 2 [ 2 2
o, +o, o, +o,

Proof: In the derivation of lemma 3, we see

1 mg (4—R;) X,
— - X, +
ox, mg \/ ol +o, \/ ol +o, \/ ol +o’

om, h'(x,)

S5
Because 4'(x,) <0, we have o5 <0 ifand only if

m§
m.x (u—-R)) m.x
1> s + / 5
\/0'[2 +o. \/0[2 +o. \/0[2 +o.

The right hand side is a quadratic form of —x . It is straight to solve the above inequality. Given
ol +o’

MM S0 , we have O, <0 if and only if

2 2
Jo +o, om;
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mx, {(ﬂ R) - R)]

O<—=—=<—
Joi+o: 2\ ol +o, 1/0‘ +o

By lemma 3, we have lim mgx, =0. Therefore, the above inequalities will be satisfied for sufficiently

mda

small my. To answer the question of how small is sufficiently small, we evoke the equation /(x,)=0.

With this equation, we can see that the necessary condition for
myx, 1| |[(u-R/)" R) ~ (u=Ry)
Jol+ol 2 ol +o, w/a +o)
m

is ——2— =, . Therefore, for any m, (0, C,\ol+o. ), we always have

[ 2 2
o, +0,

mx, [(u R) - R)]
#

Joi+or 2\ o'+o, ,/G +o

This with the fact that inequalities (A6) is satisfied by sufficiently small m, together implies that

inequalities (A6) is satisfied by any m; (0, C,\o!+o. ), where the fact that

function of m; is used. Thus the lemma is proved.
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Appendix D

* 1 *
Proof of Proposition 3: In case that o =LJ, and a <1, the condition in lemma 2 is satisfied.

Therefore, Lemma 3 and Ilemma 4 imply that af’ =11/ x,, and therefore,

p— b*

M=o ) =i(1/ X, )— —Lzai >0, because of lemma 3. This proves the first part of the proposition.
oA oA X,

Taking the derivative and using lemma 4,

aN[ m_ 1 (- R)J n[ m_ 1 (- R)Ja(mgxl)m
om

\/0',.2+0'; l—a \/0' +0 \/0'1.2+0'; l—a \/0' +0 mg

Thus the proposition is proved.

* 1 *
LEmMMA 6. If a® = {0} , then for sufficiently small m; we have a <1. In fact, it is true for any

mg € (0, Joli+o) -min(Cl,Cz,C3)), where  C,=m/\o! +0. with  mgbeing a root in
(0, Jol+o! -min(Cl,Cz)). Further,

(I+m)(u—R,)=4- 1—N[

myx, (o R)}xl (47)

\/af +o. \/0 +o
if there such a root, and C, =+ otherwise.
Proof: Notice that

6 mX, (,U R,) .
\/O' +o) \/G +o 1

:—n{ msX, (ﬂ R, )} X’ + l—N[ il (,u R, )] o,

\/O'l.2+0' \/O' +to \/0'1.2+0',fzl \/O'i2+0'm \/0' +ol ||om,

<0
for m; in (0, Jol+o) -min(Cl,Cz)), because the first term is clearly less than zero, and the second term
is less than zero because of lemma 4. Therefore, the right hand side expression of equation (A7) as a
function of m; is decreasing in (0, Jol+o, -min(Cl,Cz)). Thus equation (A7) has at most one root in
the interval. And if there is a root, any m less than the root will satisfied the inequality with left hand

side of (A7) strictly less than the right hand side. Furthermore, we note the fact that

lim mx,
A R -R
tim 4| 1N —tsf R e L R s e
e \/0',.2+0'm \/a +to) \/0 +o) \/‘71-24“7; ms=0"

Therefore, in the case that equation (A7) has no root in the interval, we will always have the left hand side
of (A7) strictly less than the right hand side. Here the continuity of the right hand side of (4) as a function
of my is used.

In summary, we have that the left hand side of (A7) is strictly less than the right hand side if
mﬁe(O, Jol+o, -min(Cl,Cz,C3)). Earlier discussion about the first order condition of the losing
manager’s optimization problem leads us to conclude that

38



1 b

argme}xUb(ag :{O}a" :{ % Dzlorl—i. By comparing the value of U, at & =1 with the value
3] X,

of U, at @ =1-1/x,, we have the necessary and sufficient condition for ¢ " <1 to be that the condition

(1) in lemma 2 holds and that at the same time the left hand side of (A7) is strictly less than the right hand

side. For each m; e (O, Jol+o! -min(Cl,Cz,C3)), both the above conditions are satisfied. Thus the

lemma is proved.
Based on the earlier lemmas, we derive the following sufficient condition for the existence of the
equilibrium.
* * 1 * b*
TueOREM 1: Leta! =1-1/x, . The pair {aé’ :{O}(xb :L @, b}} will be an equilibrium for any

my e (0, Jol+o) -min(Cl,Cz,C3,C4)), (A8)

AMu-R,)o’ —R. 2, 52
where C, = (=R, )‘721 | HR )\/ZJ,T ‘

1+m)o, -

6(1—0:1"*) ) by . -
Furthermore, —————=>0 and lim (1-«, )=0. To be more precise, we have that 1-a, _0(\/”’—5)-

am6 mg—0"

Proof: The optimality of the losing manager’s strategy o :{ 1 1} has already been established in
xl

|1
lemma 6. We now prove the optimality of the winning manager’s strategy a® = [0} under the condition

of the theorem. We evoke the equation /(x,) =0, which is equivalent to

my 2=(1+m1)(,u—Rf)ﬂn[ mx, (L—R,) ]( mgx, ]

— +
2 2 2 2 2 2 2
Jo, +o, \/O'i +o0, \/0'1. +o0, \/Gi +o0,

With this equation, we can see that the necessary condition for (u-R,)o;-mxo, =0 is

ms

[ 2 2
o, +0,

with the fact that lm m,x, =0 implies that (u—R,)o; —m;x,0, >0 for m, e (O, C,\Jo! +0o. ) We

ms—0"

=C, . Therefore, there is no root for (x—R,)o; —m,x,0, =0 with m, e (0, C,\o!+0. ) This

next compute the derivative of U, with respect to .
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0 (e[ o 171
oaf * 0 1/x,
myx, +(xaf —x, +D)(¢—R
= (Ltm, +m)(u—R,)+ An] 25 (xaf —x +D(u-R,)
\/0',.2 +(xaf —x +1)’o;
xl(y—Rf)(af +(x,af —x, +1)20'”2,)— (mgxl +(x,af —x, +1)(u—Rf))(xlalg —-x, +D)o’
' ) 372 l
(al. +(xaf—x +1)’c )
mgx, +(x,af —x, +1)(u—R
(L, my) - R,)+ An] 0 6 D R)
\/0'.2+(xaf—xl+1)20§1

(=R )P —mx}(af —1+1/x,)07
(0 +(xaf—x +1)’c )3/2

>0
< |1
The last inequality is true for all af €[«],1], and for m, e(O, C,\o!+0. ) Therefore, o :{0} is

— b*
optimal for the winning manager. Furthermore, M=—L2%<O by lemma 5, and
om x,” Omy

lim (1-a/ )— lim i—0 by lemma 4. Also by lemma 4, 1— a =0(my) .

ms—0 my—0" x

Thus we have proved the theorem.

Proof of Corollary 1: The Sharpe Ratio of fund i, denoted by SR’ is:
J(@o,) +((1-a))o)’
Taking the derivative of SR’ with respect to variable af and after simplification, we have
2
0 i (;U - Rf )O-i i
E(SR)Z ——— — (I-ay).
B N e e

0 : , .

Therefore, ——(SR') >0 for &, <1. From Theorem 1, in the equilibrium, we have f =1 and
ool

; (SR )-—1—<0 from
oa Oomg

@,

(SR") =

<1, and thus SR” < SR?. Moreover, we have that

b
a,
ms

6a a
—L_ <0 from Proposition 3.

Theorem 1, and i(SR )=
oA 0

al
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Appendix E

a, 1
Proof of Proposition 6: We have to prove the optimality of the strategy { i’l } = [0} for manager 1,
2,1
2

a 1
given manager 2’s strategy for the first period { u } = {O} Assume that Manager 1 adopts the strategy

2
2,1

1

al
{ o } = Fl} . She outperforms manager 2 if and only if F' > F*. That is,
aZ,l

2
(e =6)+ (&=, =r) —%(éf Do, - %éﬁaﬁ +(&-D0,B,,+50,8,>0-
Note that (& —1)(u, —r f_)_%(glz Do’ —%5220'[2 <0 with the equality holding only when & =1 and&, =0.

The term (c, —¢,)+ (&, -1)o,B,, + £0,B,, is a random variable with symmetric distribution centered on
zero. Therefore, P[F'>F*]<1/2 with the equality holding only whené& =1. Therefore, by
setting £, =1, manager 1 maximizes her chance of outperforming manager 2. The proposition now

follows by noticing that setting &, =1 also maximizes manager 1’s expected reward from absolute growth
of the assets within the first period.
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Figure 1: One Period Model

v

t=0
1. Initial asset base for
both managers =s

t=1
1.Interim performance
observed
2.Both managers choose
portfolios for second sub-
period
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t=2
1. Winning manager
receives addition inflow
of funds equal to A
2. Managers compensated
based on total asset base




Table 1

A. Payoffs to managers at the end of each period:

Period 1 Period 2 period 3
Manager | kexp(F®) | k((1-k)exp(F*)+A) |If K[(1-k)((A-k)exp(F*)+ A)exp(S*) + 1]
g exp(S*) §b_ gt < 0 exp(T*)
Otherwise k(1=k)((A-Fk)exp(F*)+ A)exp(S* +T*)
Manager | kexp(F’) | k(1-k)exp(F"+S") If k(1—k) exp(F" +S"+T")
b S"—8¢<F°
Otherwise k[(1-k)* exp(F" +S") + Alexp(T")

B. Returns to the investors in each period:

Return in period 1

Return in period 2

Return in period 3

Invest with manager

g

(1=Fk)exp(F*)

(1=k)exp(S*)

(1=k)exp(T*)

Invest with manager

b

(1-k)exp(F")

(1-k)exp(S”)

(1-k)exp(T")
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