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1 Markov Random Fields and Their Gibbs Represen-
tations

1.1 Markov Random Fields (MRF)

Considertheindexing setA = {1,2,..., N} (notethatthisis afinite countableset)
thatindexesthefollowing randomarrays,

X ={X;:i€A} (1)

wherethe X; € R andR is finite. For examplethe X;’s canrepresentheintensityof a

soundwave for speechrecognition,or a pixel intensityin grey scalefor a picture.Fur-

thermoreP(R™) is the setof probabilitymeasuresnQ = R*, which justrepresents

the probability measure®n the arrays. Considerthe following graphsG = {A, ¢}

whereA representtheverticesof the graphand¢ representshe edgesof thegraph.
The connectiorof the neighborhoodystemis givenby,

Ni={ieh:j#iX; — Xi} 2)

whereX; +— X, denotesthe sitesj that are directly connectedwith sitei. For
examplein a speectpatterna neighborhoodvould consistof the pointsto the left and
right of theit" index point. In a picturethis neighborhoodanconsidereditherthe 4
pointsto the vertical or horizontalpointsaway from theit? points. Or the 8 pointsin
vertical, horizontalor diagonalspaceaway from theit® point. We alsodefinethe set
N = {N;} asthesetof all neighborhoodystemsor G.

*Thanksto Brad Love for typing up thesenotes his trip wassupportedyy the Max Plancklnstitutefor
DemographidResearchipcatedin Rostock,Germary.



A p € P(R") is saidto beaMarkov RandonFieldon g if,
P(XiliX) = P(Xi|Xn;) 3)

where; X = {X; : j € A,j #4} andXy; = {X; : j € N;} with theadditionaltech-
nicalassumptiorthat P(X) > 0, ¥V X € RA.

Examplel. Afirstorder MRFonthelinear graphhasthefollowing relationships,
i-2 i-1 i i+1 i+2
Thecharacterizationof the MRF aboveis P(X;|; X) = P(X;| X;—1, Xit1)-

Example 2. A 2" order MRF of theaboveis,
i-2 i-1 i i+1 i+2
Thecharacterizationof the MRF aboveis P(X;|; X) = P(X;| X;_2, Xit2).

Example 3. Considerthefollowing regular lattice,

. ® ®
i-4 i-3 i-2
[ * ®
i-1 i i+1
° ®
i+2 i+3 i+4
Thecharacterizationof the MRF aboveis
P(X;|;X) = P(X;| Xi—3, Xi—1, Xit1, Xit3) (4)

Example4. We canfurthertweakExample3, by addinginto the conditionalinforma-
tion thatis providedby the diagonal, this canbe expresseds,

P(X;|;X) = P(X;| X;_4,Xi 3,X; 2,X; 1, Xiy1, Xiy2, Xiy3, Xita) (5)

Example5. We canconsiderthefollowing tree-structue,




Onecharacterizationof the MRF aboveis
P(Xi1|Xi, Xit3, Xita) (6)

further probabilitiescanbe seenby the connectedites.

1.2 GibbsDistribtuions

For the GibbsDistibution we needto definea setof clicks, whereaclick is definedas

C = {set of clicks} (7)
= {C : ¢ = afully connected subset of sitesin A}

this includesc = {i} a singletonor ¢ = {iy,...,i,} with ary two sitesdirectly
connectedIt shouldbe notedthatany subsebf click is alsoaclick.

Sowith thesedefinitionswe arereadyto definea Gibbsdistribution. P € P(R")
is Gibbswith respecto G = {A, £} if P canbewrittenas

P(X) = H Fc(Xc) (8)

ceC

whereX. = {X; : j € c} andwe needtheassumptiorthat F,.(X.) > 0, VX, € R°.
A Gibbsdistribution canbewrittenas

1
P(X) = 5€Z¢€c fe(Xe) (9)

Therepresentatiois notuniquesincesubsedf clicks arealsoclicks, but if we look at
maximalsizeclick, thenwe have thefollowing,

Theorem 1 (Clifford-Hamilton). The probability measue P is a Markov Random
Field if andonlyif it is a GibbsDistribution.

Additional referencesre:

e Winkler, G, "Image Analysis, RandomFields and Dynamical Monte Carlo”,
1995.

e GemanpD. LectureNotes.

Additionally it is goodto notethatthe functions F' are not necessarilya cdf. P
GibbsimpliesP? Markov RandomField is easyto shaw. For lineargraphsP Markov
RandomFieldimplies P Markov. Additionally possiblyhigherorderimplications,i.e.
274 Markov implies 1%t orderedMarkov. The otherway is alsotrue with additional
minimal assumptionsThe conditionthatwe needfinitenessof the X;'s andthatwe
needa lattice canbeloosenedvith theadditionof higherlevel mathematics.



2 Hidden Markov Random Fields

Considerthe following data,an unobseredrandomarrays,denotedas X; = {X; €
A;} andtheobsereddata,Y = {Y}, : k € A, }. Oftenwe wantwantto saysomething
aboutX, giventheobseneddataY” is containedn probabilitydistributions P(X |Y').

A HiddenMarkov RandomField, or HMRF, hasthe following two propertieshat
(X,Y) areMRF Gxy = {A; UAy,éx,v} andX is MRF Gx = {Ax,&x}, where
&, is asubsetof £x y. HereY is acorvolution of the obsened X someotherand
componentThiscomponentanbeaccountingor randomnoise,i.e. theobseneddata
is effectedby noiseandtheactualdata.lt is significantto notethat P(X |Y), P(X,Y)
andP(X) areall MRF althoughP(Y') is not.

Considerjusttheobsenations,i.e. Y andsupposéhatthisis thetruedistribution,
thenthereis no reasorno assumeahatY hasa Markov distribution. The distribution,
although of theobsereddatacancomethrougha HMRF.

3 Computerized Characterization of HMRF

HereX , with P(X) theposteriodistribution,and(X,Y"), with P(X,Y) = P(X)P(Y|X),
wheretheposteriodistributionarethemajordistributionsof interesdenotedasP(X |Y).

Threemajor pointsof interestof this type of questionis theinferenceproblemor
thedecisionproblem,i.e.,

Xonap = arg max P(X[Y). (10)

andis to calculatethe meanof the posteriordistribution [ X P(X|Y)dz. Thesecond
problemof interestis evaluatingthe distribution of the unobsered data,i.e. P(Y).
Thefinal problemis givenby learning,we have two parametersf interest,if we as-
sumea parametridistribution for thetwo distributionsP(X) andP(Y | X). Therefore
we have Py, (X) and Py, (Y| X') andthe goalis to learnhow to estimate(6,, 62), by
maximizing,

~

0(Y) = arg max Py(Y) (11)

3.1 TheProblem of Inference

Considetthefollowing conditionaldistribution where,

P(X[Y) = ] Fu 12)

ceCx

maximizingthis functionis equivalentto minimizing thefollowing,

—log (P(X|Y)) Z log (F, (13)

=ch

ceCx



Considera lineargraph,thenthe abose maximizationschemeboils down to mini-
mizing,

—log (P(X, Y)) = fl’g(Xl,Xg) + f2,3(X2,X3) + ...+ fN—l,N(XN—l,XN)
(14)

This by minimizing the above function by X; first, then, do the samething for X,
etc.. Oncethe function is minimizedfor eachvalue, then repeatthis processuntil
convergenceof theminimizationprocess.

In general,

C(X) =) fo(Xe) (15)
ceC

with G = {A, £} andrecall that C is the setof clicks. Herewe needto choosea
visitationschemewhichin essencés a permutatiorof the points,for notationalease

wewill calltheses(1),...,0(N) where|A| = N i.e. thecardinalityof A is equalto
N.
We candeformC(X) asfollows,
CX) =) fe(Xe) (16)
ceC
= Z fe(Xe) + Z fe(Xe)
co(l)eC cio(1)¢C

thenminimizeover X, 4.
For easeof notationwe will definethevisitationof sitesby,

Bo1) = No(uy (17a)
={j€A:j+#0o(1), ]is connected to o(1)}

arethe numberof sitesthat are visited from site o(1) continuingin this fashionwe
have,

Bs(2) = {j eEAN:jH£o(1),0(2)j€ Na(g) orj € By if o(2) € Bo’(l)} (17b)
anditeritively we have,

Ba’(k) = {] eEAN:j#£o(),...,0(k)j€ Ng(k) orje Ba(k—l) if o(k) € Ba(k—l)}
(17¢)

fork = 2,3,...,N. Minimizing the first term of (16) with respecto X, 1) to get
X,0)({Xj:j € Nyy} andCoy({X; : j € By(1y}. Thuswe canre-express(16)
as,

C(X)=Coy({Xj 15 €Boy} + DY, felXa) (18)
c:o(1)¢C
= a(l)({Xj 1J € Bo(l)} + Z fe(Xe) + Z fe(Xe)
cio(l)¢C,0(2)eC c:o(1),0(2)¢C



This processis continued. The overall compleity is given by defininga new rela-
tion |B,| = max{|By(1)|, ---,|Bs(ny|} andthenthe overallcomplexity is givenby
O (|A|RIB-1+1),

3.2 Evaluating the Distribution of Unobserved Data
For learningwe have thefollowing:

e XisMRFGx = (A, ¢)

e (X,Y)isaMRFfor...

e P(X]Y)isaMRFwithrepecto G = (A, ), wherewe canexpressP (X |Y) =
[l Fe(Xe) = %e— e fe(Xeo) = %e—H(X)

Sowe havethat X; € R andX e RI*. We needto solve the following differential
equation,

dX dw

— =-V-H(X)+V2T— 19

g~V HX) VAT (19)
with initial conditionX (0) = X, w is theBrowianmotion. We cansolwvethisequation
by multiply bothsidesby dt, thenwe have,

dX(t) = =V - H(X (t))dt + /2T (t)dw(t) (20)
Also notethat,
e~ T H(@)
w(t,z) = 70 = 0(z —2z) (21)
andthat,
P(z,t) = P(X(t) = z|X(0) = zg) = 6(z — z) (22)

if T'(t) ~ %

Considerthefollowing arrays, X (© — X(1) — x() — ... thatcorvemeto the
correctanswer ThenX € RIA' = Q whereTy > T, > ... > Ty — 0. Now you
startwith X (©) andpurposeanev X ("), Calculatethe hamiltoniansof eachX (¥) and
X @ If thehamilitonianof X (1) is lessthanor equalto the hamilitonianof X (1) then
X© = X OtherwisechooseX (V) = X (1) with probabilitye 7 H (X)) —H(X )

4 TheLearning Problem

Recallthatwe hadthefollowing P(X|Y) = P(X)P(Y|X). sowe hadthefollowing

probability densityfunction P(X) = e~ X f(X) Thereareadditionalchoicesin

modelssuchas,

1 - i OQV(“)(:“,XN(Q))
[ I

P91(X) = T

o) (23)



Oneof theeasiesmodelis Y; = X; + e wheree ~ N(m, 0?). Two waysto solve this

methodareusingthe Pseudo-likklihoodmethodor the variationalmethod.
Whenlooking at Py, (Y| X') wheresolvingfor Py(Y) wheref = (61, 6,) andthis

canbeestimatedisingeitherthe EM algorithmor Variationtechniques.
Consider,maxg Py(Y"), andlook atthefollowing

—log (Py(Y)) = =Y _ (log (Ps(Y))) Pa (X|Y) (24)
X
__ B YN 5,
> (s (T ) ) o xm)
=- Z (log (Pe(X,Y))) Po(X|Y) + Z (log (Pe(XY))) Per (XY)
X X
=R(Y:0,0')— H(Y;0,6"

Thenthis canbe doneby dynamicprogrammingandupdatingpluggingin the so-
lutions andresolvingto geta new solution. The E-stepis to computeR(Y : 8, 6(™)
andthe M-Stepis to find the arg ming R(Y : 6,6(™)) = 9(»+1), Continueuntil con-
vergence.Thefollowing Lemmacanbeshawn,

Lemmal. —lOg (Pe(n) (Y)) > —log (Pg(n+1) (Y))

The above outlinedEM algorithmcanbe donewith lineargraphsandtreegraphs
but with Lattice graphss computationahard.
Thepseudo-liklihoodsolutionis solvedby finding thed from

mthH Py (X3 X ;) (25)

5 Tracking and Detection

Applicationsof trackinganddetectionis traffic obsenation (the difficultly beingthat
thenumberof carsis randomandchangingyandsubway suneillance.

Therearefour basicelementghatgointo thealgorithm,they aretherepresentation
of objects,representatiomf the dynamics(you shouldsomehow articulategeneric
properties) we needto usethe actualcollecteddata. If we combinethesefirst three
componentshenthis is a nonlinearfilter problem,so the 4** elementis the filtering
algorithm.

Thefirstfiltering algorithmuseds theMonteCarlofilter. Oneonthenicesffiltering
ideasin thelast40years.

5.1 Representation of Objects

The form of the templatesandthe hierarchicalmodelsthat are used. The templates
usedfor the deformationmove in realtime. They arenot trackingin 3-D ratherthe
maovementin the 2-D astheimageis capturedy thecamera.



The first deformationis the Rigid deformationusing locationand rotation. The
elasticdeformationarein principleinfinite dimensionalput for practicalpurposenust
bebroughtdown to afinite dimension Both modelsinvolve parameterghataregener
ally usedto calculatethe generalizeatoordinates.

Considetthefollowing detailsin thedeformatiorof thetemplatesandusinggener
alizedcoordinatesFirstyou usedeformationthenrelationandthentranslation.

A personcouldtry to bevery ambitiousandtry to faithfully representhetrajecto-
ries of a moving object. But the this not the goal, the trackingis actuallybeingdown
by the data. So a simplemodelwill do a goodjob, whenaccentuatedby the actual
obseneddata. Thususinglinear modelsmay bejustified, even thoughthesetypesof
modelsdo notallow dicontinuities.But if we go beyondlinearmodelswe canhandle
thediscontinuitieshut make the equationsnoredifficult to solve.

We will startby writing down differentialequationghat accuratelydescribethe

motion. Let,
b
q= 0 (26)
qd

whereq is a function of time or the travel,  is therotationandgy is the deformation
parameterthusa possiblemodelmightbe,

z =b+ RERs({)qa (27)

wherethekineticenegy is givenby;,

1

73 [ T©- XX = itue)q (29)

thedissipatiorenepy is givenby
1 e 1, .
D=3 | v(X'Xd¢ = 24Cla)g (29)
B

thestressenengyis givenby

U= [ 40 B© e = 3¢@) - n-<la) (30)

andherewe useLames Constantfor . Finally we have the lagrangiandynamicis
givenby,

d (0T 0T 0D 0U
Q‘%'(a—q)‘a—ﬁa—q*a—q D)
where@ is theexternalforce. We expressthe statevalue,
q(t)>
X(t)=|: 32
2 <q(t) (32)



andamoregeneralizedorm is givenby
X(t) = fe(Xk) +c (33)

in theendwe usea MRF.

In generalwe canconstructa datamatrix, i.e. theimage,thatframek is givenby
yr = hi(Xk,vr) wherek is a positive integerthatrelatesto a particularframeandyy,
is therandomnoise.Herey;, is theraw data,but it canalsobe consideredsthe data
of the frameandthe previousframes.Finally it canbe considered highly nonlinear
equatiornof the data.

Now we considetthat X, is amarkov model.Y}, is a

P(Yo,Y1,... Y| Xo, X1,... Xi) = [[ P(V3IX;) (34)
J

thisis of coursea hiddenmarkov model.
Herethe algorithmwe look at P(X}|Yo, ...Y:) andwe cangenerateN samples,

around5000 typically, call theseX ,9), e, X ,EN ) and then statisticsare calculated
on thesesamplestypically eitherthe meanor the median. It turnsout, throughthe
dynamicsthenarandomgeneratiorof thek — 1 framewill look very similarto the &
frame.We thenusethe datain the k frameto move aroundthis estimate.

This type of thoughtgoesthroughtwo steps.Thefirst stepis a predictve step,i.e.
trying to predictthe next step,i.e. X thetrue frame,from thefirst & — 1 obsened
framesj.e.Yi,...,Y,_1. Thus,

X = foa (X0l (35)
~ P(Xk|YI]7 ER aYk—l)
We thenupdateby taking)?,gl), )?,52), . ,X’,ﬁN) where,
P (Vi|X, = X{")

(n)
q, = ~(m (36)
St P (il Xi = (™)

m=1

wethengetq = (q,(co), q,(cl), ... ,q,(cN)). We thensampleqg to generate

(x,x2,. x(™) (37)

It canbeshavn thatX,EN) ~ P (Xg|Yo,-..,Ys).

We cancalculatethe costfunction andcall this ¢(Y%, X) wherea high costis a
predictedpicturethatis far from the obsenedandvise-versa.To implementthe algo-
rithm (MCF) oneneedsotto specify P(Yy|X},) butonly q,(c”). In theimplementation
wetake

v (n)
9 = = N =(m) (38)
Zm:l c (Ylek )




