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Model Under Risk Neutral
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a large: Y; fast mean reverting on time scale 1/a << 1
§ small: Z; slow varying on time scale 1/§ >> 1

Ar and Ag: market prices of volatility risk

p1| < 1,|pa| < 1,|p1a] < v/1 — p3: correlation coefficients



Options

European Options:
P(t, S, Y, Z,) = IE* Téﬁlamai | myxxmﬁw
Asian Call Options (fixed or floating strike):
P, = B {7 T (Ar - KiSr - K)T | Fi

e Arithmetic Average Asian Option (AAO)

A \ Sidt

e Geometric Average Asian Option (GAO)
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More general sampling functions: dt — dA(t)
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European Monte Carlo

The price P(t,x,y, z) of an European option at time ¢ is given by
P(t,v) = IE* ?L@&Emi 'V, = &

A basic Monte Carlo approximation is based on calculating the

sample mean

N
1
P(t,z,y,2) ~ ~ Mmllﬂlsmﬁrm‘%ﬂvv
k=1

over N independent realizations of V' starting at time ¢ from wv.



Importance Sampling

Introduce the martingale

t 1 [t
Q: = exp A\ h(s,Vs)dns + m\ __imuﬁv__w&mv
0 0

and define a new probability IP equivalent to IP* by

~

dIP
dIP*

= Q)"

By Girsanov Theorem, under this new measure IP, the process

[
= §+\ h(s,Vs)ds
0

is a standard Brownian motion.



Monte Carlo under P

P(t,v) = IE Tl%?smaieq 'V = &

where
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Or — exp \ im;\%&ﬁm\ 1h(s, V2)|[2ds
O O

and the dynamics of our model becomes
aVy = {b(t, Vi) —a(t, Vi)h(t, Vi) } dt + a(t, V)di

where 1; is a standard Brownian motion.
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Choice of h
Applying Ito’s formula to P(t, V;)Q: —

T
HVpr)Qr = P(t,v) +\ Qs(a' Vo, P+ Ph)(s,Vs)dis

Variance of the payoft H(Vr)Qr

~

T
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Indeed, if the quantity P to be computed was known, one could

obtain a zero variance by choosing

1
h = |MAQ\\ QGNuv

Our strategy is to use approximations to the exact value P.



Pricing Equation
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European Options Approximations

Combination of singular and regular perturbations —
_ JPps 0*Pgs
POt ~ Pgs(t,x; T T—t) (Vg + Wz
Au&.f@qu wwAuuﬁ “Q.VITA vA 0 o @&@Q.
@wwmm 0 @wwmm
T — € _.2 < 2
+ 2 Aﬁ Ox2 HRCE ox A& Ox? vv

Leading order Black-Scholes price Pgs(t,x;5(z)):

hmmAqAvaWmm =0
Pps(T,x;0(2)) = H(x)

at the z-dependent effective volatility & (z):
7(2) = (f(2)

where the brackets denote the average with respect to the
invariant distribution N'(my,v%).
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The small parameters (V,V?, Vs, Vs) are given by

Vo =— (As)T S% — P2 tm\quvq\

- Up/E ¢ - SJ\WAWV
s|/\mAE v Vs ==n=7\'3,

o =do/dz, and ¢(y, z) is a solution of the Poisson equation

Lop(y,z) = [*(y,2) —5°(2).

Accuracy:
e Smooth payoffs:  error = O(e + 9)
e Calls (kinks): error = O(elog|e| + 9)

e Digitals (jumps): error = O(e?/3log || + 9)
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Corrections Equations
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Computation of h using Pgg only
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where we have used that Pgg does not depend on y.

The Vega is given by Eumm =avVT —tN'(di(z, 2)).
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Computation of h using P = Pgg + P§ + P?

5 1 5
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where we have used again that P does not depend on y, and
neglected terms of higher order.
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Numerical Results (European Calls)

ro | my | ms | vp | Vs | p1 | p2 | pi2 | Af | As | fly,2)
10% | -0.8 | -0.8 | 0508 [-02]-02] 0 | 0 | 0 | exp(y+ 2)

$So | Yo | Zo | $K | T years

515) -1 50 1
o 0 pMc Pgs P P'%(Pgg) PIS(P)
100 | 0.01 | .02411 (10.93) | 10.779 | 11.069 | .00400 (11.13) | .00099 (11.03)
50 | 0.05 | .02299 (11.03) | 10.779 | 11.208 | .00070 (11.03) | .00070 (10.99)
20 | 0.1 | .02260 (11.09) | 10.779 | 11.449 | .00216 (11.09) | .00128 (11.00)
5 1 |.03274 (11.50) | 10.779 | 12.20 | .00384 (12.03) | .00243 (11.60)

5000 realizations ( Euler scheme with time step At = 0.005).
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Two-Step Variance Reduction for Asian Options

T +
P(t,S,. Y, Z,,I,) = IE*{e T A%|B$|NV 1S, Y, Zy, I,

where [; = «\m Sudu (or dI; = Sidt).
Basic monte Carlo for AAQO’s

—r(T—t) N NQAV +

N2 $|B&@|N
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P ~ pMc_°

e Unlike the case of European options, the approximated prices
of AAOs do not have close-form solutions (F-Han 2003).

e Importance sampling using approximated AAQO prices
requires numerical PDE solutions = not efficient.

e — two-step variance reduction strategy by combining
control variates and importance sampling.
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Control Variates for Arithmetic Average Asian Options

e Constant volatility: Boyle-Broadie-Glasserman proposed a
variance reduction method for AAOs based on using GAOs as

control variates:
PSY = PMC L A\PYC - Pg)
e P is the unbiased Monte Carlo estimator of the GAO price
computed using the same run as for P41¢.

e The company price Pg, i.e. the counterpart geometric average

Asian option, has an analytic solution.

e The parameter A is chosen to minimize the sample variance.

For Asian options, A is often chosen equal to -1.
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Two-Step Strategy in the Stochastic Volatility Case
e Implement GAOs control variates.
e No close-form solutions for GAOs.

e Evaluate GAOs by Monte Carlo using the importance
sampling variance reduction technique presented and tested in
the European options case.

L +
NUQ@“S“N&V = E* mli%l& Amum@ A%v — Nﬂu%ﬂ — Nm‘v _ a\?hﬁ

where V; = (5;,Y:, Z;) , and the running sum process (L;) is given
by

&N\w — In r@w dt
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Approximate GAOs Prices (fixed strike case K; = 0)

—~——

Pq(t,x,y,z,L) ~ Pqg(t,x,z,L)

where
P P _vO(T — V2 OFy " + V(T —t) OBy

= — — —t)x

< 0 0 do ! dxdo
VE(T—t)20R)™ L (V5 -V (T 1) 0> Py VBT - 93 PJ*
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The leading order term is the homogenized “Black-Scholes ” price:
: L—tl
P (t,2,Lio) = exp ( E 4t R) N i) = Ke 00N da)
opl"™ T —¢_ L9*PI"™ T —t_ 9P
= ox — ox
Oo 3 x> 6 ox

with formulas for R(¢,T, z), di(x, 2z, L) and ds(x, z, L).
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Computation of hg

Approximate the “perfect” hg

DQA.F.&“ Y, <, N\v —

by approximating Pg(t,x,y, 2, L) by m)umu@u x,z,L)

wﬂm@vﬁw“hv —
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Importance Sampling (GAOs Monte Carlo

ro | my | ms | vr Vs | p1 | p2 | pr2 | A | As | f(y,2)

10% | -0.8|-06 07| 1 ]-02]-02| 0 0 0 | exp(y + 2)

$So | Yo | Zo | Lo | $K | T years

a | 9§ PAe PL5(Pg)
100 | 0.05 | 0.048341 (7.97) | 0.006334 (7.76)
75 0.1 | 0.043363 (7.57) | 0.007707 (7.46)
50 0.5 | 0.051290 (7.45 0.009676 (7.17)
( (6.96)

25 1 0.0568433 (7.31) | 0.014814 (6.96

)
)
)
)
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AAQOs Monte Carlo by C.V. GAOs and I.S.

9 T [N T 3 L
\/\‘f \\ pENm N ~m o/ (/é P
8 | B
"
n
I
7F _:_ i
I
Al
I
6 | B
I
I
[%] | .
o 5L — — basic Monte Carlo |
5 ;\ —— Control Variates with importance sampling
fi
" 1
4 f
f
I
3 .
I
[
|
2 B
H 1 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Number of realizations

PV = PMC_q Aw%o - wmmAWmvv with @ = 75 and 6 = 0.1
Variance reduced from (1.5411)10~% to (1.6201)10~ ¢ with
respective sample means 8.4604 and 8.4965 (At = 0.005, N = 5000).
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