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Abstract

A new approach to modelling and pricing derivative securities based on many underlying assets is
developed, with the ultimate, practical aim to properly price such derivatives when each underlying shows
a volatility smile/skew. We show that the proposed multidimensional model can indeed account for the
observed implied volatility smiles for a range of single securities, when each single-asset volatility smile
is modeled according to a density-mixture dynamical model. Extending in an intuitive way the model
from the univariate to the multivariate setting, this theory allows to sample from an entirely new type of
dynamics that still enjoys an internal consistency with the observed volatility surfaces for the individual
securities.

The computational implications have a strong impact on the calculation of prices of European options
on baskets of securities. Operative proposals for the use of this model to deduce skews on baskets of many
stocks/FX rates will be presented. A natural extension to the case of the Libor Market Model would
allow computing in a quasianalytical fashion the swap rates’ smile given the smiles in the individual
caplets.

Introduction

It is known that the Black—Scholes model [2] does not price all European options quoted on a given market
in a consistent way. In fact, their model lies on the fundamental assumption that the asset price volatility
is a constant. In reality, the implied volatility (i.e. the volatility parameter that, when plugged into the
Black—Scholes formula, allows to reproduce the market price of an option) generally shows a dependence on
both the option maturity and strike. If there were no dependence on strike one could extend the model in a
straightforward fashion by allowing a deterministic dependence of the underlying’s instantaneous volatility
on time, so that the dynamics could be represented by the following stochastic differential equation (SDE):

(1) dSt = MStdt + O'tStth,

ot being the deterministic instantaneous volatility referred to above. In that case, reconstruction of the
time dependence of o, would follow by considering that, if v(7;) denotes the implied volatility for options
maturing at time T;, then

T;
(2) o(T))*T; = / o2ds.
0

Implied volatility however does indeed show a strike dependence; in the common jargon, this behaviour
is described with the term smile whenever volatility has a minimum at the forward asset price level, or skew
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when low—strike implied volatilities are higher than high—strike ones. In the following we will loosely speak
of both effects as “volatility smile”.

The aim of this paper is to incorporate the effect of the volatility smile observed on the market when
pricing and hedging multiasset securities. A whole lot of such structured securities is nowadays offered to
institutional and retail investors, in the form of options on baskets of stocks/FX rates and on combinations of
forward interest rates such as e.g. European/Bermudan swaptions. In our approach we remain within a local
volatility model for the individual assets composing the underlying of the option (be it a basket of stocks
or a swap rate) that has proved to be quite effective in accounting for the observed single assets’ smiles,
but we move one step beyond the approach used on the street when writing the joint multiasset dynamics:
instead of discretizing the multidimensional SDE through, say, Euler or higher order numerical schemes [22]
under the assumption of a given instantaneous correlation structure, we incorporate the correlation in a new
scheme that enjoys analytic multivariate densities and a fully analytic dynamics. In so doing we are able
to sample a new manifold of instantaneous covariance structures (and a new manifold of dynamics) which
ensures full compatibility with the individual volatility smiles.

The outline of the paper is the following: first, a brief (and by no means exhaustive) review of the main
approaches to single asset smile modelling will be presented, along with the one that has been developed
by this group [5, 6, 7]. Then, examples of typical securities that need a multivariate setting for proper
pricing. The extension of the single asset model to the multivariate framework will follow, with a thorough
discussion of the implications for the dynamics stemming from a naive approach and from ours. In the end,
the conclusions and proposals for further research.

Smiles in recent literature

Trying to incorporate the smile effect into a consistent theory has been the subject of a lot of research in
recent years. Generally speaking four main streams of investigation can be identified:

e postulating an alternative explicit dynamics for the asset—price process that by construction ensures
the existence of volatility smiles or skews. An example is the CEV process proposed by Cox [11] and
Cox and Ross [12]. A general class of problems was presented by Carr et al. [10]. In general this
approach does not reproduce accurately enough the market volatility structures.

e postulating a continuum of traded strikes [3]. This was extended yielding an explicit expression for the
Black—Scholes implied volatility as a function of strike and maturity [15, 16, 13, 14]. This approach
however needs a smooth interpolation of option prices between consecutive traded strikes and matu-
rities. Explicit expressions for the risk—neutral stock price dynamics were also derived by minimizing
the relative entropy to a prior distribution [1] and by assuming an analytical function describing the
volatility surface [9].

e Another approach consists of finding the risk—neutral distribution on a lattice model for the underlying
that leads to a best fit of the market option prices subject to a smoothness criterion [20, 8]. This
approach has the drawback of being fully numerical.

e The last approach is an incomplete market approach, and includes stochastic volatility models [19, 18,
25] and jump-diffusion models [24].

A possible solution to the problem of finding a risk—neutral distribution that consistently prices all
quoted options is given by assuming a particular parametric risk—neutral distribution dependent on several
parameters and use the latter in conjunction with a calibration procedure to the market option prices. The
model earlier proposed [5, 6, 7] finds a dynamics leading to a parametric risk-neutral distribution flexible
enough for practical purposes.



The mixture of densities (MD) model

It is based on the hypothesis that, fixing a time 7" and denoting by Pyr the price at time 0 of the zero—coupon
bond maturing at 7', the dynamics of the asset underlying a given option market takes the form

(3) dSt = /,LStdt + O'(St, t)Stth

under the T—forward measure Q7. Here, 4 is a constant, W is a standard Q7 Brownian motion and o (the
“local volatility”) is a well behaved deterministic function. In order to guarantee the existence of a unique
strong solution to the above SDE, ¢ is assumed to satisfy the linear growth condition

(4) o?(x,t)z? < L(1 + 2?%) uniformly in ¢

for a suitable positive constant L.

(k)

Considering N diffusion processes 3; ~ with dynamics

(5) a3 = 3Pt + o, G, A,

with marginal densities pgk) and vy satisfying linear growth conditions, the marginal density p; of Sy is

assumed to be representable as the superposition of the pgk) [5, 6, 7):

(6) p(S) = Z)\kpgk) with Ag > 0,Vk and Z)\k =1
k

The problem can then be cast in the following form: is there a local volatility o for Eq. (3) such that
Eq. (6) holds? Purely formal manipulation of the related Kolmogorov forward equation
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and of analogous equations for the pgk)’s shows that a candidate o is

(02(x,t)a%pr) = 0
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Zk 1 Akp(k)

A digression is in order now: suppose that everything in the above approach works fine, and with a
judicious choice of the vg’s the unique strong solution for the dynamics of S exists. Then the pricing of
European options on S would be immediate: given any call option, say, with strike K and maturity 7', the
option value at present time would be

(8) ofw,t) =

N 400
(9) O = PrE"{[Sr — K"} =) /\kPOT/ [z — K]t p (2)da = Z AkOy.
k=1 0

In plain words, the option price would simply be the weighted average of prices of call options written on
the auxiliary processes 3. Hedging would be just as easy. As a consequence, if the auxiliary densities p( )
are chosen so that the option prices Oy are computed analytically and allow for sufficient flexibility, a fast,
stable and accurate calibration to the whole implied volatility structure over a wide range of option strikes
and maturities follows [7].



The most natural choice for the (3*), vk,pgk)) triplet is
3" = So

vg(x,t) = zog(t)

10 .
(10) Vi(t) =1/ [, ok(s)?ds

(k) _ 1 1 1 x t 1v2 t 2
@) = St o | ok (n (&) —wt +320))

with oy, deterministic (mizture of lognormal densities).

It has been proven that with the above choice and additional nonstringent assumptions on the v; the
corresponding dynamics for S; admits indeed a unique strong solution. A greater flexibility can also be
achieved by shifting the auxiliary processes’ density by a carefully chosen deterministic function of time (still
preserving risk-neutrality). This is the so—called shifted lognormal density model.

We are not going in any more detail on the single asset case; the above description gives a sufficient base
for presenting our generalization of the mixture of lognormal densities to the multivariate setting (as before,
at first on the basis of pure formal manipulations, then with full rigour) with the specific aim of finding a
method to infer the “implied volatility” of a basket of securities from the individual components and/or an
explicit dynamics for the multiasset system. Later in the paper, formal proofs of the general consistency of
the model and of the existence and uniqueness of the solution to the multivariate version of Eq. (3) will be
provided.

Formulation of the problem

One of the aims of this approach is to be able to compute the smile effect on the implied volatilities for
basket options, i.e. options on the average

(11) B =Y wSY,
k

where St(k) is the k—th component of the basket, and may represent a stock price, to fix ideas. (It must
be noted in passing that S*) could also represent a forward rate process F}, (t) in the Libor Market Model
(LMM) and instead of (11) we could have a more complicated expression representing a swap rate.)

Such options have the most varied nature: from the plain European call/put options on the value of the
basket at maturity 7,

(12) Uy = [w(Br — K)|*

(w = %1 for a call/put respectively), to options somewhat more complicated, such as Asian options on the
basket, Himalaya options, rainbow options and so on.

In the sequel, and for the ultimate purpose of this application, we will be concerned only with European
options on a basket. Even the pricing of a plain call on a basket made of five stocks can be a formidable
problem in its own right, in both the analytic and computational sense.

It is customary to seek for analytic (and by all means approximate, dealing with multisecurities) formulae
for the prices of such options. Some of these formulse have been examined elsewhere [4] along with their
regimes of validity in terms of volatility and correlation structures of the individual stocks composing the
basket. They typically rely on dictating a specific dynamics for the ”basket price” B, and solving the pricing
problem through the formulae implied by such dynamics. And, surprise surprise!, the geometric Brownian
motion (GBM) postulate for the dynamics of By is often used on the market.



In other words, the appeal of the GBM model and of Black—Scholes’ theory is still so wide that, even
if the problem at hand is intrinsically multidimensional, we are still led to think of the basket value in
(11) as having a lognormal dynamics, thus neglecting its internal composition in terms of stocks having
each its own dynamics and character. The approximation goes even so far in our minds that we naturally
start to wonder, at some point, if we can somehow keep into consideration possible smile effects on the
basket. Because the main limitation of the formulee (apart from being approximate, and yielding grossly
wrong answers in specific cases [4]) is that they structurally cannot keep into account any smile effect on the
individual stocks’ volatility, and therefore on the ”basket volatility”.

In the following we will tackle the problem in a rigorous way, through the generalization of a dynamical
model that has proven to perform quite well on some markets [5, 6, 7] and that is under extension to the
equity markets case.

An extension of the MD model to handle multivariate problems

To fix ideas, suppose we are faced with the following problem: we want to price an option maturing at 7" on
the basket of securities of Eq. (11). Each of these securities will have a “smiley” volatility structure, and we
strongly suspect that the basket will show a smile in its implied volatility, too.

Through Egs. (3-10) we now have a piece of machinery that allows us to calibrate an MD to the implied
volatility smile structure of the individual component S*) of the basket. Suppose we have already calibrated
the individual MDs to such smile surfaces, thus finding the local volatilities governing the dynamics of each
S(*). In order to price a plain European option on the basket the traditional approach suggests to use a
Monte Carlo simulation that samples suitably discretized paths according to the drift rate of each component
(risk—free minus dividend yield) and to the diffusion matrix given by the local volatility function deriving
from the mixture of densities model. Therefore, assuming to have an exogenously computed structure of
instantaneous correlations p;; (computed e.g. through historical analysis and supposed constant over time)
among the stocks’ returns, we could apply a naive Euler Monte Carlo scheme and simulate the joint evolution
of the stocks through a suitably discretized time grid 71 = 0--- 7y = T with a covariance matrix whose (4, j)
component over the (7;,7;41) propagation interval (constant in the Euler scheme) is

v ik v ik
(13) Cii(Si, S5, 1) = Sy Mkoi (PR (S) | ey Aikoir(m)p(S))
17 \PiyPgs - v ik v ik
D k1 At () Iy 2P (S5)

Pij-

(It must be mentioned that quite recently an interesting extension of this approach was suggested [17] based
on the assumption that basket option prices be available at all strikes and maturities, ¢ la Dupire [15, 16].
This is however not generally the case in real markets). It can easily be shown that the approach of Eq.
(13) is consistent with both the individual dynamics induced by a MD model for each stock and with the
instantaneous correlation structure p;; imposed. However, besides the practical and heartwarming possibility
of controlling the instantaneous correlation, one must be aware of its main limitations:

Remark. By imposing that the instantaneous covariance of the multidimensional process be of the form (13)
one is moving only within a given manifold of the possible local volatility structures for the multidimensional
process. Moreover, this scheme imposes costly discretization procedures on the {T;} grid for pricing even the
stmplest derivatives.

One could try to do something different and approach the problem so that, under suitable assumptions,
the individual MD models (one for each stock, separately calibrated each on its volatility surface) could be
merged so as to provide a coherent multiasset model that allows for a degree of (semi)analytic tractability
comparable to the one typical of the univariate case.

For this purpose we need to briefly revise some properties of the multidimensional Itd processes, and
extend in a trivial fashion the existing MD model.



The multidimensional Kolmogorov equation
Consider an n—dimensional stochastic process x(t) whose generic i—th component follows the SDE

d$i (t)

(14) = p;(t)dt + Ci(x,t) - dW,

where p; and C;(x,t) are deterministic functions of time and of the state of the process. Bold letters will
denote vector/matrix quantities in the following. W, is a standard d—dimensional Brownian motion, d < n.

Denoting C;;(x,t) = C;i(x,t) - C;j(x,t), the associated Kolmogorov forward PDE to be satisfied by the
corresponding probability density is

0
(15) pt Z O, zpt Z 61‘ Czszxjpt] =0
dg=1 """

where all functions are evaluated at (x,t).
The existence and uniqueness theorem for strong solutions still holds for a vector SDE, provided that the
generalized linear growth conditions hold: that there exists a positive K such that

(16) ICG O 1x)1* < K1+ [1x]1*)
and similarly for u; [21]. The symbol ||| denotes here vector and matrix norms.

Inspired by the univariate approach which gave rise to the MD model, let us postulate that the density

at any time ¢ of the multivariate process x be equal to a weighted average of densities pgk)

N
(17) Z)\ M (x) Ax > 0 VE, Sa=1

each corresponding to a given dynamics corresponding to the Kolmogorov equation

n 52
_t (k) (k) _
Z ox; Z 8:01893] (x, t)aizjp; ] =0,

3,5=1

(k)

(18)

The condition that p, satisfy Eq. (15) and that each pgk) satisfy the corresponding equation leads through
standard algebra to the PDE

I 02
(19) 5 Z m [( ij X t pt Z)\ka(k) ( )> ffile = 0
i,j=1 Ciat
This is a rather complex PDE, that we solve by setting, for all 4,5 !

k k
Zk 1A ( )(X t) )
Zk:l /\kpt

LA heuristic argument suggests that this is the only possible solution with physical meaning: it can be easily proven that

(20) Cij(x,t) =

the most general solution of the equation fij(x) = 0 has a Fourier transform satisfying (q, f(q)q) = 0. The only

i 81‘ oz j
matrix function f(q) satisfying it and infinitely dlfferentlable with respect to q is constant. This constant must be zero in order
to have finite first and second moments of the multivariate density p+.



The connection between univariate and multivariate MD

Let us make a strong assumption, namely that the volatility coefficient for the k—th “base” density pgk) of

Eq. (18) is a deterministic function of time, independent of the state, and of the particular form Jgf)(x, t) =
k k
o () - o (t).
Under this hypothesis we already know the dynamics corresponding to Eq. (18), and we can explicitly

write the density pik) statisfying it at all times:

%(ZF) (1))~ 1x
(21) S I — exp |- XEE]
(2m) 2 \/det ER) ()T ;

where Z(*)(t) is the n x n integrated covariance matrix of returns for the many components of the process x:

t
—(k k k
(22) =00 = [ oo s)as

(E®) is assumed to be invertible at all times) and
W,

(23) Z; =Ilnx; — Inx;(0) — / (,ugl) - U’T(S)> ds.
0

Life is not simple unless one is ready to make the further assumption agk)(t) ~a§k)(t) = O'i(k) (t)agk) (t)pij-
Note that this is similar to what done in (13), the main difference being that this imposition is now made
at the level of the diffusion processes corresponding to the constituent densities, rather than of the actual,
“physical” diffusion. At first sight this might appear innocuous: after all, we would be doing something
pretty standard if we were dealing with only one density. But the very fact that the densities will get
mixed up through Eq. (17) will have dramatic consequences on the actual structure of correlations, both
instantaneous and average. But first, let us prove that under a further assumption we can be fully consistent

with the dynamics specified by the MD model for the individual stocks.
Let’s assume that we have calibrated an MD model for each x;(¢): if 7T£Z) is the density of .S;, we write

(24) 7T£i)($) = Z )\ikﬂ'ﬁik) (z), with Ay > 0,Vk and Z Aig =1
k=1 k

ﬂ,ﬁik) being a suitably modified lognormal density (by suitably modified we mean any modification such as

e.g. shifts in the process [5, 6, 7]; no need to go into details right now. The most general case of shifted
lognormal densities is a trivial extension of the present approach.)

For notational simplicity we will assume that the number of base densities v; will be the same, v, for all
stocks. The exogenous correlation structure p;; is given by the symmetric, positive-definite matrix R.

The most natural tentative choice for the base densities of Eq. (17) is

v

(25) pt(X) = Z )\1,1'1 . )‘n,znpi(gllzﬂ)(x)
01,02, in=1
with
i1 1 g(irin) Z(iain) (4) =15 (i1 +in)
(26) p§ ! ")(x) = _ _— exp |:_ (t)
E NI 2

Here, Z(1n) (t) is the integrated covariance matrix whose (I,m) element is

(27) =i (1) = / 01,0 (8)0m i, () prmdls
0



and, generalizing Eq. (23)

. . t . (lil)2
(28) [El(“...zn) _ lnzl = IHZC[(O) —/ <Hglil) _ O.S2> ds.
0

Putting notational complexity aside, what we are ultimately doing is to mix in all possible ways the
component densities for the individual stocks, still ensuring consistency with the starting models for the
components stocks, and imposing the instantaneous correlation structure R at the level of the constituent
densities.

This is indeed consistent with the mixture of densities models through which we have specified the
dynamics of the single components of x:

Proposition. Given any f : R — R and any t > 0, under the assumptions of Eqs. (25)-(27) the
expectation of f(x;(t)) is

(29) Eo{(a1(t))} = [ douf (o)l

Wt(l) being given by Eq. (24).

Proof. The proof is trivial: it is enough to compute the multiple integral

Eo{f(z:(t)} = [day--- [day--- [ dao, f(2)p(x)
(30) o
= Y i My Ay, [y [ day e [ da fa)py T (x)

Integrating out all variables but () in each of the integrals in the right hand side we have

E{f(zi(t)} =30 s 1 ALy A, [ daf ()l ()
(31) |
= Y N [ da fa)m (a0) = [ day f(a)w (@)

since by the condition that probability integrate up to one we know that Z:=1 Air. = 1 for all 4. O

An immediate consequence of this is the following

Corollary. Under the assumptions of Eqs. (25)—(27) all moments, at any order, at any time, of the indi-
vidual components are exactly reproduced.

In other words the theory we have built is fully consistent from the statistical viewpoint with the MD
model postulated at the beginning for each component at any time. This implies also dynamical consistency,

which is also directly proven in the following

Proposition. Under the assumptions of Eqs. (25)-(27) the unconditional dynamics of each component of
x is ezxactly the same as in the corresponding MD model.

Proof. Take for instance the first component: using the shorthand i for (iq,---i,) integrate Eq. (18) with



respect to xo, -+ xy:
6 (o ital?) 4t [0 ]

+fdac2 822 [ut zo [ dag - fdacnpt
A+ [ dxy, 52— 5o [ut Ty [dag - fdxn,lpgi)}

(32)
_%T [ W) (1242 [ day - fdxnp(‘)}
*fd@ﬁ [0—(111)@) . 0—(222)(t xlxzfdibg . fdfﬂnpgl)}
— [dxy [ das axfgzg [U(ziz)(t) o3 (t)wows [ diy - "fdl”npz(si)} +--=0
Noting that 7rt( 1) = [dzy-- dmnp( )( ) and denoting

(33) ﬂ_t(lil,lil)(l‘l, a’;l) = /de .. ./dxl71 /dxl+1 . dxnpgl) (X)

the above equation becomes

g)t (Li) 611 ugl)xﬂt(ul)
@ [zmt(hh%)}:izo P {xmt(lzl,mn)}z"i:’
~3 25 [0 @pata]
(34) ,8%1 [0(11'1)@) - 0202) ($) 2129 W(111,212)}22iz‘3 o
_8%1 [0(111)@) 'O(M")(t)anwt(l“’mn) %:n:(c:o
_ {0(21‘2)(15) .U(st)(t)xgxw(ziz,gig)}“ T Z_°+ 0
my=w3=

All terms evaluated in zero and infinity in the above equation vanish because in order to have finite first
and second moment with respect to all components, the following limits hold

limg, 400 Zipe(x) = 0 limg, o zipe(x) =0
(35)
lim,, 4o 22ps(x) =0 lim,, o z?pi(x) =0

and similar conditions hold for the derivatives of p;.
Each term in Eq. (18) for each base multivariate density therefore reduces to the corresponding term of
the Kolmogorov equation for the one-body density of ;. O

The consequences for pricing are immediate: suppose that x represents the vector S of stock prices
composing the basket of Eq. (11). A conventional scheme for pricing a plain option on the basket in a
way fully consistent with individual local volatilities would require, as already said, a sufficiently fine time
discretization coupled with a Monte Carlo integration with instantaneous covariance given by Eq. (13) (or by
more complicated discretization schemes for SDEs, see e.g. Milstein’s [22]). The present choice allows instead
to compute the option price (12) through a set of single-step Monte Carlo integrations (one integration for
each combination (i1,---i,)). But the actual consequences of this approach are wider, in that they affect
the many—-body dynamics in a deeper way.

So far we have only provided a candidate density and dynamics for the multivariate problem. We must
still prove that our choice does indeed lead to a unique strong solution of the vector SDE for x;. Moreover
a deep analysis of the consequences of this choice has to be performed.



Existence and uniqueness of a strong solution follows from the usual technical assumptions for the indi-

(la1),

vidual volatilities o; '’: supposing they are all bounded form above and below [5], standard algebra yields

n?6% < ||Cf* = 327 1 Cim(x,1)? < 062,

(36) o= inftEO{minl:1-~~n7il: ‘-'V}O-t(l’il)}

G = sup;>oi{max=y.. i,= ...,,}a,gl’i’)}

and the linear growth condition holds.

Choice and consequences of an exogenously given correlation struc-
ture

Multivariate mixtures: the instantaneous correlation structure

The link between the correlation structure R imposed on the constituent densities and the actual instan-
taneous correlation “felt” by the real process is not straightforward. An apparent inconsistency already
shows up at the instantaneous variance level. Without loss of generality consider a two—dimensional process
x¢ = (¢, y:) modelled through a MD model. Denote by A, and & the coeflicients of the individual MD for
x and y, respectively, and by Jt(k) and nt(k) the corresponding instantaneous volatilities.

Recall that in a standard Monte Carlo scheme the instantaneous variance for the x component, say, of

the process over the interval (7;,7;41) would be (see Eq. (13))

S Aot ()
S e (@)

and the instantaneous covariance of returns between components one and two would be

(37) é’u(.ﬁ,t)

S o7 @) | o gt W()

38 Cra(z,y,t) =
5%) o) S @)\ S 6 (y)

to be compared with the expressions

Zk k=1 /\kfk’o ng )(95 )

(39) Cu(z,y,t) =
ey Zkk' 1)\kfkfpn (ff Y)

and

D hr=1 Mol )ppgﬂk )(z,y)
Zk k= 1)‘kfk/pn (CU Y)

(40) 012 (X, t)

of our model.

An evident difference is that, while in Eq. (37) the instantaneous covariance of x depends only on x
itself, and not on y, the opposite is true of Eq. (39). In other words, the diffusion matrix is now fully
dependent on the components of the multidimensional process. Moreover, the two equations (38) and (40)
are structurally different. However, there must be a link between the two, because we know that in the limit
when the correlation p between the two components vanishes, they will in fact evolve ignoring one another.
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By the choice we made at the beginning, pgkk ) is a bivariate lognormal density, i.e. it has the expression

(41)
(kk') 1 1 1., as2 e ai2p 9 a1

py (z,y) = —exp |~ 5T 5 — 207 5+ 5
2m\/ar1a29 — p2a3, TY 2" ar1a — prai, airage — p2ai, ariasy — pai,

with  and ¢ defined as in Eq. (23) and

a1l = fo (k)2d5
(42) Qg2 = f(f ngk,) ds

2= Ji oM ds

The tetrachoric expansion for the bivariate normal density with correlation p reads [26]

o pk
(43) n(z,y, p) EHek x)Hey(y)
=0

(Hey, is the k' Hermite polynomial) which, applied to pgkk/) yields

kk'
p(

1 1 ~2

~ 1 _ 1 =2 1 1 _ 1
T,y) ~ mxexp[ 2a11x}\/m.yexp{ 2a22yi|

(44)

11 1 ~2 11 12| sn
+\/27ra11 T €xp {7 2a11'r } V2mazs Y €xp {7 2a22y ] Y fl1a11a222p + O( )
and similarly expanding Egs. (39) and (40) we get

011(1’7 Y, t) = 011(1'7 t) =+ O(pz)
(45)
Cra(z,y,t) = Cra(2,y,t) + O(p?)
In other words the traditional multivariate simulation scheme can be seen an approximation of the present
one, valid for weakly correlated systems. The instantaneous correlation structure induced by this model is

= P i Ao D p ) (2, y)
=
k)2 (kk’ k)2 (kK
\/(Zk k= 1)\k§k/0( 2p ( )( Y )) (Zkk’ 1 A&y ( )QI%E )( ,y))

where we made use of the Schwartz inequality.
The physical significance of these results, in particular with respect to the positive definiteness of the
instantaneous covariance matrix [23] is enforced by the following

(46) <p

Proposition. The matriz C(x,t) of Eqs. (20,25 and 27) is positive definite.

Proof. Omitting the explicit dependence on x the generic element of C(x,t) can be written as

v

1 (i1in)
(47) Cu = —; — Z iy A Oki (8004, (0) prapy’™
Z“ in,rin=1 Aliq "')\n,inpg vt 1,0, in=1
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and therefore

_ 1 (i1°+in)
C= i —1 AL A p{itn) Z211712, =1 ALyt )‘nainptl1 '
1,09, in=1 "1 nin
48 . .
51 9
(48) o1, () 0 P11 P12 o1, () 0
0 Tt Ongig, (t) Pnl  Pn2 0 o Ongig (t)

The thesis is a trivial consequence of the fact that C is a linear combination of positive definite matrices
with positive coefficients, thanks to the conditions of Eq. (6). O

Multivariate mixtures: the average (“term”, “terminal”) correlation structure

The average logreturn for component zx is

t (k)2
(49) Eo{lnz —Inxo} = Z)\k/ (,us USQ ) ds
B 0

and its variance is

t
(50) Varg{lnz —Inzo} = Z Ak / o2
A 0
The average covariance of returns of x and y is instead

t
(51) Covo{lnz —Inzg,Iny — Inye} = Z A€k / o Fng (k') pds,
0

kE'

giving rise to an average correlation between returns up to time ¢

Covo{lnz —Inzg,Iny — Inye} _ P inr M fot (k)ngk 'ds
V/Varg{lnz — Inzo}Varg{lny — Inye} \/ (5, M fo (k)2d8 ) fo (k)2 ds)

(52) < pr >0=

Conclusions and perspectives

Throughout this paper we have illustrated how to extend in a conceptually simple fashion an asset price
model already shown to reproduce quite general implied volatility structures commonly observed on the
market [5, 6, 7], lying within the manifold of the so—called local volatility models. The extension aims
at inferring an analytic expression for the local volatility of a multivariate security (such as e.g. a basket
of stocks) that is consistent with 7) the individual dynamics of each component of the security, ) a given
instantaneous correlation structure (and the link with what is usually done in a standard multivariate setting
is established in the limit of low correlations). The main practical advantage is that our approach allows
for a semianalytic pricing of European style derivatives on the multivariate seturity in a way that keeps
into account the smile structures of the individual component securities, thus reducing computational time.
Finally, an issue not to be disregarded is that the dynamics we propose is alternative to the discretized
multiasset dynamics commonly postulated when dealing with multisecurities.

Future extensions of this work include the testing of this approach in actual situations, two of which are
particularly challenging for practitioners: baskets of many stocks with a smile structure of implied volatilities,
and swap rates’ derivatives within the Libor Forward Model (LEFM).
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