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1 Markov Random Fields and Their Gibbs Represen-
tations

1.1 Markov Random Fields (MRF)

Considerthe indexing set
�������	��
��
���
�������

(notethat this is a finite countableset)
thatindexesthefollowing randomarrays,� ��� ��������� ���

(1)

wherethe
�����! 

and
 

is finite. For examplethe
���

’scanrepresenttheintensityof a
soundwave for speechrecognition,or a pixel intensityin grey scalefor a picture.Fur-
thermore"�#%$'&)( is thesetof probabilitymeasureson * � $'& , which just represents
the probability measureson the arrays. Considerthe following graphs + �,�	�-��./�
where

�
representstheverticesof thegraphand

.
representstheedgesof thegraph.

Theconnectionof theneighborhoodsystemis givenby,0 � �1�32 � � � 2!4� � � �6587:9;��� �
(2)

where
� 5 7:9<� �

denotesthe sites
2

that are directly connectedwith site
�
. For

examplein a speechpatterna neighborhoodwould consistof thepointsto theleft and
right of the =?>A@ index point. In a picturethis neighborhoodcanconsideredeitherthe4
pointsto theverticalor horizontalpointsaway from the =?>A@ points. Or the8 pointsin
vertical,horizontalor diagonalspaceaway from the =?>A@ point. We alsodefinetheset0 ��� 0 � �

asthesetof all neighborhoodsystemsfor + .B
Thanksto BradLove for typing up thesenotes,his trip wassupportedby theMax PlanckInstitutefor

DemographicResearch,locatedin Rostock,Germany.
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A C � "�#D$'&)( is saidto bea Markov RandomFieldon + if,

"�# ����E �F� ( � "�# ���GE �IHKJ ( (3)

where
� � �L� � 5 � 2 � �M�N2O4� � �

and
� H J �L� � 5 � 2 � 0 � �

with theadditionaltech-
nicalassumptionthat "�# � (KPRQ �TS �U� $'& .

Example 1. A first orderMRFon thelinear graphhasthefollowing relationships,

V V V V V
i-2 i-1 i i+1 i+2

W X
Thecharacterizationof theMRFaboveis "�# � � E � � ( � "�# � � E � �%YTZ � � �?[\Z ( .

Example 2. A

^]�_

orderMRFof theaboveis,

V V V V V
i-2 i-1 i i+1 i+2

W X
Thecharacterizationof theMRFaboveis "�# ����E �F� ( � "�# ����E ���%Y�` � ���?[T` ( .

Example 3. Considerthefollowing regular lattice,

V V V

V V V

V V V

i-4 i-3 i-2

i-1 i i+1

i+2 i+3 i+4

Thecharacterizationof theMRFaboveis

"�# ���GE �F� ( � "�# �a��E �a�AYcb � ���AYdZ � ���e[�Z � ���?[Tb ( (4)

Example 4. We canfurther tweakExample3, byaddinginto theconditionalinforma-
tion that is providedby thediagonal,thiscanbeexpressedas,

"�# � � E � � ( � "�# � � E � �AYgf � � �AYcb � � �%Y�` � � �AYdZ � � �?[\Z � � �?[T` � � �e[)b � � �?[df ( (5)

Example 5. We canconsiderthefollowingtree-structure,V
V V

V V V V
V V V V V V V V

hhhhhhhhhh
i i i i i i i i i ijjjjj

k k k k k
jjjjj
k k k k klll m m m lll m m m lll m m m lll m m m

i

i+1 i+2

i+3 i+4 i+5 i+6

i+7 i+8 i+9 i+10 i+11 i+12 i+13 i+14
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Onecharacterizationof theMRFaboveis

"�# � �?[\Z E � � � � �e[Tb � � �?[df ( (6)

furtherprobabilitiescanbeseenby theconnectedsites.

1.2 Gibbs Distribtuions

For theGibbsDistibutionweneedto defineasetof clicks,wherea click is definedasn ���	oqp
r\s	t�u3v = u�w�oq� (7)��� n �/x �zy-t%{|v}v}~�u
s��|��p�u�r�p��:oq{|�goqp
r\s	t�o = r�p�o = �:���
this includes

x ��� � �
a singletonor

x ��� � Z �
���
�d� �N� �
with any two sitesdirectly

connected.It shouldbenotedthatany subsetof click is alsoa click.
Sowith thesedefinitionswe arereadyto definea Gibbsdistribution. " � "�#D$'&)(

is Gibbswith respectto + �1���M�G./� if " canbewrittenas

"�# � ( ������	�\� � # � � ( (8)

where
� � ��� �:5�� 2 ��x � andweneedtheassumptionthat � � # � � (KPRQ , S � � � $ � .A Gibbsdistributioncanbewrittenas

"�# � ( � �
T�	���N�3�T� ���e����� (9)

Therepresentationis notuniquesincesubsetof clicksarealsoclicks,but if we look at
maximalsizeclick, thenwehave thefollowing,

Theorem 1 (Clifford-Hamilton). The probability measure � is a Markov Random
Field if andonly if it is a GibbsDistribution.

Additional referencesare:� Winkler, G, ”Image Analysis, RandomFields and DynamicalMonte Carlo”,
1995.� Geman,D. LectureNotes.

Additionally it is goodto notethat the functions � arenot necessarilya cdf. �
Gibbsimplies � Markov RandomField is easyto show. For lineargraphs" Markov
RandomField implies " Markov. Additionally possiblyhigherorderimplications,i.e.
 ]�_

Markov implies
��� > orderedMarkov. The otherway is alsotrue with additional

minimal assumptions.Theconditionthat we needfinitenessof the
���

’s andthat we
needa latticecanbeloosenedwith theadditionof higherlevel mathematics.
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2 Hidden Markov Random Fields

Considerthe following data,anunobservedrandomarrays,denotedas
��� ��� ������K /�

andtheobserveddata,¡ �¢� ¡c£ �¥¤¦� �¨§�� . Oftenwewantwantto saysomething
about

�
, giventheobserveddata¡ is containedin probabilitydistributions "�# �©E ¡:( .

A HiddenMarkov RandomField,or HMRF, hasthefollowing two propertiesthat# � � ¡6( areMRF + �Kª « �¬�^�  ®­ � § �G. �Kª « � and
�

is MRF + � �¬�^� � ��. � � , where.  
is a subsetof

. �Kª « . Here ¡ is a convolution of the observed
�

someotherand
component.Thiscomponentcanbeaccountingfor randomnoise,i.e. theobserveddata
is effectedby noiseandtheactualdata.It is significantto notethat "�# �RE ¡6( � "�# � � ¡:(
and "�# � ( areall MRF although"�#A¡�( is not.

Considerjust theobservations,i.e. ¡ andsupposethatthis is thetruedistribution,
thenthereis no reasonto assumethatY hasa Markov distribution. Thedistribution,
although,of theobserveddatacancomethroughaHMRF.

3 Computerized Characterization of HMRF

Here
�

, with "�# � ( theposteriordistribution,and # � � ¡�( , with "�# � � ¡6( � "�# � (�"�#A¡ E � ( ,
wheretheposteriordistributionarethemajordistributionsof interestdenotedas"�# �RE ¡6( .

Threemajorpointsof interestof this typeof questionis the inferenceproblemor
thedecisionproblem,i.e., ¯�a°�±G² �¢y	³�´�µ'y^¶� "�# �©E ¡6( � (10)

andis to calculatethemeanof theposteriordistribution · � "�# �©E ¡6(�¸¥¹ . Thesecond
problemof interestis evaluatingthe distribution of the unobserveddata,i.e. "�#F¡:( .
Thefinal problemis givenby learning,we have two parametersof interest,if we as-
sumeaparametricdistributionfor thetwo distributions "�# � ( and "�#F¡ E � ( . Therefore
we have "�º�»	# � ( and "�ºq¼	#F¡ E � ( andthegoal is to learnhow to estimate#%½ Z � ½ ` ( , by
maximizing, ¯

½�#F¡:( �¢y	³�´�µ'y^¶º "�º¥#A¡:( (11)

3.1 The Problem of Inference

Considerthefollowing conditionaldistributionwhere,

"�# �©E ¡6( �¾����	�
¿6� � # � � ( (12)

maximizingthis functionis equivalentto minimizing thefollowing,À v?s/´ #A"�# �©E ¡:(q( � ÀÂÁ � v}s�´ # � � # � � (G( (13)� Á���	� ¿:Ã � # � � (
4



Considera lineargraph,thentheabove maximizationschemeboils down to mini-
mizing,À v?s/´ #A"�# � � ¡6(G( � Ã Z ª ` # �ÄZ � ��` (TÅ Ã ` ª b # ��` � ��b ()Å �
��� Å Ã�Æ YTZ ª Æ # � Æ YdZ � � Æ ((14)

This by minimizing the above function by
�ÄZ

first, then,do the samething for
�a`

etc.. Oncethe function is minimized for eachvalue, then repeatthis processuntil
convergenceof theminimizationprocess.

In general, Ç
# � ( � Á ���	� Ã � # � � ( (15)

with + ���^�M�G./�
and recall that

n
is the set of clicks. Here we needto choosea

visitationscheme,which in essenceis a permutationof thepoints,for notationalease
we will call theseÈ�# � ( ���
�
�)� È�# � ( where

E � E �1�
i.e. thecardinalityof

�
is equalto

N.
We candeform

Ç
# � ( asfollows,Ç
# � ( � Á ���	� Ã � # � � ( (16)

� Á�qÉ Ê � Z � ��Ë Ã � #
� � (TÅ Á�qÉ Ê � Z ��Ì�	Ë Ã � #

� � (
thenminimizeover

� Ê � Z � .
For easeof notationwewill definethevisitationof sitesby,Í Ê � Z � � 0 Ê � Z � (17a)�¢�32 � � � 2O4� È�# � ( �cÎ = o)u3s/�|�|pÏu�rGpÏ�Ir�s È�# � ( �

arethe numberof sitesthat arevisited from site È�# � ( continuingin this fashionwe
have,Í Ê � ` � ��Ð�2 � � � 2!4� È�# � ( � È�# 
 ( 2 � 0 Ê � ` � s/³�2 � Í Ê � Z � = t È�# 
 ( � Í Ê � Z ��Ñ (17b)

anditeritively wehave,Ò Ê � £ � � Ð 2 � � � 2O4� È�# � ( ���
�
�d� È�# ¤ ( 2 � 0 Ê � £ � s�³�2 � Í Ê � £ YTZ � = t È�# ¤ ( � Í Ê � £ YTZ � Ñ
(17c)

for
¤ �Ó
���Ô����
���c���

. Minimizing the first term of (16) with respectto
� Ê � Z � to get

¯� Ê � Z � # Ð �:58� 2 � 0 Ê � Z �3Ñ and

Ç
Ê � Z � # Ð �:5�� 2 � Í Ê � Z ��Ñ . Thuswe canre-express(16)

as,Ç # � ( �
Ç
Ê � Z � # Ð �:5�� 2 � Í Ê � Z �3Ñ Å Á�qÉ Ê � Z ��Ì�	� Ã � #

�   ( (18)

� Ç Ê � Z � # Ð �:5�� 2 � Í Ê � Z � Ñ Å Á�qÉ Ê � Z ��Ì�	� ª Ê � ` � �	� Ã � #
�   (\Å Á�qÉ Ê � Z �Nª Ê � ` ��Ì�	� Ã � #

�   (
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This processis continued. The overall complexity is given by defininga new rela-
tion

E Ò Ê E �Lµ'y^¶�� E Ò Ê � Z � E �¦���
�T� E Ò Ê � Æ � E � andthentheoverall complexity is givenbyÕ1Ö E � E $Ø× ÙdÚÛ× [\Z3Ü .
3.2 Evaluating the Distribution of Unobserved Data

For learningwehave thefollowing:� � is MRF + � � # �M�G. (� # � � ¡�( is a MRF for ...� "�# �©E ¡6( is aMRF with repectto Ý � # �M�G. ( , wherewecanexpress"�# �©E ¡6( �Þ Ë � Ë # � Ë ( �
Z` � Y � �/� ���e��ßc� � Z` � Ydà �?�K�

So we have that
� � �á 

and
�â�á × & . We needto solve the following differential

equation, ¸ �¸¥ã � ÀMäLåÏæ # � (TÅRç 
^è ¸/é¸¥ã (19)

with initial condition
� #FQ/( � ��ê , é is theBrowianmotion.Wecansolvethisequation

by multiply bothsidesby ¸¥ã , thenwehave,

¸ � #Aã�( � ÀMäLå�æ # � #Aã�(q(q¸/ãTÅ¢ë 
	è #Aã�(�¸�é6#Fã�( (20)

Also notethat,

ì #Aã � ¹g( � � Y »í/îðï?ñ à �   �ò #Fã�( 9,ó #F¹ À ¹ ( (21)

andthat, "�#F¹ � ã�( � "�# � #Aã�( � ¹ E � #AQ¥( � ¹ ê ( 9,ó #F¹ À ¹ ( (22)

if
è #Fã�(�ô Ëõ÷öGø �÷ù%� .

Considerthefollowing arrays,
� � ê � 9�� � Z � 9�� � ` � 9 ���
�

thatconvergeto the
correctanswer. Then

�ú�á × &T× � * where
è ZÄû è `�û ���
� û è Æ 9 Q . Now you

startwith
� � ê � andpurposea new ü� � Z � . Calculatethehamiltoniansof each

� � ê � andü� � Z � . If thehamilitonianof ü� � Z � is lessthanor equalto thehamilitonianof
� � Z � then� � ê � � ü� � Z � . Otherwisechoose

� � Z � � ü� � Z � with probability � Y »í � à �Ïý� î » ñ � Y�à �e� îÿþNñ �A� .
4 The Learning Problem

Recallthatwe hadthefollowing "�# �©E ¡:( � "�# � (�"�#A¡ E � ( . sowehadthefollowing
probabilitydensityfunction "�# � ( � Z` � Y � � � ���e��� � . Thereareadditionalchoicesin
modelssuchas,

"�º�»	# � ( � �� #A½/( � Y � J ����� ���� » º �	� î � ñ �   J ª ��
 î � ñ� � (23)
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Oneof theeasiestmodelis ¡ � � ��� Å�
 where
Kô � #�� � È ` ( . Two waysto solve this
methodareusingthePseudo-likelihoodmethodor thevariationalmethod.

Whenlooking at " º ¼�#F¡ E � ( wheresolvingfor " º #A¡6( where ½ � #%½ Z � ½ ` ( andthis
canbeestimatedusingeithertheEM algorithmor Variationtechniques.

Consider
�Gµ'y	¶ º " º #A¡:( , andlook at thefollowing

À������ # " º #F¡6(q( � ÀØÁ � # ����� # " º #A¡�(q(�(�" º�� # �©E ¡:( (24)

� À Á �
� ����� � " º # � � ¡:("�º¥# �©E ¡6(���� " º � # �©E ¡:(� ÀØÁ � # ����� # "�º�# � � ¡:(G(q(�"\º � # �©E ¡:()Å Á � # ����� #F"\º¥# �©E ¡:(G(q(�"�º � # �©E ¡:(�  #A¡ � ½ � ½	�}( À æ #A¡��G½ � ½	�?(

Thenthis canbedoneby dynamicprogrammingandupdatingpluggingin theso-
lutionsandresolvingto geta new solution. TheE-stepis to compute

 #F¡ � ½ � ½ �! 	� (
andtheM-Stepis to find the

y�³G´�µ = � º  #F¡ � ½ � ½ �" 	� ( � ½ �" [\Z � . Continueuntil con-
vergence.Thefollowing Lemmacanbeshown,

Lemma 1. À��#��� #A" º î%$�ñ #A¡:(G( û À��#��� #A" º î%$�& » ñ #A¡�(q(
Theabove outlinedEM algorithmcanbedonewith lineargraphsandtreegraphs

but with Latticegraphsis computationalhard.
Thepseudo-likelihoodsolutionis solvedby finding the ½ fromµ'y^¶º � � "\º¨# ���GE � H¨J ( (25)

5 Tracking and Detection

Applicationsof trackinganddetectionis traffic observation(thedifficultly beingthat
thenumberof carsis randomandchanging)andsubwaysurveillance.

Therearefour basicelementsthatgo into thealgorithm,they aretherepresentation
of objects,representationof the dynamics(you shouldsomehow articulategeneric
properties),we needto usethe actualcollecteddata. If we combinethesefirst three
componentsthenthis is a nonlinearfilter problem,so the ' ù�( elementis the filtering
algorithm.

Thefirst filteringalgorithmusedis theMonteCarlofilter. Oneonthenicestfiltering
ideasin thelast40years.

5.1 Representation of Objects

The form of the templatesandthe hierarchicalmodelsthat areused. The templates
usedfor the deformationmove in real time. They arenot trackingin 3-D ratherthe
movementin the2-D astheimageis capturedby thecamera.
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The first deformationis the Rigid deformationusing locationandrotation. The
elasticdeformation,arein principleinfinite dimensional,but for practicalpurposemust
bebroughtdown to afinite dimension.Bothmodelsinvolveparametersthataregener-
ally usedto calculatethegeneralizedcoordinates.

Considerthefollowing detailsin thedeformationof thetemplatesandusinggener-
alizedcoordinates.First youusedeformation,thenrelationandthentranslation.

A personcouldtry to beveryambitiousandtry to faithfully representthetrajecto-
riesof a moving object. But thethis not thegoal,thetrackingis actuallybeingdown
by the data. So a simplemodelwill do a goodjob, whenaccentuatedby the actual
observeddata.Thususinglinearmodelsmaybejustified,eventhoughthesetypesof
modelsdonotallow dicontinuities.But if wego beyondlinearmodels,wecanhandle
thediscontinuities,but make theequationsmoredifficult to solve.

We will startby writing down differentialequationsthat accuratelydescribethe
motion.Let, )

�+*,.-½)�/�01 (26)

where

)
is a functionof time or the travel, ½ is therotationand

)�/
is thedeformation

parameter, thusa possiblemodelmightbe,

¹ � - Å  .  32 # . (
)�/

(27)

wherethekineticenergy is givenby,èz� �
54 Ù76 # . ( å98� ù 8� ¸ . � �
 8) ù;: # . ( 8) (28)

thedissipationenergy is givenby< � �
54 Ù>= # . ( 8� ù 8� ¸ . � �
78) ù Ç # ) ( 8) (29)

thestressenergy is givenby? � �
54 Ù 
 ù # . ( å�@ # . ( å 
�# . (�¸ . � �
 
 ù # ) ( åBA�å 
�# ) ( (30)

andherewe useLame’s Constantfor A . Finally we have the lagrangiandynamicis
givenby, C

� ¸¸/ã å
�ED èD ) � À D èD ) Å D <D ) Å D ?D ) (31)

where

C
is theexternalforce.We expressthestatevalue,

� #Fã�( � � ) #Aã�(8) #Aã�( � (32)
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anda moregeneralizedform is givenby� #Fã�( � Ã £ # � £ ()Å x (33)

in theendweusea MRF.
In generalwe canconstructa datamatrix, i.e. the image,that frame

¤
is givenbyF £ �HG £�# � £ �JI £	( where

¤
is a positive integerthatrelatesto a particularframeand

I £
is therandomnoise.Here F £ is theraw data,but it canalsobeconsideredasthedata
of the frameandthepreviousframes.Finally it canbeconsidereda highly nonlinear
equationof thedata.

Now weconsiderthat
� £ is amarkov model. ¡�£ is a

"�#A¡ ê � ¡ Z �
���
� ¡c£ E �aê � �'Z �
���
� � £	( � � 5 "�#A¡ 5¥E �:5 ( (34)

this is of coursea hiddenmarkov model.
Herethealgorithmwe look at "�# � £ E ¡ ê ���
��� ¡c£�( andwe cangenerateN samples,

around5000 typically, call these
� � Z �£ �
���
�T� � � Æ �£ and then statisticsare calculated

on thesesamples,typically eitherthe meanor the median. It turnsout, throughthe
dynamics,thena randomgenerationof the

¤ À � framewill look verysimilar to the
¤

frame.We thenusethedatain the
¤

frameto movearoundthisestimate.
This typeof thoughtgoesthroughtwo steps.Thefirst stepis a predictivestep,i.e.

trying to predictthe next step,i.e.
� £ the true frame,from the first

¤ À � observed
frames,i.e. ¡ Z �
���
�d� ¡c£ YTZ . Thus,

ü� �! ��£ � Ã £ YdZLK � �! 	�£ YdZ � é �! ��£NM (35)ôz"�# � £ E ¡ ê �
���
�d� ¡�£ YTZ (
We thenupdateby taking ü� � Z �£ � ü� � ` �£ ���
���T� ü� � Æ �£ where,)

�! 	�£ � " K ¡c£ E � £ � ü� �! ��£ MO Æ�QP Z " K ¡ £ E � £ � ü� � � �£RM (36)

wethenget

)
� #
)
� ê �£ �

)
� Z �£ ���
�
�)�

)
� Æ �£ ( . We thensampleq to generateK � � Z �£ � � � ` �£ �
���
�d� � � Æ �£SM (37)

It canbeshown that
� � Æ �£ ô¢"R# � £ E ¡ ê ���
���d� ¡�£	( .

We cancalculatethe costfunctionandcall this
x #F¡c£ � � £^( wherea high costis a

predictedpicturethat is far from theobservedandvise-versa.To implementthealgo-
rithm (MCF) oneneedsnot to specify "�#A¡ £ E � £ ( but only

)
�! 	�£ . In theimplementation

wetake )
�! 	�£ � x K ¡ £ E ü� �! ��£TMO Æ�UP Z x�K ¡c£ E ü� � � �£ M (38)
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