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Definition of £, Assumptions

Lu(x) = / [u(m+h) —u(x) — 1|h|§1h-Vu(w)] n(xz, h) dh
R\ {0}

Assumptions:

(1) O<a<pf<2and B—ax<1
(2) c1|h|7%* < n(z,h) < calh|74#  for|h| <2
(3) [ n(z,h)dh<c3
|h|>1
(4) ’l’L($,Z - $) S C4’I’L(y, < = y)

if |z—x|>1,|z—y|>1,|x—y|§1

Note: n(z,h) = |h|~%* = L= A%2
Assumption includes n(xz, h) = |h|~¢@),
n(xz, h) may be anisotropic.



Detour: Jump-Diffusions and PDE's (a = )

A = a;j(z)D;; or A= D;(aij(z)D;)

Solutions for PDE’s, Au + Lu = f or nonlinear

Lenhart(81), Bensoussan/J.-L. Lions(84), Gimbert/P.-
L. Lions(84), K.(2002)

Krylov, Safonov, Pragarauskas, Mikulevicius (1979-1993)
Jacob-Hoh-Schilling, Taira, ... (1990-2003)

Martingale Problem: Komatsu(73), Stroock(75), Le-
Peltier/Marchal(77), Bass(88), Hoh(95) ... (various
conditions)

Holder estimates, Harnack:

Au + Lu = 0 : Mikulevicius/Pragarauskas(88), K.(2003)

Lu=0 : Komatsu(88)
Bass/Levin (2002)



Main Result

Definition: v is £-harmonic in a domain Q if u(Xr,) iS

a martingale, we write: Lu = 0 in 2.

Theorem: Assume that Lu = 0 in B(xg,2R). Assume

u is positive in B(xzg,2R) and bounded in R".

e Then there exists a constant C(R), independent of
u and xzo such that

u(z) < C(R)u(y) Vz,y€ B(zo,R) .

Discussion: R-dependence of Harnack-constant and As-

sumption 4.

History: (C(R) = const.) : Cordes, Landis, Moser,
Krylov-Safonov, Safonov, Fabes/Stroock, Bass/Levin



Main Ingredients in the Proof

Assume 3> 1
Lemma 1: For »r <1

EwTB(x,r) Z C'I“’B, ExTB(w,r) S cre.

Lemma 2: Suppose r < 1.

e For A C B(zo,r/2) and y € B(xzo,7/2) :

PY(Ta < TB(zor)) > cr?~*|A|/|B(zo,7)|.

e For A C B(zo,r/2) and y € B(xo,r):

PY(Ta < Tp(zyr)) > cldist(y, dB(zo,7))]1°r~*|A|/|B(zo,7)|.

Note: Degenerate Version of Krylov-Safonov estimate.



Discussion

Example 1: Let 0 < a < 8 < 2. There exists a func-
tion n(x, h) satisfying our Assumptions with the follow-

ing property.

e For R < 1 there exist functions ugr that are nonneg-
ative and harmonic on B(0,R) and points zg,yr €
B(0,R/2) such that ugr(yr)/ur(zr) — c© as R — 0.

Idea: Build a process with high speed in xs-direction

and slow speed in x1-direction.

u=1 u=0
bt
AN

ARRER

PP (X, >0) =0, P"(X; >0)—1 asR—0.

Consequence: ur(zr) — 1, ur(yg) — 0
= uR(wR)/uR(yR) — o0 as R — 0.



Discussion

Example 2: There exists a function n(z,h) satisfying
Assumptions (1)-(3) (but not (4)) for which the Har-

nack inequality fails for the corresponding operator.

Outlook:

Symmetric Case

Parabolic Case

Continuity of Harmonic Functions
Random Media



