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Abstract

In generalrelativity, the Einsteinequationscanbe written in many ways into a systemof
hyperbolicequationsanda setof constraint equations.Oneof themostchallengingquestions
in this area is how to specify the boundaryconditionssuch that the constraints will be
preserved. As a modelproblem,weconsidera systemof waveequationswith divergencefree
constraints,andgivebothhomogeneousandin-homogeneousconstraintspreservingboundary
conditions.Numericalresultswith discontinuousGalerkinmethod show that divergencefree
conditionsareindeedpreservedundertheseboundaryconditions.Wealsoprovidenumerical
resultsfor the constraints preservingboundaryconditionsof the linearizedEinstein-Christo®
formulation of the Einsteinequations.

Constrainted wave equations

Consideringn independent wave equationswith divergencefreeconstraints:
8
<

:

Äwi = ¢ wi ; i = 1; : : : ; n; (x; t) 2 Rn £ R+ ;
wi (x; 0) = w0

i (x); i = 1; : : : ; n; x 2 Rn;
div w(x; t) = 0; (x; t) 2 Rn £ R+ :

(1)

Let uij = @wi=@x j andvi = _wi ; i; j = 1; : : : ; n.

_wi = vi _uij = @j vi _vi = @j uij : (2)

Constraints:
@iuij = 0; j = 1; : : : ; n @ivi = 0: (3)

For the constraints @ivi = 0, let C = @ivi ,

ÄC = ¢ C: (4)

Soif the constraints aresatis¯edat the initial time t = 0, thenC(x; 0) = @ivi (x; 0) = 0 and
_C(x; 0) = @j @iuij (x; 0) = 0, which impliesC(x; t) ´ 0. This shows that if the divergence

freeconstraints (3) aresatis¯edat the initial time, they will be satis¯edall the time.
Homogeneous constrain ts preserving BC in 2-D: Suppose­ is a polygondomain
in R2.

ninj uij = sivi = 0;

where,ni and si are the unit exteriornormaland tangential vectorson the boundary, re-
spectively.
Proof. Let C = @ivi , then ÄC = ¢ C. C(0) = _C(0) = 0 by assumption.
On the boundary

@ivi = ±ij @j vi = ninj @j vi + sisj @j vi = (ninj uij ): + sj @j (s
ivi ) = 0:

SoC ´ 0.
Inhomogeneous constrain ts preserving BC in 2-D:

ninj uij = ninj Áij ; sivi = si ¹ i ;

where,Áij and¹ i aregivenfunctionswhich satisfythe constraints

@iÁij = 0; j = 1; : : : ; n @i ¹ i = 0;

and _Áij = @j ¹ i .

Numericalresults{homogeneousboundaryconditions

Diric hlet BC

Divergencesof u:;1, u:;2 andv. Top: t = 0;

Middle: t = 0:2; Bottom: t = 1:0.

Constrain ts preserving BC

Divergencesof u:;1 u:;2 andv. Top: t = 0;

Middle: t = 0:2; Bottom: t = 1:0.
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Changesof kr ¢uk¤;h andkr ¢vk¤;h over t 2 [0; 1]. Left: Dirichlet BC; Right: CP-BC.

Numericalresults{inhomogeneousboundaryconditions

Diric hlet BC

Divergencesof u:;1, u:;2 andv. Top: t = 0;

Middle: t = 0:2; Bottom: t = 1:0.

Constrain ts preserving BC

Divergencesof u:;1 u:;2 andv. Top: t = 0;

Middle: t = 0:2; Bottom: t = 1:0.
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Changesof kr ¢uk¤;h andkr ¢vk¤;h over t 2 [0; 1]. Left: Dirichlet BC; Right: CP-BC.

LinearizedEinstein-Christo®formulation of the Einsteinequations

The system:

@t° ij = ¡ 2· ij + @i ¯ j + @j ¯ i ;

@t· ij = ¡ @kf kij ¡ @i@j ®; (5)
@tf kij = ¡ @k· ij + Lkij :

where,° ij arethe spatialmetric,· ij arethe extrinsiccurvaturesand

f kij =
1
2

³
@k° ij ¡ (@l° l i ¡ @i°

l
l )±j k ¡ (@l° l j ¡ @j °

l
l )±ik

´

Lkij = @k@(i ¯ j ) ¡ @l@[l¯ i ]±j k ¡ @l@[l¯ j ]±ik :

The constrain ts:

C := @j (@l° l j ¡ @j °
l
l ) = 0; Cj := @l · l j ¡ @j ·

l
l = 0:

Suppose­ is a polyhedraldomainin R3. Let ni be the exteriorunit normalvectorof @­
andmi andl i be the unit tangential vectorswhich form an orthonormalbasiswith n i .
Constrain ts preserving Boundary conditions (Arnold-T arfulea[1])

nimi · ij = ni l j · ij = nkninj f kij = nkmimj f kij = nkl i l j f kij = nkmi l j f kij = 0:

Measuremen t of the Momen tum constrain ts:

kCik¤;h =
X

k2K

Z

k
j@l · l i ¡ @i ·

l
l jdx +

X

e2E

Z

e
j[· l in

l ¡ · l
lni ]jds:

Numericalresults

Diric hlet boundary
conditions

100 200 300 400 500 600
0

0.5

1

x 10
-4

||C
1
||

*,h
||C

2
||

*,h
||C

3
||

*,h

Constrain ts preserving
boundary conditions
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Changesof the momentum constraints over time t 2 [0; 1]
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