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Abstract

A semidiscrete finite volume element(FVE) approximation to parabolic integro dif-
ferential equation(PIDE) is analyzed in a two-dimensional convex polygonal domain.
More precisely, for homogeneous equation, an elementary energy technique is used to
derive optimal error estimate in L2 and H' norms for positive time when the given
initial function is in H{.
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1 Introduction

In this presentation, we consider the semidiscrete FVE method for solving
initial-boundary value problems which arise naturally in many applications,
such as in nonlocal reactive flows in porous media (Cushman and Glinn [7]
and Dagan [8]) and heat conduction through materials with memory (Re-
nardy et al.[19]) are described by the equations of the form

u— V- (AVu) = — /tV - (BVu(s))ds + f(z,t) in Q x (0,7], (1.1)

u = 0 on 090 x (0,71,
u(-,0) = wup in Q,

where u; = Ju/0t.
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1.1 Basic assumptions

We assume that Q C R? is a bounded convex polygonal domain with bound-
ary 0Q2 and T' < oo. Here, A = {a;(x)}2x2 is a symmetric and uniformly

positive definite matrix in 2 and B = {b;j(z,t,s)} is a 2 X 2 matrix. The
coefficients a;;(z), b;j(z;t, s) are assumed to be smooth for our purpose.

Remark. One very important characteristic of these models is that they all express the
conservation of a certain quantity (mass, momentum, heat, etc.) in any moment for any
subdomain. This in many application is the most desirable feature of the approximation
method when it comes to numerical solution of the corresponding initial-boundary value
problem.

2 Finite volume element approximations

Let T}, be a quasi-uniform triangulation of 2. Let
Ny, ={p : pis a vertex of element K € T}, and p € Q}.

Further, we denote N? = N, N). For a vertex x; € N, let TI(3) be the index
set of those vertices that, along with z;, are in some element of T},

Based on the triangulation 7}, we now introduce a dual mesh 7} as follows:
In each element K € T}, consisting of vertices z;, x; and zj, select a point
g € K, and select a point z;; by straight lines v;;x. Then for a vertex z;
we let V; be the polygon whose edges are «;; x in which z; is a vertex of the
element K. We call this V; a control volume centered at z;. Further, we note
that Ug,en, Vi = Q. Thus, the dual mesh T} is then defined as the collection
of these control volumes. A control volume centered at a vertex z; is given in
Figure 1.

We call the control volume mesh 7} regular or quasi-uniform if there exists
a positive constant C' > 0 such that

C~'h* < meas(V;) < Ch* forall V; € Ty,

where h is the maximum diameter of all elements K € Ty},

There are various ways to introduce a regular dual mesh 7, depending
on the choices of the point ¢ in an element K € T} and the points z;; on
its edges. We choose g to be the barycenter of an element K € T}, and the
points z;; are chosen to be the midpoints of the edges of K.
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Figure 1: Control volumes with barycenter as internal point and interface vy;; of Vi and Vj.

For the purpose of finite volume element approximation, let S; be the stan-
dard linear finite element space defined on the triangulation T3,

Sy, ={v e C(Q) : v|g is linear for all K € T}, and v|sq = 0},
and its dual volume element space S},
S; ={v € L*Q) : v|y is constant for all V € T} and v|sq = 0}.

Obviously, S, = span{;(z) : z; € N)} and S} = span{xi(z) : z; € N}},
where ¢; are the standard nodal basis functions associated with the node z;,
and x; are the characteristic functions of the volume V;. Let I}, : C(Q2) — S;
and I} : C(2) — S; be the usual interpolation operators, i.e.,

Ihu = Z widi(z) and Iju= Z uixi(z),
T;EN}, T; ENp,

where u; = u(z;).
The finite volume element approximation is then defined to be the function
up, : J = Sj, such that

t
(uht7[;X)+A(uh7[}’:X) = /B(t787uh(8)7I;X)d8
0

+ (f, Ihx) Vx € S (2.2)
with u(0) = Pyug, where Pyuyg is the L2-projection of ug onto Sj, defined by
(Phuo, Irx) = (ug, Iy x), Vx € Sp. (2.3)

The bilinear forms A(-,-) and B(t,s;-,-) in (2.2) are defined by

Z v; z)Vu - ndS,
T;ENp
B(t, s;u,v) = sz Ba:ts)Vu ndS,
T;EN},



for (u,v) € ((Hy N H*)US}) x S;, where n is the outer-normal vector of the
involved integration domain. Note that when (u,v) € Hi(Q2) x H}(Q) the
bilinear forms A(-,-) and B(¢, s;-, ) are given by

A(u,v) = /Q.A(a:)Vu - Vudz; B(t, s;u(s),v) = /QB(ZU,t, s)Vu(s) - Vudo2.4)

In order to describe features of the bilinear forms defined in (2.4) and (2.2),
we define some discrete norms on S;, and S},

unlon = (unun)on, |unlin= Y D meas(Vi)((un — unj)/dy;,
.'IfiENh Tj EH(i)

= unlon + lunlin,  [lunlll = (un, Tun),

[

where (up, vp)on = ZwieNh meas(Vi)upivpi = (Liun, Ifvy) and dij = d(z;, ;)
is the distance between z; and z;.

The discrete norms |- |o, and || - ||1,5, are equivalent to the usual norms || - ||
and || - ||1, respectively on Sj,.

3 Motivation and main results

In the recent years, the numerical methods for this type of problems (1.1) by
means of FVE methods are the subject of much interest (cf. Ewing, Lazarov
and Lin [10] and [11]). It is due to certain conservation features of FVE
methods that are desirable in many applications. More recently, Ewing et
al. in [10] and [11], have studied FVE approximation to such problem in the
framework of the standard Petrov-Galerkin formulation. They have obtained
L%-error estimate of the form(cf. page 305 in [11])

lu(®) —un @)l < CR*(luollsp + [|u(t)]

+ [ uts)

where u and wuj, represent the solution of (1.1) and its FVE approximation,
respectively. Note that the estimate (3.5) is optimal with respect to the
approximation property, but its regularity requirement on the exact solution
seems to be too high when compared with that for finite element methods.
This is primarily due to the fact that the bounds in the L?-norm of a new
variant of the Ritz-Volterra projection(so called Petrov-Volterra projection
introduced by Ewing et al. in [10]-[11]) are not optimal with respect to the

3.p

30t luils)llzp)ds), p>1,  (3.5)
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regularity of the solution. For homogeneous problem with smooth initial
data, we show optimal order L?-error estimate which is optimal with respect
to the order of convergence as well as its regularity of the solution. The main
result for smooth initial data is given in the following theorem.

Theorem 3.1 Let u and up, respectively, satisfy (1.1) and (2.2) with f = 0.
Then for ug € H*(Q) N HY(Q) and uy,(0) = Pyug, we have

le@®)l < Ch?[luoll,.

Our main concern is to prove optimal error estimates for homogeneous equa-
tion (f = 0) with nonsmooth initial data. This is motivated by the fact that
the solution of a homogeneous linear parabolic equation have the so-called
smoothing property. That is, the solution is sufficiently smooth for positive
time ¢, even when the initial data are not. In quantitative form, this may be
expressed by the inequality

lu(®)lla < C|fuol|, te T (3.6)

which is valid for any @ > 0. However, this is not the case with parabolic
integro-differential equations as they have a limited smoothing property. This
fact is proved by Thomée and Zhang in [21], where the authors have shown
that the inequality (3.6) is valid only for a@ < 2. Since the smoothing prop-
erty plays a significant role in studying the error analysis in the semidiscrete
solution, an attempt has been made to achieve optimal order of convergence
in L? and H! norms for the FVE method when the given initial function
is only in H}(£2). More important, our analysis uses only energy technique.
The main results are presented in the following theorem.

Theorem 3.2 Let u and up, respectively, satisfy (1.1) and (2.2) with f = 0.
Then for ug € HY(Q) and uy(0) = Pyug, we have

le®l: < CtPhlluolly, t e (0,T].

Theorem 3.3 Let u and up, respectively, satisfy (1.1) and (2.2) with f = 0.
Then for ug € Hy(Q) and up(0) = Pyug, we have

le@®)l < Cth*|luolly, t € (0,T].

For the literature on the theoretical framework and the basic tools for the
analysis of the finite volume element methods for elliptic and parabolic prob-

l(;ms, we refer to [1],[2], [6], [4], [5], [9], [12], [13], [16], [17] and references
therein.



4 Error estimate for nonsmooth initial data

Below, we state some a priori bounds for the solution u satisfying (1.1) under
appropriate regularity assumption on the initial function wuy.

Lemma 4.1 Let u satisfy (1.1) with f =0, and let 0 < 4,5,k < 2.
If0<k+25—1i<2, then
2

< CHUO”%H-?]'—@"
k

Further, 1f 0 < k+ 25 —1— 1< 2, then

t .
0

As usual we split the error e(t) = u(t) — up(t) as

A
e ()

i

2

ds < Olluolz1j—i—1
k

547 5)

e(t) = Whu — up) — (Whu —u) = 60 — p,

where the Ritz-Volterra projection Wj, : H(2) — Sy, defined by

t
AWhu — u, I} x) = / B(t,s; (Whu —u)(s), Iyx)ds, ¥V x € S,.  (4.7)
0

4.1 Estimates for the Ritz-Volterra projection

The following L? and H' error estimates for p and its temporal derivative are
established.

Theorem 4.1 Let p satisfy (4.7). Then we have
t
HmthCh@MMh+£HM@M@),
t
WMMhSCh@Mﬂh+WMm&+LHM@M%)-

Theorem 4.2 Let p satisfy (4.7). Then we have
t
oo < €8 (Ilae)le+ [ u(o)lds),
t
lp:(8)]] < Ch (Hu(t)Hz + [[ue(?) |2 +/0 |\U(3)H2d3> :
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Remark. (i) The estimates in Theorem 4.2 are optimal with respect to the order of
convergence as well as the regularity requirement on the solution. This improves upon the
earlier result of [10] and [11] by requiring less regularity on the solution.

(ii) As a consequence of Theorems 4.1 and 4.2, error estimates associated with the Ritz
projection Ry, : Hi — S}, defined by

A(Rpu—u,Iix) =0, Vx €S
can easily be obtained. Thus, we immediately have

IRhu — ull + hl|Ryu — ully < CH|Jullj, we€ Hy(Q) NH(Q), j=1,2. (4.8)

4.2 Estimates for 6

It is easy to verify that 6 satisfies an error equation of the form
t
whmm+uﬂanyy:/ﬂBmsw@xmxms—o%fam VX € Sh (4.9)
0

Further, with 8(¢) = fot 6(s)ds, we obatin an error equation in 6 as
t
01, Ix) + A0, I;x) = / B(s, s;0(s), I x)ds
0

t s
_ / / By(s, 7 6(r), I:x)drds — (p. I2X), x € Sn.(4.10)
0 0

In the following lemma, we have obtained the estimates of 6 and 6.

Lemma 4.2 Let 0 satisfy (4.10) and up(0) = Pyug, where P, is defined by
(2.3). Then there is a positive constant C independent of h such that

W@WaAW@ﬁ@sclmmW@.

Lemma 4.3 Let 0 satisfy (4.9) and uy(0) = Pyug. Then there is a positive
constant C independent of h such that

I + | slo(s)lids <C [ oI+ lou(s) s

Lemma 4.4 Let 0 satisfy (4.9) and uy(0) = Pyug. Then there is a positive
constant C' independent of h such that

[ 0,615 + £1601ds < © [ {Unta)P + o) s
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Theorem 3.2 follows from Theorem 4.1, Lemma 4.4, Lemma 4.1 and the
triangle inequality.
Combine Theorem 4.2, Lemma 4.3 and Lemma 4.1 to prove Theorem 3.3.

Remark. From the proof of Theorems 3.2-3.3, it is clear that we can choose u,(0) as the
L? projection of ug into Sy, defined by (2.3) instead of the elliptic projection Rpuqy or Ritz-
Volterra projection Wjuy. Note that the result presented in Theorems 3.1-3.3 are optimal
with respect to the approximation property as well as the regularity of the solution.
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