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Ĉ

j
iV

,1
ˆ +

b
iV

,1
ˆ +



18

M
or

e 
on

 W
ei

gh
ts

Sp
ec

ia
l f

or
m

 o
f r

eg
re

ss
io

n 
w

ei
gh

ts
 a

llo
w

s 
fa

st
 c

al
c.

bi
g 

ad
va

nt
ag

e

R
eq

ui
re

s 
lit

tle
 to

 g
et

 s
om
e

pr
ic

e

b
K

bK
O

X
C

b
O

V

W

X
B

X
C

ij
ij

b k
k

i

i jk

ik
ij

ij
b

<<
=

==
∑ =

+
−

ψ
ψ

β

ψ
ψ

ψ

 
di

m
  

  
   

   
   

 
),

(
),

(
'

ˆ

)
(

,
ˆ )

(
)'

(
ˆ

2

1
,1

1
1

4
4

4
3

44
4

2
1



19

M
or

e 
on

 W
ei

gh
ts

•
R

eg
re

ss
io

n 
w

ei
gh

ts
 ig

no
re

 s
pa

ci
ng

 t i
+1

-t i
•

W
ei

gh
ts

 c
an

 b
e 

su
rp

ris
in

g

R
eg

W
ei

gh
ts

 
(5

 p
ol

yn
om

ia
ls

)
LR

 W
ei

gh
ts



20

C
on

ve
rg

en
ce

•
C

on
ve

rg
en

ce
 o

f r
eg

re
ss

io
n-

ba
se

d 
m

et
ho

ds
 re

qu
ire

s 
in

cr
ea

se
 in

 K
as

 w
el

l a
s 

b 
•

C
lé

m
en

t, 
La

m
be

rto
n,

 P
ro

tte
r(

20
02

) p
ro

ve
 c

on
ve

rg
en

ce
 

of
 L

-S
 m

et
ho

d 
as

 fi
rs

t b
th

en
 K

 in
cr

ea
se

•
W

ha
t a

bo
ut

 ra
te

 a
s 

bo
th

 in
cr

ea
se

 to
ge

th
er

?
•

W
e 

co
ns

id
er

 (j
oi

nt
 w

or
k 

w
ith

 B
in

 Y
u)

–
Br

ow
ni

an
 m

ot
io

n,
 g

eo
m

et
ric

 B
ro

w
ni

an
 m

ot
io

n
–

po
ly

no
m

ia
l ψ

–
w

or
st

-c
as

e 
co

nv
er

ge
nc

e
–

si
ng

le
-p

er
io

d 
an

d 
m

ul
tip

le
 p

er
io

ds



21

Fo
rm

ul
at

io
n:

 S
in

gl
e-

Pe
rio

d 
B

ro
w

ni
an

 C
as

e

•
D

at
es

 t 1
 <

 t 2
•

H
er

m
ite

po
ly

no
m

ia
ls

   
   

   
   

   
   

   
   

   
   

   
   

no
rm

al
iz

ed
 s

o 
   

   
   

   
   

   
   

   
   

 m
ak

es
 

•
D

ow
ns

tre
am

 v
al

ue
 s

pa
nn

ed
: 

•
C

rit
er

io
n:

K
k

t
X

k
,..

.,
1,0

))
,

(
(

1
=

ψ
,1

))
]

(
(

[
1

2
=

t
X

E
k

ψ
I

B
=

ψ

∑∑ ==

==

K k
k

k

K k
k

k

t
X

t
X

Y
E

t
X

a
Y

0
1

1

0
2

))
(

(
)]

(
|

[

))
(

(

ψ
β

ψ

∫
∑

−
=

=
dx

x
x

x
k

k
)

(
)]

(
'

)
(

'ˆ
[

]
ˆ

[
)ˆ

(
2 φ

ψ
β

ψ
β

β
β

Va
r

M
SE



22

Th
eo

re
m

(
)

)'1,0
,..

.,
0(

)ˆ
(

su
p

lim

0
,

/
lo

g
)

1(

0
)ˆ

(
su

p
lim

0
,

/
lo

g
)

1(

;
/

2
lo

g
2

1
||

||

1
||

||

1
2

=

∞
=

>
+

=

=

>
−

=

=
+

=

=
∞

→

=
∞

→

ββ

δ
δ

β

δ
δ

ββ

 
at 

at
ta

in
ed

 
ca

se
 

W
or

st

M
SE

 
so

m
e

 
fo

r
 

 If

M
SE

 
so

m
e

 
fo

r
 

 If

pa
th

s
 #

   
   

  
  

Le
t

N

N

N

N

c
N

K

c
N

K

N
t

t
c



23

Es
tim

at
ed

 M
SE

N
50

0
10

00
20

00
40

00
80

00
16

00
0

32
00

0
64

00
0

12
80

00
K

=1
  

  
0.

01
  

 0
.0

1
  

 0
.0

1 
  

0.
01

  
 0

.0
1

  
 0

.0
1
  

 0
.0

1
  

 0
.0

1
  

 0
.0

1
2
  

  
0.

08
  

 0
.0

4
  

 0
.0

2 
  

0.
01

  
 0

.0
1

  
 0

.0
1
  

 0
.0

1
  

 0
.0

1
  

 0
.0

1
3
  

  
1.

67
  

 0
.3

1
  

 0
.1

7 
  

0.
08

  
 0

.0
4

  
 0

.0
2
  

 0
.0

1
  

 0
.0

1
  

 0
.0

1
4
  

  
5.

6
  

 3
.0

  
 1

.6
  

 1
.7

3
  

 0
.3

6
  

 0
.1

8
  

 0
.0

9
  

 0
.0

5
  

 0
.0

2
5
  

 5
2.

7
  

23
.4

  
13

.5
  

 6
.0

  
 3

.1
  

 1
.5

  
 0

.8
  

 1
.4

  
 0

.2
6
  

42
7.

2
 1

55
.7

  
93

.3
  

38
.4

  
24

.0
  

10
.8

  
 6

.2
  

 3
.1

  
 1

.5
7
 2

40
3

12
02

 6
00

.8
 3

00
.4

 1
50

.2
  

75
.1

  
37

.5
  

18
.8

  
 9

.4
8
11

44
7

57
23

28
62

14
31

 7
15

.4
 3

57
.7

 1
78

.9
  

89
.4

  
44

.7
9

98
56

49
28

24
64

12
32

 6
16

 3
08

 1
54

10
61

09
30

54
15

27
 7

64
 3

81
11

28
10

14
05

 7
02

12
10

23
B

ou
nd

2.
5

2.
8

3.
1

3.
4

3.
7

3.
9

4.
2

4.
5

4.
8



24

Th
eo

re
m

: L
og

no
rm

al
 C

as
e

))
(e

xp
(

)ˆ
(

su
p

lim

0
,

3
lo

g
)

1(

0
)ˆ

(
su

p
lim

0
,

5
lo

g
)

1(

)
(

)
),

(
(

2

1
||

||

2
1

1
||

||

2
1

2/
2 K

O
N

t
t

N
K

t
t

N
K

e
t

X
t

t
X

N

N

N

N

t
k

k
k

=

∞
=

>
+

+
=

=

>
+

−
=

=

=
∞

→

=
∞

→

−

 
ne

ed
 

i.e
.,

M
SE

 
so

m
e

 
fo

r
 

 If

M
SE

 
so

m
e

 
fo

r
 

 If

β

δ
δ

β

δ
δ

ψ

ββ



25

M
ul

tip
er

io
d

R
es

ul
ts

•
In

de
pe

nd
en

t p
at

hs
 a

t e
ac

h 
st

ep
 (f

or
 tr

ac
ta

bi
lit

y)
•

“S
pa

nn
in

g”
 a

ss
um

pt
io

n 
no

t p
re

se
rv

ed
 b

y 
ba

ck
w

ar
d 

in
du

ct
io

n
•

W
e 

as
su

m
e 

•
G

et
 g

en
er

al
 b

ou
nd

 o
n 

er
ro

r

•
Si

ng
le

-p
er

io
d 

ra
te

s 
su

ffi
ci

en
t f

or
 c

on
ve

rg
en

ce
 o

f 
m

ul
tip

er
io

d
pr

ob
le

m
 

]
)

(
[

)
/

(
)]

(
[

4
2

1
4

n
nK

K
n

n
n

n
X

E
t

t
X

h
E

ψ
−

≤

 
 

−
2

ˆ n
n

C
C

E



26

C
om

m
en

ts

•
N

o 
fre

e 
lu

nc
h

•
Ju

st
 p

ol
yn

om
ia

ls
? 

 N
eg

at
iv

e 
ra

te
 d

et
er

m
in

ed
 b

y 
"c

o-
ku

rto
si

s"

N
um

er
ic

al
ly

 fi
nd

 e
xp

on
en

tia
l g

ro
w

th
 fo

r s
om

e 
bo

un
de

d 
fa

m
ilie

s
•

H
ow

 re
le

va
nt

 is
 w

or
st

 c
as

e?
•

Eg
lo

ff
(2

00
3)

 g
et

s 
m

or
e 

po
si

tiv
e 

co
nc

lu
si

on
 w

ith
 b

ou
nd

s 
ba

se
d 

on
 V

C
-d

im
en

si
on

 (f
or

 b
ou

nd
ed

 p
ay

of
fs

)

2
1

1
2

2

2
1

1
2

2
2

)]
)

),
(

(
)

),
(

(
[

(
]

)
),

(
(

)
),

(
(

[
t

t
X

t
t

X
E

t
t

X
t

t
X

E
K

K

K
K

ψ
ψ

ψ
ψ



27

C
on

cl
ud

in
g 

R
em

ar
ks

•
Se

ve
ra

l t
ec

hn
iq

ue
s 

tu
rn

 o
ut

 to
 b

e 
cl

os
el

y 
re

la
te

d
•

D
iff

er
 in

–
ch

oi
ce

 o
f w

ei
gh

ts
–

co
m

bi
na

tio
ns

 o
f h

ig
h-

an
d 

lo
w

-b
ia

s 
el

em
en

ts
•

O
th

er
 s

tra
te

gi
es

 fo
r c

ho
os

in
g 

w
ei

gh
ts

?
•

D
ua

l f
or

m
ul

at
io

n 
(H

au
gh

-K
og

an
20

01
,R

og
er

s 
20

01
)

–
m

in
im

iz
in

g 
ov

er
 m

ar
tin

ga
le

s 
in

st
ea

d 
of

 m
ax

im
iz

in
g 

ov
er

 
st

op
pi

ng
 ti

m
es

–
co

m
bi

ne
 w

ith
 a

ny
 s

ub
op

tim
al

 p
ol

ic
y 

to
 g

et
 b

ou
nd

s
–

w
he

n 
re

gr
es

si
on

 is
 v

al
id

, r
es

id
ua

ls
 g

iv
e 

op
tim

al
 m

ar
tin

ga
le

–
"H

ig
h"

 e
st

im
at

e 
ha

s 
sa

m
e 

fo
rm

 a
s 

du
al

•
Lo

ts
 o

f q
ue

st
io

ns
 a

bo
ut

 c
on

ve
rg

en
ce

 re
m

ai
n 

op
en



28

D
ua

l F
or

m
ul

at
io

n

H
au

gh
& 

Ko
ga

n
(2

00
1)

, R
og

er
s 

(2
00

1)
Fo

r a
ny

 m
ar

tin
ga

le
 0

=
M

0,M
1,…

,M
m

Eq
ua

lit
y 

if 
M

is
 th

e 
m

ar
tin

ga
le

 p
ar

t o
f V

(in
 th

e 
se

ns
e 

of
 

D
oo

b-
M

ey
er

 d
ec

om
po

si
tio

n)
An

de
rs

en
-B

ro
ad

ie
(2

00
1)

:  
G

iv
en

 a
ny

 s
to

pp
in

g 
ru

le
, u

se
 

m
ar

tin
ga

le
 p

ar
t o

f (
su

bo
pt

im
al

) v
al

ue
; t

hi
s 

gi
ve

s 
up

pe
r b

ou
nd

 to
 a

cc
om

pa
ny

 lo
w

 e
st

im
at

e

Is
 th

is
 u

pp
er

 b
ou

nd
 re

la
te

d 
to

 o
th

er
 m

et
ho

ds
?

{
}

[
]

k
k

k
m

k
M

X
h

E
X

V
−

≤
≤

≤
)

(
m

ax
)

(
0

0
0



29

M
or

e 
on

 D
ua

lit
y

•
If 

th
e 

re
gr

es
si

on
 is

 v
al

id
 in

 th
e 

se
ns

e 
th

at

th
en

 re
si

du
al

s 
de

fin
e 

th
e 

op
tim

al
 m

ar
tin

ga
le

D
ua

l i
s 

th
e 

hi
gh

 e
st

im
at

or
•

Ev
er

y 
hi

gh
 e

st
im

at
or

 c
an

 b
e 

w
rit

te
n 

as

th
es

e 
m

ay
 n

ot
 b

e 
m

ar
tin

ga
le

 d
iff

er
en

ce
s

0
]

|
[

,
)

(
'

)
(

1
1

1
1

=
+

=
+

+
+

+
i

i
i

i
i

i
X

E
X

X
V

ε
ε

ψ
β

   
   

 

i
i

M
ε

ε
ε

+
+

+
=

L
2

1

)
(

ˆ
)

(
ˆ

,
)

(
m

ax
1

1
1

1
0

i
i

i
i

i

k i
i

k
k

m
k

X
C

X
V

X
h

−
=




−

+
+

+
=

≤
≤

∑
ε

ε


	Monte Carlo Methods for American Options:Overview and New Results
	Pricing American Options
	Monte Carlo for American Options:A Circle of Ideas
	Formulation
	Dynamic Programming
	Stochastic Mesh
	Weighted Backward Induction
	High Bias
	Low Bias:  Mesh-Defined Stopping Rule
	Interval Estimate
	Choice of Weights
	Weights Through Calibration
	Weights Through Calibration
	Weights Through Calibration
	Regression-Based Methods
	Regression-Implied Mesh Weights
	Backward Induction
	More on Weights
	More on Weights
	Convergence
	Formulation: Single-Period Brownian Case
	Theorem
	Theorem: Lognormal Case
	Multiperiod Results
	Comments
	Concluding Remarks
	Dual Formulation
	More on Duality

