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Stability is subtle
up € Wy, : Bh(uh,v) = Fh(?}) Yo € Vj

If W, =V}, and Bp,(w,w) = ||wl||?, stability in || - || is trivial.

1f V, = W}, or By, is not positive definite, or a different norm
Is of interest, stability is subtle even for simple problems!

o—u =0, o =fon(=1,1), u(+l)=0 1D "“mixed Laplacian”
(o,u) € L2xH" : (0,7) — (W, 7) — (0,0") = (f,v) V(r,v) e L?xH"

(o,u) € H' xL*: (o, 7) + (u,7") + (¢/,v) = (f,v) ¥Y(r,v) € H' xL?
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Mixed Laplacian

(o,u) € H(div) x L :
(o,7) + (u,div7) + (dive,v) = (f,v) Y(r,v) € H(div)x L?

A VAN AVENAVEN

Ax A

Raviart—Thomas, Brezzi—-Douglas—Marini




Mixed Elasticity

(o,u) € H(div,Sym) x L*(,R™) :
(o,7) + (u,divT) + (dive,v) = (f,v)
V(r,v) € H(div,Sym) x L*(Q,R")
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Curl-—curl problems (electromagnetics)

0#FE € H(curl), XeR
(curl B, curl F') = \(E, F') VF € H(curl)
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0 # E, € Wh, A €R
(curl B, curl F') = A\, (B, F) YF € Wy,

On a square eigenvalues are known: A =m?+n?, 0<m,ncZ
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Computed eigenvalues

Lagrange elts Edge elts
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Exterior algebra

V' a vectorspace, dimV =n

® Alt"V ={w:V x--- x V. — R|alternating }
s

o AtV =R AtV =V*  dimAltFV = (Z)

® Exterior product: A: Alt"V x At™V — Alt* ™V

® An inner product on V induces an inner product on AltFV

@y = D W U Ny V),

1<o1 < <o <n

for an orthonormal basis vq, ..., v,

® If V is also oriented, Alt"V ~ Alt" %V (Hodge *)
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Exterior calculus

() a smooth n-manifold

AR¥Q) ={z € Q— w, € At"(T,Q) | smooth }
& Also COAR(Q), L2A*(Q), LPAR(Q), . ..

e
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® Exterior derivative dj, : A¥(Q) — AFT1(Q)

» dk_|_1dk — O

De Rham complex:

0—-R S AQ) S AYQ) S 0 L AMQ) =0

Exact if € is contractible

12



Oriented Riemannian manifolds

Each 7..() endowed with an inner product

L?A*(Q) is a Hilbert space
HARQ) = {w e L2AR(Q) | dw € L2AF1(Q) }

0 R S HAYQ) L HAY Q) S - 4 HAYQ) -0

L? de Rham complex, same cohomology
d* : Ak+1(Q) — Ak(Q) <d*w, ’r]>L2Ak — <CU, dn>L2Ak+1

Hodge Laplacian: d*d + dd* : A*(Q) — A*(Q)
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Polynomial forms and the Koszul complex

For (2 C R", degree r > 0
0—-R S HA" 5 3, AL S 0 LR, A(Q) — 0

0—-R S PA" L P AL S oL P AQ) =0
Koszul differential x : AFTT — AF:
(kw)z(vh, .. 0%) = we(x, v, ., 0F)
® i H A — H, AP (ef. d: H AP — HAR)
® (di+rd)w=(r+kw YweIH.A*Q)

0—R «— PAO & P AL & o0 2P AT

Koszul complex

PHAF = P, AR 4 kP, AR
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The case () C R?

0-R S A%Q) 224 AvQ) L A2 9% A3Q) -0

0—R = Q) 225 0o(Q,R3) 2 0o, R3) 1Y% 0°(Q) — 0

smooth de Rham complex
0—R S HYQ) 22 H(cwrl) <% H(div) 2% L2(Q) — 0

L? de Rham complex

0-R S P.(Q) 224 9, (AR 2L PR} L% P Q) -0

polynomial de Rham complex
0 —R «— P(Q) <& P,_1(QR3) & P o(QR3) & Po_5(0Q) — 0

Koszul complex
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