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1 Maxwell’s Equations

Given a bounded Lipschitz domain 2 C R?, find the electric
field u such that

in €, (1)
onl, (2)

V x (u 'V xu) —w e —iw 'o)u=j
nxu=20

where w > 0, u, € and o are the temporal frequency, magnetic
permeability, electric permittivity, and electric conductivity,

respectively.
Assumption: p and € constant (for simplicity).

2 DG Discretizations

Main Advantages of DG Methods:
e DG methods are locally conservative;

e Greater robustness means that a wide range of problems
may be treated within the same unified framework;

e Finite element meshes with hanging nodes and local
spaces of different orders can easily be handled.

2.1 Notation
e 7, = { K} tetrahedral mesh of granularity A;

o F %/]: ff 1s the set of all interior/boundary faces;

e Trace operators:

v]r =n x v,

q] N = qn,

vl =v,
{d} =«

gy = ¢t +¢
fvi=6"+v7)/2
fa} = (@ +q7)/2

e Finite Element Space:
St={ve L*Q): v|g € PYK) VK € T}, (> 1.
e DG norms:

1 1 11
VH%/'(h) = |52VH8,Q + [l 2V X VH%Q + [|u"2h QHVHT”%,fha

1 11
allom = €2Vaallgq + lezh2[dlx |5 7,

1 1,1
VIlpe = ln"2Va x vigo + 120 2[v]7[l £,

1 1,1
+ 1672V - vilg o+ 20 2 ev]nllg £,

2.2 Discrete Curl-Curl Operator

The interior penalty discretization is defined by:

ap(u,v) = (1~'Vj x u, Vi X V)g +/
Fh

- /f ([[u]]T ’ {{N_lvh XV} +[V]r- {{M—lvh > u}}) ds.

where the interior penalty stabilization function a 1s given by

ap” [ulr - [V]rds

= Ozh_l, o > opin > 0.

3 Low-Frequency Problem
Neglecting w?e in (1) and assuming o = 0 gives:
Vx((pu'Vxu=j inQ,
V:(eu)=0 inf,

Key Problem: The design of numerical schemes which incor-
porate the divergence free constraint.

nxu=0 onl.

3.1 Regularized DG Formulation
Find u;, € (S})? such that

ap(up, v) +rp(uy,v) = (j,v)g Vv e (Sﬁ)g,
where the form (-, -) is defined by

'rh(u, V)

= (W 'V, -u, V- v)g — /ﬂ [euly {1 'V - (ev) D ds

- / (] {17V - (ew)} ds +/ gl - [£9]w ds,
i

JA T
h ‘7:h

and d:=d5h"", §> i > 0.
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Theorem 1 (/4]) Assuming u € H*"'(7;,)°, s > 1/2, we have
lu = wplpe < C R lul| g4 7,

Regularity assumptions are not minimal
= DG method may not converge for nonsmooth problems.

3.2 Example

Let Q = (—1,1)*\[0,1) x (=1, 0] and select appropriate data
so that u is given, in terms of the polar coordinates (r, 1), by

u(z,y) = V(r?3sin(20/3)) = ue HY35(Q)?% ¢ > 0.

Analytical Solution  Regularized DG Method
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>

3.3 Mixed DG Formulation

Introducing the Lagrange multiplier p € H} (1) gives:

VX (u'Vxu)—eVp=j in{,
V:-(eu)=0 inQ2, nxu=0, p=0 onl.
Mixed DG methods: Find (uy, pp,) in (S;)3 x S such that
ap(up, v) + sp(ap, v) + 0u(V,pr) = (J, V),
bn(un, q) — cu(pn,q) =0

for all (v,q) € (S})? x Si", where
sp(a, v) :/Jﬂb[[u]]N[[V]]N ds, cn(p,q) :/05[[p]]N - gl ds,

br(v,p) = —(ev, Vpp) + f Levl - [p]nds,

and
b:=0(h, 620,

e Method I (stabilized): 5 > 0 and m = /.
e Method II (non-stabilized): 3 = 0and m = £ + 1.
Theorem 2 (/6, 5]) Assuming that

c=~vh7l y>0.

uec HT,)’, VxucHT)’ pe HNT), s>1/2,
both methods satisfy the following a priori error bound:

Ju — UhHV(h) + [|p — prllom)
< CRHS lleulls g, + |lw™'V x ulls g, + [plls+15] -
3.4 Example (Smooth Solution)

We set Q@ = (—1,1)* and select appropriate data so that
u = (—exp(x)(ycos(y) + sin(y)), exp(x)ysin(y)) and p =
sin(mw(x — 1)/2) sin(w(y — 1)/2).
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— Method I is suboptimal in the L*()) norm.

3.5 A Posteriori Error Estimation

Theorem 3 ([3]) Assuming that V -j = 0 holds, so that p = 0,
Method II satisfies the following a posteriori error bound.:

1/2
lu = wallvy + I = pallogy < € (Y- nk)
KeT,
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where the elemental error indicator 1 is given by

nye =h¥)i—V x (0'V x w,) +eVp|g ¢

1~ _ 1
+ hig 1P (un) = ()05 + i 12 [unlrlls o
+ hiclllewnlvlo oxvr + REIIV - (ewn)lg

1 1yl
+ 1e2Vpnllo x + ki llezlpnl w6 ox

o € (1/2,1] denotes the parameter within the embed-
dings Hy(curl; Q) N H(div: Q) — H?(Q)? and H(curl; Q) N
Hy(div; Q) < H?(Q)%, and Ti (v) is the numerical flux:

= () = {nKx Ep 'V x v} —ptalvlr) ondK\T,
" ngx (p'Vxv—pulang xv)) ondKNT.

4 High-Frequency Problem
Renaming (¢ — iw™'0) by &, problem (1)—(2) becomes
nxu=0 onl.

VX (p'Vxu) —weu=j inQ,

Here, we assume that w? is not an eigenvalue of the underly-
ing Maxwell eigenproblem.

4.1 Direct DG Method

Find u;, € (S})? such that
ah(uh, V) — wQ(suh, V)Q = (J, V)Q Vv € (Sﬁ)g

Theorem 4 ([2]) Assuming that u € HS(’Z}l)3 and V X u €
H*(T3)3, s > 1/2, for 0 < h < hg, we have

u— wallvgy < CRm flleully g, + 171V X ull,g;].
Additionally, given thatu € H™\(T;)3 and Q) is convex,

1
le2(a—up)lloe < Ch M ulleaz, for 0<h < hy.

4.2 Mixed DG Method

Writing u = w + Vo, with ¢ € H}(Q) and w € Hy(curl; Q),
V - w = 0, setting p := w?y and renaming w by u gives:

VX (u'Vxu)—weu—eVp=j inQ,

V-(eu)=0 inQ2, nxu=0, p=0 onl.

Mixed DG Method: find (uy, pp,) in (S})® x S; ™, such that

ap(uy,v) — w(euy, v)g + bu(V,pr) = (G, v)a,
bh(“‘h; q) o Ch<ph7 Q> =0

for all (v, q) € (S))? x ST,

— Optimal energy and L?({2)—norm error bounds (see [1]).
Main Advantage: Mixed formulation applicable to the full
PDE system in both low- and high-frequency regimes.

4.3 Example - Mixed DG Method

We set i1 = jug, € = €9, 0 = (—1,1)%, j = 0, and select appro-
priate boundary conditions so that u = (sin(ky), sin(kx)) and
p = 0, where £ = w, /oo 1s the wave number.

lu— uh||o,£2

[ — k=t
10°H -~ k=2
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