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Stability is subtle

uh ∈Wh : Bh(uh, v) = Fh(v) ∀v ∈ Vh

If Wh = Vh and Bh(w,w) ≈ ‖w‖2, stability in ‖ · ‖ is trivial.

If Vh 6= Wh, or Bh is not positive definite, or a different norm

is of interest, stability is subtle even for simple problems!

σ − u′ = 0, σ′ = f on (−1, 1) , u(±1) = 0 1D “mixed Laplacian”

(σ, u) ∈ L2×H̊1 : 〈σ, τ〉 − 〈u′, τ〉 − 〈σ, v′〉 = 〈f, v〉 ∀(τ, v) ∈ L2×H̊1

(σ, u) ∈ H1×L2 : 〈σ, τ〉+ 〈u, τ ′〉+ 〈σ′, v〉 = 〈f, v〉 ∀(τ, v) ∈ H1×L2
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1.92% 0.48% 0.12%

24.9% 12.5% 6.26%

10.1% 5.03% 2.51%

3.35% 0.84% 0.21%
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0.64% 0.19% 0.059%

10.6% 6.42% 3.86%

9.50% 4.71% 2.35%

17.1% 10.2% 6.5%
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2.09% 0.56% 0.14%

1.71% 0.46% 0.11%

9.13% 7.37% 6.16%

7.97% 6.43% 5.37% Bab.-Nar.
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Bathe–Brezzi
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Mixed Laplacian

(σ, u) ∈ H(div)× L2 :

〈σ, τ〉+ 〈u, div τ〉+ 〈div σ, v〉 = 〈f, v〉 ∀(τ, v) ∈ H(div)×L2

Raviart–Thomas, Brezzi–Douglas–Marini
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Mixed Elasticity

(σ, u) ∈ H(div,Sym)× L2(Ω, Rn) :

〈σ, τ〉+ 〈u, div τ〉+ 〈div σ, v〉 = 〈f, v〉
∀(τ, v) ∈ H(div,Sym)× L2(Ω, Rn)

Arnold–Winther
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Curl–curl problems (electromagnetics)

0 6= E ∈ H(curl), λ ∈ R

〈curlE, curlF 〉 = λ〈E,F 〉 ∀F ∈ H(curl)

Nedelec
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Example

0 6= Eh ∈Wh, λh ∈ R

〈curlEh, curlF 〉 = λh〈Eh, F 〉 ∀F ∈Wh

On a square eigenvalues are known: λ = m2 + n2, 0 ≤ m,n ∈ Z
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Computed eigenvalues

Lagrange elts Edge elts
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Exterior algebra

V a vectorspace, dim V = n

AltkV = {ω : V × · · · × V︸ ︷︷ ︸
k

→ R | alternating }

Alt0V = R, Alt1V = V ∗, dim AltkV =
(

n

k

)
Exterior product: ∧ : AltkV × AltmV → Altk+mV

An inner product on V induces an inner product on AltkV :

〈ω, η〉 =
∑

1≤σ1<···<σk≤n

ω(vσ1, . . . , vσk
)η(vσ1, . . . , vσk

),

for an orthonormal basis v1, . . . , vn

If V is also oriented, AltkV ≈ Altn−kV (Hodge ?)
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Exterior calculus

Ω a smooth n-manifold

Λk(Ω) = {x ∈ Ω 7→ ωx ∈ Altk(TxΩ) | smooth }
Also C0Λk(Ω), L2Λk(Ω), LpΛk(Ω), . . .∫

f

ω ∈ R for dim f = k, ω ∈ ΛkV

Exterior derivative dk : Λk(Ω)→ Λk+1(Ω)

dk+1dk = 0

De Rham complex:

0→ R ⊂−→ Λ0(Ω) d−→ Λ1(Ω) d−→ · · · d−→ Λn(Ω)→ 0

Exact if Ω is contractible
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Oriented Riemannian manifolds

Each TxΩ endowed with an inner product

L2Λk(Ω) is a Hilbert space

HΛk(Ω) = {ω ∈ L2Λk(Ω) | dω ∈ L2Λk+1(Ω) }

0→ R ⊂−→ HΛ0(Ω) d−→ HΛ1(Ω) d−→ · · · d−→ HΛn(Ω)→ 0

L2 de Rham complex, same cohomology

d∗ : Λk+1(Ω)→ Λk(Ω): 〈d∗ω, η〉L2Λk = 〈ω, dη〉L2Λk+1

Hodge Laplacian: d∗d + dd∗ : Λk(Ω)→ Λk(Ω)
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Polynomial forms and the Koszul complex

For Ω ⊂ Rn, degree r ≥ 0

0→ R ⊂−→ HrΛ0 d−→ Hr−1Λ1 d−→ · · · d−→ Hr−nΛn(Ω)→ 0

0→ R ⊂−→ PrΛ0 d−→ Pr−1Λ1 d−→ · · · d−→ Pr−nΛn(Ω)→ 0

Koszul differential κ : Λk+1→ Λk:

(κω)x(v1, . . . , vk) = ωx(x, v1, . . . , vk)

κ : HrΛk → Hr+1Λk−1 (c.f. d : Hr+1Λk−1→ HrΛk)

(dκ + κd)ω = (r + k)ω ∀ω ∈ HrΛk(Ω)

0← R ←− PrΛ0 κ←− Pr−1Λ1 κ←− · · · κ←− Pr−nΛn← 0
Koszul complex

P+
r Λk := PrΛk + κPrΛk+1
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The case Ω ⊂ R3

0→ R ⊂−→ Λ0(Ω)
grad−−−→ Λ1(Ω) curl−−→ Λ2(Ω) div−−→ Λ3(Ω)→ 0

0→ R ⊂−→ C∞(Ω)
grad−−−→ C∞(Ω, R3) curl−−→ C∞(Ω, R3) div−−→ C∞(Ω)→ 0

smooth de Rham complex

0→ R ⊂−→ H1(Ω)
grad−−−→ H(curl) curl−−→ H(div) div−−→ L2(Ω)→ 0

L2 de Rham complex

0→ R ⊂−→ Pr(Ω)
grad−−−→ Pr−1(Ω, R3) curl−−→ Pr−2(Ω, R3) div−−→ Pr−3(Ω)→ 0

polynomial de Rham complex

0← R ←− Pr(Ω) ·x←− Pr−1(Ω, R3) ×x←−− Pr−2(Ω, R3) x←− Pr−3(Ω)← 0

Koszul complex
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