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I Commuting projections
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II Polynomial preserving
extension operators




Commuting, polynomial preserving, continuous extension
operators for a triangular face f
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H'! extension from one edge to triangle (Babuska):
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Edge to edge operators:
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The three edge problem:

Given f; defined on edge \; = 0,7 =0,1, 2,
Find ¢; such that
¢+ A"+ A = ;.
Multiply by w’, w? = 1, to decouple,
Find ¢;w’ such that
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Define then,
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H(curl) extension from one edge to triangle: Differentiate the
H'-extension formula
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where 1 = e,




Notice that V' x {p = (0 ! Consequently, the corresponding three edge
problem for the H (curl) extension will have a solution, if the boundary

data are curl free,
> [ads=o.

Given arbitrary g;, use the stable decomposition into a constant and a

curl free component,
9;i = gio + C,

extend constant ¢ using Whitney shape functions, and solve the three
edge problem for curl-free data g; . Alternatively, identify the

corresponding potential on the boundary,

of _
88_907

extend f;’s using the H '-extension operator, and take its gradient. The
commutativity property makes the the H'- and H(curl)- three edge
problems equivalent; it is sufficient to solve just one of them, the solution
of other one comes then “for free”.




Commuting, polynomial preserving, continuous extension
operators for a tetrahedron T (conjectured)
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3D extension operators from a face f to tetrahedron T
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H (curl)-extension:
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with e’ denoting projections of dual vectors e’ onto face f.

H (div)-extension:
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III Poincare - Friedrichs inequalities




Poincare’s inequalities:
There exist C' > 0 such that,

lullo.r < Cl[Vullor,

for every function v € H'(K) belonging to either of the two families:
Case 1: (u,1)or =0,
Case 2: u=0o0n 0K,

Poincare’s inequalities for fractional spaces defined on a
face f:

There exist C' > 0 such that

lullo.s < Cluly, ;= Cl[Vul|_y

%—'_eaf §+€7f !

for every function u € H %“( f) belonging to either of the two families:
Case 1: (u,1) =0,
Case 2: u=0on Jf.




Discrete Friedrichs Inequalities:
There exist C' > 0 such that,

1Elor < Cl[V < Efjor,

for every (discrete divergence free) polynomial E belonging to either of

the two families,
Case 1:

EcP, (T), (E Vor=0, YoePil . .
Case 2:
Ec P, (T), (E.Véor=0, YoeP",

Discrete Friedrich’s Inequality for fractional spaces defined
on face f:

There exist C' > 0 such that,

|E| s, <CIV < Ell_y,.,,

for every discrete divergence free polynomial E € Pp6 (T, i.e.,
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Discrete Friedrichs Inequality for H (div) space

There exist C' > 0 such that,
[Hl[or < C|V o Eor,

for every discrete curl free polynomial H belonging to either of the two
families:

Case 1: H € ng(T) and,

(H,V X ¢p)or =0, V¢ P}

pf+17p€+1 )

Case 2: H € P” (T) and,
(H,V x ¢)or =0, Vpe P .




IV Polynomial preserving, right inverses
of gradient, curl and div operators
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Characterization of commuting projections:
P"F =P (F —-DP(VoF)) +DP(VoF)
PU"'E = P{""(E - KP"(V x E)) + KP}"(V x E)
pPIrAE = PI(y — GP{N (V) + GPS (V) |

Pgmd POC“” Pé“” denote the L? projections on subspaces of polynomials

1 . . .
73511 Pl Penr Phy 2 of zero gradient, curl or div, respectively.




V Projection-Based Interpolation




H'-conforming:
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H (curl)-conforming;:
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H (div)-conforming;:
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Commuting Projection and (Projection Based)
Interpolation Operators for a tetrahedron and a triangular

face
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VI e-(sub) optimal p estimates
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Similarly,

Step 1: Comparison with the commuting projections on
the element level

The interpolation error is bounded by the projection error and the
interpolation error on the element boundary,
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Step 2: Localization to faces
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Step 3: Comparison with the commuting projections on
the face level

The face interpolation error is bounded by the face projection error and
the interpolation error on the face boundary,
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Step 4: Estimation of the interpolation error on edges
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Here r > L. Similarly for the H (curl) estimate.




Final estimates

For every €, there exists a constant C' = 0(6_%> such that,
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