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Properties of the discretization

e locally conservative;

e symmetric, i.e. G = (DZ )*;

e can accommodate full diffusion tensor;

e solution algorithm results in a SPD matrix;
e exact for linear solutions;

¢ second order accurate for cell-centered pressures on general polygonal meshes
including AMR, non-matching and non-convex meshes;

e at least first order accurate for fluxes;

e casy to extend to 3D polyhedral meshes;

e can be extended to some other PDEs.

Model problem

Consider the Dirichlet boundary value problem:

div F = b,
F = —K grad p.

Support-operators discretization on element

e define degrees of freedom for p and F:

fi=F-n’

e equip the discrete spaces with scalar products
S — —
P, dlge=p"d"Ve+ Y p'd"0"  and  [f, glxe = (M.f, 9);
k=1
e discretize the divergence and extended divergence operators
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e derive the discrete flux operator from the Green formula

f, 6" Blxe =10, D" floe,  Vf, VP.

The discrete equations for element e are
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Derivation of matrix )/,

1. Split the element e into 7' triangles A;

Az _ 2wt 2 Build and assemble mass matrices for the tri-
- \ angles. Let M, be the global mass matrix.
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AV 3.Eliminate interior fluxes by solving the con-
/’\‘\/J ., straint optimization problem for a given vec-

1 :\\.\\i\\ \\/,’/ bnd tor fbnd = f:

(M. fongs Fona) = min [ 47, | Jn | | Jina
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subject to
DIV} fy = DIV! fina,

where fi = (fl .. f2,, fi )T and DIV" is the divergence for A, 1 <t < T.

inty Jint

Interface conditions
For each mesh edge Oe; N Je;, we impose 2 continuity conditions:

fik:_f; and szpé'-
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Example I: Polygonal meshes
Let p(z, y) = 2°y* + x cos(xy) sin(x) be the exact solution and
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o cell centers are given by the mapping

x = & + 0.1 sin(27¢,) sin(27E,)).

Example II: Locally refined meshes
Let p(x,y) and K be as in Example I.
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e may be used for modeling layered struc-
tures in porous media;

e compared to other low-order discretiza-
tions, the convergence rate is optimal.

Example III: Locally refined meshes (strong refinement)
Let p(z,y) and K are as in Example L.
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Example I'V: Non-matching meshes
Let K be piecewise constant and the exact solution be
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Example V: Meshes with non-convex polygons
Let p(x,y) and K be as in Example I.
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