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Abstract

Although the study of market equilibria has occupied
center stage within Mathematical Economics for over a cen-
tury, polynomial time algorithms for such questions have so
far evaded researchers. We provide the first such algorithm
for the linear version of a problem defined by Irving Fisher
in 1891. Our algorithm is modeled after Kuhn’s primal-
dual algorithm for bipartite matching.

1 Introduction

We present the first polynomial time algorithm for the
linear version of an old problem, first defined in 1891 by
Irving Fisher [3]: Consider a market consisting of buyers
and divisible goods. The money possessed by buyers and
the amount of each good are specified. Also specified are
utility functions of buyers, which are assumed to be linear
(Fisher’s original statement assumed concave utility func-
tions). The problem is to compute prices for the goods such
that even if each buyer is made optimally happy, relative to
these prices, there is no deficiency or surplus of any of the
goods, i.e. the market clears.

Besides defining the problem, Fisher considered the is-
sue of computability of equilibrium prices and built a re-
markable hydraulic apparatus for this purpose (see [3] for a
description)®. Fisher’s work was done contemporarily and
independently of Walras’ pioneering work [16] on model-
ing market equilibria. Through the ensuing years, the study
of market equilibria has occupied center stage within Math-
ematical Economics. Its crowning achievement came with
the work of Arrow and Debreu [2] which established the
existence of equilibrium prices in a very general setting,
through the use of Kakutani’s fixed point theorem. The
First Welfare Theorem, showing Pareto optimality of allo-

*College of Computing, Georgia Institute of Technology. This work
was done while visiting U.C. Berkeley and ICSI Berkeley. Email: {nikhil,
saberi, vazirani} @cc.gatech.edu.

fComputer Science Department, U. C. Berkeley. Email: chris-
tos@cs.berkeley.edu.

1In a sense, Fisher was not entirely off mark — our algorithm reduces
the problem to flow computations!

cations obtained at equilibrium prices, provides important
social justification for this theory.

The highly non-constructive nature of Arrow and De-
breu’s proof naturally raised questions of efficient com-
putability of equilibrium prices.  Despite impressive
progress on this issue, e.g., Scarf’s work [13], which has
been useful in many applications [4], polynomial time al-
gorithms have evaded researchers, even for the case of lin-
ear utility functions. The latter question was raised recently
in [5], which gives polynomial time algorithms if the num-
ber of goods or agents is bounded. Complexity-theoretic
aspects of these issues were studied in [12].

For the case of linear utilities, it is natural to seek an
algorithmic answer in the theory of linear programming.
However, there does not seem to be any linear program-
ming formulation for this problem. The main contribution
of this paper is to point out that a suitable adaptation of the
primal-dual schema yields a solution to Fisher’s problem.

Our algorithm is modeled after Kuhn’s primal-dual al-
gorithm for the bipartite matching problem [11]. At the
heart of the primal-dual schema lies the following power-
ful paradigm: the algorithm starts with trivial solutions to
the primal and dual LP’s corresponding to the given prob-
lem and alternately improves these solutions until a termi-
nation criterion is met (see [15] for a detailed discussion);
the current primal suggests how to improve the dual, and
vice versa. We identify two processes: the “primal process”
updates the amount of each good sold to each buyer and the
“dual process” updates prices of goods. Throughout the al-
gorithm the prices are such that buyers have surplus money
left over. Each update decreases this surplus, and when it
vanishes, the prices are right for the market to clear exactly.
Our proof of correctness involves new combinatorial facts:
understanding how the min-cut changes in a network de-
rived from a bipartite graph as the capacities of its source
edges are increased.

Prior to this work, [8] had used the above-stated
paradigm, of two processes making improvements relative
to each other, outside of the setting of linear programming.
This naturally raises the question of whether there is a for-
mal mathematical framework in which such “primal-dual-
type” algorithms can be set. The analogous setting for
primal-dual algorithms is of course the theory of LP-duality.



2 Problem

Consider a market consisting of a set B of buyers and a
set A of divisible goods. Assume |[A| = n and |B| = n'.
We are given for each buyer i the amount e; of money she
possesses and for each good j the amount b; of this good.
In addition, we are given the utility functions of the buyers.
Our critical assumption is that these functions are linear.
Let u;; denote the utility derived by ¢ on obtaining a unit
amount of good j. Given prices py, .. ., p, Of the goods, it
is easy to compute baskets of goods (there could be many)
that make buyer i happiest. We will say that p,, ..., p, are
market clearing prices if after each buyer is assigned such a
basket, there is no surplus or deficiency of any of the goods.
Our problem is to compute such prices in polynomial time.

First observe that w.l.0.g. we may assume that each b; is
unit — by scaling the wu;;’s appropriately. The w;;’s and e;’s
are in general rational; by scaling appropriately, they may
be assumed to be integral. Now, it turns out that there is
a market clearing price iff each good has a potential buyer
(one who derives nonzero utility from this good). Moreover,
if there is a solution, it is unique [7, 6]. We assume that we
are in the latter case.

3 Highlevel idea of the algorithm

Let p = (p1,---,pn) denote a vector of prices. If at
these prices buyer ¢ is given good j, she derives u;;/p;
amount of utility per unit amount of money spent. Clearly,
she will be happiest with goods that maximize this ratio.
Define her bang per buck to be a; = max;{u;;/p;};
clearly, foreachi € B,j € A, a; > w;;/p;. If there are
several goods maximizing this ratio, she is equally happy
with any combination of these goods. This motivates defin-
ing the following bipartite graph, G. Its bipartitionis (A, B)
andfori € B,j € A (i,7) isan edge in G iff a; = u;;/p;.
We will call this graph the equality subgraph and its edges
the equality edges.

Any goods sold along the edges of the equality subgraph
will make buyers happiest, relative to the current prices.
Computing the largest amount of goods that can be sold in
this manner, without exceeding the budgets of buyers or the
amount of goods available (assumed unit for each good),
can be accomplished by computing max-flow in the follow-
ing network: Direct edges of G from A to B and assign a
capacity of infinity to all these edges. Introduce source ver-
tex s and a directed edge from s to each vertex j € A with
a capacity of p;. Introduce sink vertex ¢ and a directed edge
from each vertex ¢ € B to ¢ with a capacity of e;. The net-
work is clearly a function of the current prices p and will
be denoted N(p). The algorithm maintains the following
throughout:

Invariant: The prices p are such that (s,AUBUt) isa
min-cut in N (p).

The Invariant ensures that, at current prices, all goods
can be sold. The only eventuality is that buyers may be left
with surplus money. The algorithm raises prices system-
atically, always maintaining the Invariant, so that surplus
money with buyers keeps decreasing. When the surplus
vanishes, market clearing prices have been attained. This
is equivalent to the condition that (s U A U B,t) is also a
min-cut in N(p), i.e., max-flow in N(p) equals the total
amount of money possessed by the buyers.

Remark 1 With this setup, we can define our market equi-
librium problem as an optimization problem: find prices p
under which network N (p) supports maximum flow.

How do we pick prices so the Invariant holds at the start
of the algorithm? The following two conditions guarantee
this:

e Theinitial prices are low enough prices that each buyer
can afford all the goods. Fixing prices at 1/n suffices,
since the goods together cost one unit and all e;’s are
integral.

e Each good j has an interested buyer, i.e., has an edge
incident at it in the equality subgraph. Compute «; for
each buyer ¢ at the prices fixed in the previous step and
compute the equality subgraph. If good j has no edge
incident, reduce its price to

Uij
pj=maxq — .
i Q;

The iterative improvement steps follow the spirit of the
primal-dual schema: The “primal” variables are the flows in
the edges of N (p) and the “dual” variables are the current
prices. The current flow suggests how to improve the prices
and vice versa.

For S C B, define its money m(S) Y ieB €i-
W.r.t. prices p, for set S C A, define its money m(S) =
ZjeA p;; the context will clarify the price vector p. For
S C A, define its neighborhood in N (p)

T'(S) = {j € B|3i € Swith(i, j) € G}.

By the assumption that each good has a potential buyer,
T'(A) = B. The Invariant can now be more clearly stated.

Lemma?2 For given prices p network N(p) satisfies the
Invariant iff

VS C A:m(S) < m(T(9)).



Proof :  The forward direction is trivial, since under max-
flow (of value m(A)) every set S C A must be sending
m(S) amount of flow to its neighborhood.

Let’s prove the reverse direction. Assume (s U 4; U
B;, A;UB,Ut) isamin-cutin N (p), with A;, A» C Aand
By, Bs C B. The capacity of this cut is m(As) + m(By).
Now, I'(A;) C By, since otherwise the cut will have infinite
capacity. Moving A; and I"(A44) to the ¢ side also results in
a cut. By the condition stated in the Lemma, the capacity of
this cut is no larger than the previous one. Therefore this is
also a min-cut in N(p). Hence the Invariant holds.

If the Invariant holds, it is easy to see that there is a
unique maximal set S C A such that m(S) = m(T'(9)).
Say that this is the tight set w.r.t. prices p. Clearly the
prices of goods in the tight set cannot be increased with-
out violating the Invariant. Hence our algorithm only raises
prices of goods in the active subgraph consisting of the bi-
partition (A — S, B — T'(S)). We will say that the algo-
rithm freezes the subgraph (S,T'(.S)). Observe that in gen-
eral, the bipartite graph (S,T°(S)) may consist of several
connected components (w.r.t. equality edges). Let these be
(SlaTl)a LR (SkaTk)

Clearly, as soon as prices of goods in A — S are raised,
edges (i,7) withs € T'(S) and j € (A — S) will not re-
main in the equality subgraph anymore. We will assume
that these edges are dropped. Before proceeding further, we
must be sure that these changes do not violate the Invariant.
This follows from:

Lemma 3 If the Invariant holds and S C A is the tight set,
then each good j € (A — S) has an edge, in the equality
subgraph, to some buyer i € (B — T'(S)).

Proof :  Since the Invariant holds, j € (A — S) must
have an equality graph edge incident at it. If all such edges
are incidents at buyers in T'(S), then I'(S U j) = T'(S) and
therefore

m(S U j) >m(S) =m(T(S)) = m(T(S U j)).

This contradicts the fact that the Invariant holds.

We would like to raise prices of goods in the active sub-
graph in such a way that the equality edges in it are retained.
This is ensured by multiplying prices of all these goods by
x and gradually increasing z, starting with z = 1. To see
that this has the desired effect, observe that (7, j) and (z,1)
are both equality edges iff

bi _ i
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The algorithm raises z, starting with = 1, until one of
the following happens:

e Event 1. Aset R # () goes tight in the active subgraph.

e Event 2: Anedge (i, j) withi € (B—I'(S))andj € S
becomes an equality edge. (Observe that as prices of
goodsin A—S are increasing, goods in S are becoming
more and more desirable to buyers in B—T'(S), which
is the reason for this event.)

If Event 1 happens, we redefine the active subgraph to
be (A - (SUR),B —T(S U R)), and proceed with the
next iteration. Suppose Event 2 happens and that j € S;.
Because of the new equality edge (¢, ), I'(S;)) = T; U .
Therefore S; is not tight anymore. Hence we move (.S;, ;)
into the active subgraph.

To complete the algorithm, we simply need to compute
the smallest values of z at which Event 1 and Event 2 hap-
pen, and consider only the smaller of these. For Event 2,
this is straightforward. Below we build an algorithm for
Event 1.

4 Findingtight sets

Let p denote the current price vector (i.e. at z = 1).
We first present a lemma that describes how the min-cut
changes in N(z-p) as z increases. Throughout this section,
we will use the function m to denote money w.r.t. prices p.
W.l.o.g. assume that w.r.t. prices p the tight set in G is
empty (since we can always restrict attention to the active
subgraph, for the purposes of finding the next tight set). De-
fine

e g M)
p£scA m(S) ’
the value of z at which a nonempty set goes tight. Let S*
denote the tight set at prices z*-p. If (sUA; UB;, AoUBsU
t) is a cut in the network, we will assume that A;, 4, C A
and Bl, By - B.

Lemma4 W.r.t. prices z - p:
e ifz < z* then (s, AU B U ) is a min-cut.
e ifz > z* then (s, AUBU) is nota min-cut. Moreover,
if (sUA; UBy, Ay UByUt)isamin-cutin N(z - p)
then S* C A;.

Proof :  Suppose z < z*. By definition of z*,

VS C A:z-m(S) <m(T(9)).

Therefore by Lemma 2, w.r.t. prices z - p, the Invariant
holds. Hence (s, AU B U t) is a min-cut.

Next suppose that z > z*. Since z - m(S*) > z* -
m(S*) = m(T'(S*)), w.rt. prices z - p, the cut (s U S* U
I'(S*),t) has strictly smaller capacity than the cut (s U A U
B, t). Therefore the latter cannot be a min-cut.



Let S* N Ay = Ss and S* — Sy = S;. Suppose Sz # ().
Clearly T'(S;) C By (otherwise the cut will have infinite
capacity). If m(T'(S2) N By) < x - m(S2), then by mov-
ing Sz and I'(S») to the s side, we can get a smaller cut,
contradicting the minimality of the cut picked. In particu-
lar, if So = S*, then this inequality must hold, leading to a
contradiction. Hence, S; # 0. Furthermore,

m(D(S2) N By) > x-m(S2) > *m(S2).
On the other hand,
m(I'(S2) N B2) + m(I'(51)) < z*(m(S2) + m(S1))-

The two imply that

contradicting the definition of z*. Hence Sy = @) and S* C
A

Remark 5 A more complete statement for the first part of
Lemma 4, which is not essential for our purposes, is: If
z < z*, then (s, AUBUL) is the unique min-cutin N (z-p).
If z = x*, then the min-cuts are obtained by moving a bunch
of connected components of (S*,T'(S*)) to the s-side of the
cut (s, AUBU).

Lemma6 Letz = m(B)/m(A) and suppose that z > z*.
If (sUA; UB;y, Ay U By Ut) be amin-cutin N(z - p) then
A must be a proper subset of A.

Proof: If A; = A, then B; = B (otherwise this cut has
oo capacity), and (s U A U B, t) is a min-cut. But for the
chosen value of z, this cut has the same capacity as (s, A U
B Ut). Since x > z*, the latter is not a min-cut by Lemma
4. Hence, A, is a proper subset of A.

Lemma7 z* and S* can be found using n max-flow com-
putations.

Proof : Letxz = m(B)/m(A). Clearly, x > z*. If
(s,AU BUt) isamin-cutin N(z - p), then by Lemma 4
z* = z. Ifso, S* = A.

Otherwise, let (sU A; U By, A3 U By Ut) be a min-cutin
N(z - p). By Lemmas 4 and 6, S* C A; C A. Therefore,
it is sufficient to recurse on the smaller graph (41,T'(A1)).

5 Termination with market clearing prices

Let M be the total money possessed by the buyers and
let f be the max-flow computed in network N (p) at current
prices p. Thus M — f is the surplus money with the buyers.
Let us partition the running of the algorithm into phases,
each phase terminates with the occurrence of Event 1. Each
phase is partitioned into iterations which conclude with a
new edge entering the equality subgraph. We will show that
f must be proportional to the number of phases executed so
far, hence showing that the surplus must vanish in bounded
time.

LetU = maxieB,jeA{uij} and let A = nU™,

Lemma 8 Atthe termination of a phase, the prices of goods
in the newly tight set must be rational numbers with denom-
inator < A.

Proof :  Let S be the newly tight set and consider the
equality subgraph induced on the bipartition (S, T'(S)). As-
sume w.l.o.g. that this graph is connected (otherwise we
prove the lemma for each connected component of this
graph). Let j € S. Pick a subgraph in which j can reach
all other vertices j' € S. Clearly, at most 2|S| < 2n
edges suffice. If j reaches j' with a path of length 21, then
pj» = ap; /b where a and b are products of { utility param-
eters (u;’s) each. Since alternate edges of this path con-
tribute to @ and b, we can partition the wu;;’s in this sub-
graph into two sets such that a and b use u;;’s from dis-
tinct sets. These considerations lead easily to showing that
m(S) = pjc/d where ¢ < A. Now,

pj =m(I'(S))d/c,

hence proving the lemma.
Lemma 9 Each phase consists of at most n iterations.

Proof :  Each iteration brings goods from the tight set to
the active subgraph. Clearly this cannot happen more than
n times without a set going tight.

Lemma 10 Consider two phases P and P’, not necessarily
consecutive, such that good j lies in the newly tight sets at
the end of P as well as P’. Then the increase in the price of
4, going from P to P, is > 1/AZ.

Proof :  Let the prices of j at the end of P and P’ be p/q
and r/s, respectively. Clearly, r/s > p/q. By Lemma 8,
g < Aandr < A. Therefore the increase in price of j,

T p 1

- >
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Initialization:

VjeApj<«1/n; Vi€ B,o; < minju;/pj;

Compute equality subgraph G;

Vj € A if degree;(j) = 0 then p; < max; u;;/o;;

Recompute G;

(F,F') < (0,0) (The frozen subgraph); (H, H') + (A, B) (The active subgraph);

while H # () do

T+ 1;

Define Vj € H, price of j to be p;z;

Raise x continuously until one of two events happens:

if S C H becomes tight then
Move (S,T'(S)) from (H, H') to (F, F');

L Remove all edges from F’ to H;

if an edge (3,5),i € H' , j € F attains equality, o; = u;j/p;j, then
Add (3, §) to G;

L Move connected component of j from (F, F') to (H,H') ;

Algorithm 1: The Basic Algorithm

Initialization:
VjeApj<«1/n; Vi€ B,q; < minju;/pj;
Compute equality subgraph G;
Vj € A if degreeg(j) = 0 then p; < max; u;;/a;;
Recompute G;
e = M/ne, where e is the base of the natural logs;
while ¢ > 1/(nA?%) do
(F,F") < (0,0) (The frozen subgraph); (H, H') + (A, B) (The active subgraph);
while H # () do
T+ 1;
Define Vj € H, price of j to be p;z;
Raise = continuously until one of two events happens:
if S C H becomes tight then
Add € to prices of goods in (H, H') and find the maximal min-cut;
| S’ + the s-side of this min-cut;  Move S’ from (H, H') to (F, F');
f an edge (i,5), i € H', j € F attains equality, o; = u;j/pj, then
Add (3,j) to G;
Add e to prices of goods in (F, F') and find the maximal min-cut;
| S" < the t-side of this min-cut;  Move S” from F to H ;

| Remove all edges from F' to H;

il

L e=¢/e

Algorithm 2: Polynomial Time Algorithm




Lemma 11 After k phases, f > k/AZ2.

Proof :  Consider phase P and let j be a good that lies
in the newly tight set at the end of this phase. Let P’ be
the last phase, earlier than P, such that j lies in the newly
tight set at the end of P’ as well. If there is no such phase
(because P is the first phase in which j appears in a tight
set), then let P’ be the start of the algorithm. Let us charge
to P the entire increase in the price of 4, going from P’ to
P (even though this increase takes place gradually over all
the intermediate phases). By Lemma 10, this is > 1/AZ2. In
this manner, each phase can be charged 1/A2. The lemma
follows.

Corollary 12 Algorithm 1 terminates with market clearing
prices in at most M A% phases, and executes O(Mn?>A?)
max-flow computations.

Remark 13 The upper bound given above is quite loose,
e.g., it is easy to shave off a factor of n by giving a tighter
version of Lemma 9.

6 Establishing polynomial running time

The algorithm is speeded up by ensuring that in a phase,
prices increase substantially. The key idea is to pre-
emptively freeze sets that are “almost tight”. Lete > 0
be fixed. The actions taken in case of the two events are
modified as follows.

Let S be the newly tight set at the end of a phase and let p
be the current prices. The algorithm executes the following
extra step: Add e to the price of each good in the active
subgraph and find a min-cut in the network that maximizes
the s-side (i.e., the maximal min-cut). Let S’ C A be the
subset of A on the s-side of the min-cut. Freeze (S',T'(S")).
Clearly, S C S'and

m(L(S)) < m(S) +|Sle,

where prices p are used for computing the function m.
Hence, the surplus in this subgraph,

m(T(S)) - m(S) < |Sle.

The algorithm will continue the next phase with prices p
(i.e., e was added only for the purpose of finding S’). Hence,
the algorithm still maintains the Invariant.

Next suppose that a new edge (i, ) enters the equality
subgraph, i.e., begins satisfying o; = u;;/p;. The subgraph
to be unfrozen is determined as follows. Add e to the prices
of all goods in the frozen part and compute a maximal min-
cut (with edge (i, j) added, of course). Move the part of this
subgraph that is on the ¢ side to the active subgraph.

Let p be the prices at the beginning of the current phase
and let S be a set of goods in the active subgraph at
any point in the current phase. Say that S is e-loose if
m([(S)) > m(S) + ¢, where the money is computed w.r.t.
prices p.

Lemma 14 At any point of the current phase, every subset
of goods in the active subgraph is e-loose.

Proof :  Consider set S of goods in the active subgraph.
Partition S into subsets depending on the time at which they
were added to the active subgraph in the current phase (or
if they were in the active subgraph at the start of the phase).
Let S; be the part that was came earliest. Then,

m(T(S1)) > m(S) + |Si|e.

On the other hand, because of the Invariant, m(T'(S) —
I'(S1)) > m(S — S1). The lemma follows.

As a consequence of Lemma 14, when the current phase
ends with a new tight set, flow must increase by at least e.

Consider the situation when all goods are frozen. Let
us call the running of the algorithm til this stage an epoch.
Since the surplus at the start of the epoch was M, the num-
ber of phases executed in the epoch is < M /e. By the ob-
servation made above about the surplus in each frozen sub-
graph, the total surplus at the end of the epoch (w.r.t. current
prices) is < ne. At this stage, the algorithm reduces € by a
constant factor, ¢, and executes the next epoch, starting with
the current prices. It turns out that ¢ = e (base of natural
logs) is a good choice.

In the first epoch, e = M /nc. Consider the first epoch
when e drops to < 1/(nA2). At the end of this epoch, the
surplus is < 1/A2. The next, and final, epoch is run with
€ = 0. By Lemma 10, during this epoch there cannot be a
good j that appears in the newly tight set of two different
phases. Hence, this epoch can have at most n phases and
terminates with market clearing prices. It is easy to see that
the number of epochs is (assuming ¢ = e):

O(In(M A?)) = O(nlog U + log Mn?).
Hence we get
Theorem 15 Algorithm 2 executes
O(n*(nlog U + log Mn?))

max-flow computations and finds market clearing prices.

7 Discussion

By definition, for each buyer ¢ and good j, cv; > w;;/p;.
Buyer 4 is allowed to buy good j only if edge (i, §) is in the



equality subgraph, i.e., if the above inequality is satisfied
with equality. This condition is analogous to the dual com-
plementary slackness condition that states that if a primal
variable is non-zero, then the corresponding dual constraint
must be satisfied with equality.

Does Algorithm 1 have a polynomial running time, i.e.,
without the modifications of Section 6? We leave this as
an open problem. Another question is whether Algorithm 1
has, in fact, a strongly polynomial running time. Algorithm
1 has performed well in preliminary experiments conducted
on randomly chosen instances with up to 150 buyers and 50
goods.

Considering the importance of efficiently computing
equilibria, especially in the context of new applications
arising from the Internet, developing an algorithmic the-
ory of market equilibria, via polynomial time exact and ap-
proximation algorithms, would be a worthwhile goal. Can
Fisher’s original problem, i.e., with concave utility func-
tions, be solved in polynomial time? Such utility func-
tions incorporate the fact that a buyer’s utility for a good
decreases as she gets satiated by it. In this vein, [14] defines
the following generalization of the linear case and extends
ideas of this paper to it: the rate at which buyer ¢ derives
utility for good j depends, in a piecewise-linear and concave
manner, on the fraction of 4’s budget that is spent on j. An-
other generalization worth studying, raised as an open ques-
tion recently in [5], is the linear case of the Arrow-Debreu
setting, in which there is no dichotomy between buyers and
sellers. A third, and somewhat unexpected, generalization
arises by viewing Kelly’s charging and rate control problem
for networks [9] as a market equilibrium question [10]. A
different avenue for progress may arise from Adler’s [1] ob-
servation that the linear version of Fisher’s problem can be
stated as a nonlinear complementarity problem.
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