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Objectives

• Develop a framework for representing solu-

tions of linear and nonlinear evolution equa-

tions as expected values on branching pro-

cesses.

• Quasilinear equation: Incompressible Navier-

Stokes equations.

• Introduce majorizing kernels for the Navier

Stokes equations. Existence, uniqueness

and regularity of solutions.

• Linear and Semilinear Equations. Repre-

sentation of solutions in physical and fre-

quency space.



Navier Stokes Equation

∂u

∂t
= ν∆u−∇·(u⊗u)+g(x, t)−∇p. ∇·u = 0. (NS)

Initial data u(x, t) = u0(x).

LeJan-Sznitman. Probabilistic interpretation

in frequency space.

f̂(ξ) = (2π)−3/2 ∫

R3 f(x)e−iξ·xdx.

û(ξ, t) =
1

|ξ|2
Eξθ=ξ [〉〈(θ, t)]

〉〈 random multiplicative functional defined on

the vertices of a multitype branching tree τθ(t).



χ(ξ, t) = e−ν|ξ|2t χ0(ξ)

+

∫ t

0
ν|ξ|2 e−ν|ξ|2s

[

1

2
ϕ(ξ, t − s)+

1

2
m(ξ)

∫

R3
χ(η, t − s) �ξ χ(ξ − η, t − s)

h(η)h(ξ − η)

(h ∗ h)(ξ)
dη

]

ds

m(ξ) =
2(h ∗ h)(ξ)

ν(2π)
3
2|ξ|h(ξ)

χ0(ξ, t) =
û0(ξ, t)

h(ξ)

ϕ(ξ, t) =
2ĝ(ξ, t)

ν|ξ|2h(ξ)
.



Random Variables

Sv, ξv, κv

v ∈ V = ∪∞
n=0{1,2}n.

Sv
L
= Exp(ν|ξv|2), κv

L
= Bernoulli(0,1).

Times Functional

〉〈(θ, t) =















































χ0(ξ), if Sθ ≥ t

ϕ(ξ, t − Sθ), if Sθ < t, κθ = 0,

m(ξθ)〉〈(< 1 >, t − Sθ))

�ξθ
〉〈(< 2 >, t − Sθ)) else

Distribution of types:

ξ<1> + ξ<2> = ξθ

Kξ(dξ1, dξ2) =
h(ξ1)h(ξ2)

(h ∗ h)(ξ)
1ξ1+ξ2=ξ dξ1dξ2

Proposition: If Eξθ=ξ [|〉〈(θ, t)|] < ∞,

û(ξ, t) = h(ξ)Eξθ=ξ [〉〈(θ, t))]

solves FNS.



Example: Let

h0(ξ) =
π3

|ξ|2
, Cν =

ν

2
(2π)3/2

Then

h0 ∗ h0(ξ) = |ξ|h0(ξ) and m(ξ) = 1.

If

|û0(ξ)| ≤ Cνh0(ξ)

|ĝ(ξ, t)| ≤ ν

2
Cνπ3 for 0 ≤ t ≤ T,

then

|〉〈(θ, t)| ≤ 1 for 0 ≤ t ≤ T.



Definition A non negative locally integrable

function h(ξ) on Wh ⊂ Rn is a Navier Stokes

admissible standardized majorizing kernel with

exponent θ iff (i) W̄h is a semigroup, (ii) h is

continuous in Wh, (iii) (h∗h)(ξ) > 0 a.e. in Wh

and

(h ∗ h)(ξ) ≤ |ξ|θh(ξ)

Function Space Fh,T = {v ∈ S ′ : v̂(ξ, t) = 0, ξ ∈
W c

h, ||v||Fh,T
= ess sup ξ∈Wh

0≤t<T

|v̂(ξ,t)|
h(ξ)

< ∞}

Theorem Case θ = 1. Global Solutions for

small data Let h(ξ) be a standardized majoriz-

ing kernel with exponent 1. Let Cν = ν
2(2π)3/2.

Suppose that for 0 ≤ t ≤ T

||u0||Fh,T
≤ Cν, ||∆−1g(x, t)||Fh,T

≤ ν

2
Cν.

Then (FNS) has a unique solution such that

||û(ξ, t)||Fh,T
≤ Cν.

Moreover, û(ξ, t) = h(ξ)Eξθ=ξ〉〈(θ, t)



Examples Majorizing Kernels R3, θ = 1.

LeJan Sznitman

h0(ξ) =
π3

|ξ|2
, h1(ξ) =

e−|ξ|

2π|ξ|
, ξ 6= 0,

Non integrable and integrable radially symmet-

ric majorizing kernels.

Proposition For 0 ≤ β ≤ 1, α > 0.

h
(α)
β (ξ) =

e−α|ξ|β

|ξ|2−β
, ξ 6= 0

are integrable (for β > 0) radially symmetric

majorizing kernels.

Non Radially Symmetric kernels For ξ ∈ {ξ ∈
R3 :

∑3
j=1 δξj,0 < 2},

h(ξ) =

∫ ∞

0

t3
∏3

j=1(t
2 + ξ2j )

dt.

h(ξ) =
1

|ξ|2G(ξ)

such that

lim
ξ→±ej

G(ξ) = ∞



Log convexity property Suppose that for ξ ∈
Rn, j = 1,2,

hj ∗ hj(ξ) ≤ |ξ|θjhj(ξ)

Then, for any 0 ≤ β ≤ 1, h = h
β
1h

1−β
2 satisfies

h ∗ h(ξ) ≤ |ξ|βθ1+(1−β)θ2h(ξ).

Product Property Suppose that k1, . . . , km is

a partition of n ≥ 1, and hj is a non-negative

function on Rkj such that

hj ∗ hj(ξj) ≤ |ξj|θjhj(ξj)

ξj ∈ Rkj − {0}, where θj > 0,
∑

j θj = 1.

h(ξ) =
m
∏

j=1

hj(ξj)

ξ = (ξ1, ξ2, . . . , ξm), ξj ∈ Rkj is a majorizing

kernel.



Relation between Fixed Point methods and

expected value representation

Iteration Scheme

Q[û; û0, ĝ](ξ, t) := e−ν|ξ|2t
û0(ξ) + B̂[û, û](ξ, t)

+

∫ t

0
e−ν|ξ|2sĝ(ξ, t − s)ds

B̂(û, v̂) =
∫ t

0
e−ν|ξ|2s|ξ|(2π)−

3
2

∫

û(ξ − η, t − s) �ξ v̂(η, t − s)dηds.

Define ûn+1(ξ, t) = Q[ûn; û0, ĝ](ξ, t), û1(ξ, t) =

Q[û(0); û0, ĝ](ξ, t) û(0)(ξ, t) = e−ν|ξ|2tû0(ξ).

Replacement time of a vertex v

Rv =

|v|
∑

k=0

Sv|k

Introduce

An(θ, t) = [|v| ≤ n ∀v ∈ τθ(t)]

∩[Rv > t∀v ∈ {u ∈ τθ(t) : |u| = n}],

Let 1[n; θ, t] indicator of An(θ, t).



Proposition: Let

vk(ξ, t) = h(ξ)Eξ{1[k; ξ, t]〉〈(θ, t)}

and ûk(ξ, t) the Fourier transform of the kth it-

erate of the iteration scheme. Then vk(ξ, t) =

ûk(ξ, t).

Theorem Case θ < 1. Local Solutions for

arbitrary data Let h(ξ) be a standardized ma-

jorizing kernel with exponent 0 ≤ θ < 1. Sup-

pose u0 ∈ Fh,T and for some 0 ≤ β ≤ 2, −∆−β/2g ∈
Fh,T Then there exist T∗ ≤ T such that (FNS)

has a unique solution u ∈ Fh,T .



Analyticity of Solutions

Let Fh,1,T = {v ∈ S ′ : v̂(ξ, t) = 0, ξ ∈ W c
h, ||v||Fh,1,T

=

esssup ξ∈Wh
0≤t<T

|v̂(ξ,t)|
e−

√
t|ξ|h(ξ)

< ∞}

Theorem Let h(ξ) be a standardized majoriz-

ing kernel with exponent θ = 1. Fix 0 < T ≤
+∞. Assume ||eνt∆u0(x)||Fh,1,T

≤ (
√

2π)3

2 ρνe−1/2ν

and ||(−∆)−1g(x, t)||Fh,1,T
≤ (

√
2π)3

4 ρν2e−1/2ν for

some 0 ≤ ρ < 1. Then there is a unique solution

u in the ball B1(0, R) centered at 0 of radius

R = (ρ/2)(
√

2π)3νe−
1
2ν in the space Fh,1,T .



Burgers Equation

∂u

∂t
=

1

2

∂2u

∂x2
− 1

2

∂u2

∂x
− u

initial data u(x,0) = u0(x).

Multiplicative process in physical space

u(x, t) = e−t
∫

R

G(x − y, t)u0(y)dy

+

∫ t

0

∫

R

e−sG(x − y, s)
1

2

∂u2

∂x
(y, t − s)dyds

= e−t
∫

R

G(x − y, t)u0(y)dy

+

∫ t

0

∫

R

e−sx − y

s
G(x − y, s)

1

2
u2(y, t − s)dyds

G(z, t) = (2πt)−1/2 exp(−z2/2t).

Times Functional

〉〈(x, t) =







u0(x + Bt), if Sθ ≥ t
BSθ
2Sθ

〉〈(1)(BSθ
, t − Sθ)〉〈(2)(BSθ

, t − Sθ)if Sθ < t



Multiplicative process in frequency space.

λ(ξ) = (1 +
1

2
|ξ|2), m(ξ) =

sign(ξ)(h ∗ h)(ξ)

ih(ξ)λ(ξ)
,

χ0(ξ, t) =
û0(ξ, t)

h(ξ)
.

χ(ξ, t) = e−λ(ξ)tχ0(ξ) +
∫ t

0
e−λ(ξ)sλ(ξ)m(ξ)

∫ ∞

−∞
χ(η, t − s)χ(ξ − η, t − s)Kξdηds.

Times Functional

〉〈(θ, t) =



















χ0(ξ), if Sθ ≥ t
0, if Sθ < t, κθ = 0,
m(ξθ)〉〈(< 1 >, t − Sθ)
〉〈(< 2 >, t − Sθ)) else

Distribution of types:

Kξθ
(dξ1, dξ2) =

h(ξ1)h(ξ2)

(h ∗ h)(ξ)
1ξ1+ξ2=ξdξ1dξ2

û(ξ, t) = h(ξ)E [〉〈(τθ(ξ, t))] .



Conclusions - Some Open questions

• Method described is applicable to evolution

equations that involve fractional derivatives

• In many examples, such us KPP, Burgers,

linear problems; the representation of solutions

as expected values in both real and Fourier

space are available. An outstanding open case

is to establish a duality for the Navier-Stokes

equations in any dimensions.

• Periodic problems can be treated analogously.

Numerical methods.

• Use of other majorizing kernels (e.g. time

dependent).

• Establishes a probabilistic interpretation to

Fixed Point methods.


