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Abstract

In generakelativity, the Einsteinequationscan be written in mary ways into a systemof
hyperholicequationgnda setof constraim equations Oneof the mostchallengingjuestions
In this areais how to specify the boundary conditionssud that the constraits will be
presered. As a model problem we consider systemof wave equationsvith divergencdree
constraims, andgive both homogeneowndin-homogeneousnstraims preservingpoundary
conditions.Numericakesultswith discominuousGalerkinmethal shav that divergencdree
conditionsareindeedbreseredundertheseboundaryconditions.We alsoprovide numerical
resultsfor the constraims preservingoundaryconditionsof the linearizeceinstein-Christo®
formulation of the Einsteinequations.

Constraited wave equations

Consideringy independen wave equationswith divergencdreeconstrains:
8 iy
< WA = Cw;; 1=
wi(x; 0) = WP(x); i =
div w(x;t) = 0

x 2 R";
(x;t) 2 R"E R*:

Letu; = @vi=@; andv; =

Constrains:
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Diric hlet BC

Constrain ts preserving BC

Divergencesfu..1, u., andv. Top:t = 0O;
Middle: t = 0:2; Bottom: t = 1:0.

Divergencesfu..; u.., andv. Top:t = 0;
Middle: t = 0:2; Bottom: t = 1:0.
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Change®fkr Cuk.n andkr ¢vk., overt 2 [0; 1]. Left: Dirichlet BC; Right: CP-BC.
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For the constraiits @v; = 0,let C = @v;,

A= ¢ C: (4)

Soif the constraits aresatis edat theinitial timet = 0, thenC(x; 0) = @v;(x; 0) = O and
C(x; 0) = @@ujj (x; 0) = 0, which impliesC(x;t) ~ 0. This shavsthat if the divergence
freeconstraiis (3) aresatis edat the initial time, they will be satis edall the time.
Homogeneous constrain ts preserving BC in 2-D: Suppse- is a polygondomain
in R?. o |

n'nluj =s'vi = 0;
where,n' ands' arethe unit exteriornormaland tangenial vectorson the boundary re-
spectiwely. | )
Proof. Let C = @v;, then@= ¢ C. C(0) = C(0) = 0 by assumption.
On the boundary

bvi = £ @v; = n'nl @v; + '9 @v = (n'nluj ) + § @(s'vi) = O

SoC "~ 0.
Inhomogeneous constrain ts preserving BC in 2-D:

n'n/ uj = nininj © sy = gl
whereAij and?!; aregivenfunctionswhid satisfythe constraiis

andA; = @ .

LinearizecEinstein-Christo@rnulation of the Einsteinequations

The system:

@y =i2j+@;+@ i;
@ ij =i @fkij i Q@O®
@ij = i @Q-jj + Ljj:

where’j; arethe spatialmetric, - j arethe extrinsiccunaturesand

f kij ‘% @i i (@i | @ﬂ')#ki (@°|ji @° )4k

Lkij = Q@ )i @@_i]qki @@_j]ﬁk:
The constrain ts:
C=@@i @)=0 C:=@i @,=0

Supmse- Is a polyhedraldomainin R3. Let n' be the exteriorunit normalvectorof @
andm' and!l' be the unit tangenial vectorswhich form an orthonormalbasiswith n'.
Constrain ts preserving Boundary conditions (Arnold-T arfulea[l])

nimi-ij = nilj-ij = kninjfkij = nkmimjfkij = nkliljfkij = ﬂkmi|jfkij = 0O

Measuremen t of the Momen tum constrain ts:
X < X <
k2K

i[-in' - Injlids:
e? E €

kj@' i @ deX+

Preser ving Bound
Equations

ary Conditions
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Diric hlet BC Constrain ts preserving BC

Divergencesfu.., u., andv. Top:t = 0O;
Middle: t = 0:2; Bottom: t = 1:0.

Divergencesfu., u.., andv. Top:t = 0O;
Middle: t = 0:2; Bottom: t = 1:0.
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