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Herewe will discardthe previoustrain of thoughtghatonly way to doimageanal-
ysisis to think in the “discrete” frame point. Insteadwe will try to think of these
problemsas conitnuous,and then solve theseproblems,and then figure out how to
figure out the discretepropertieghatthe computerdimit us. We will attackthis prob-
lemin aseriesof steps:curves,curves& imagesimagesVectorimagesandGerneal
Manifolds.

1 Curves& Images

The typical structureto the solution of this problemis to remove noisewith a linear
filter such

C(P): Rypy — R? (1)

we estimatethis mappingor filter asC,o = C(p, 0) Filter (p, o) whereo denoteghe
amountof noiseto remove. Supposehatwe have two filters C'(p, 0) — C(P, 01) and
C(p,0) — C(P,o2) thenweshouldexpectthatif o5 > o1 thenC(p,01) — C(P, 02).
Thisis the scalespacewhereit is amemorilessystem.This wasthefirst requirement
thatwasneeded.

Otherrequirementsvereaddedsuchasshift andscaleinvariant. It canbe shavn
thatonly a Gaussiarfilter satisfiegheserequirementsThis wasstatedin 1983. The
guassiarfilter is denotesasG(0, o). This ideawasexploredby looking at multiple
versionof thepicturesthathave beensmoothedo variousdegreeshencegettingrid of
moreandmorenoisebut blurring moreandmoredetails.

*Thanksto Brad Love for typing up thesenotes his trip wassupporteddy the Max Plancklnstitutefor
DemographidResearchipcatedin Rostock,Germary.



It wascommentedhatif you aregoing to filter a picture,C'(p,0) = C(p,0) ®
G(0, o) is equialentto solvingthe heatflow equation,

ocC

i AC (2)
whereC'(z,y) satisfies
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Fromtheseequationave seethatmaximalprincipleis equivalentto a scale-space.
Thissuggestshatarny PDE cantranslaténto a state-spacandto analysismages.The
goal of this methodwasto getrid of the assumptiorof linearity, i.e. only usingthe
Gaussiarfilter, andthis convolution methodgivesriseto mary otherPDE solutions.

Why dowe needmore?Well considerandimageas,

I(z,y): R> - R 4)
or with noisewe would have,

I(z,y,0) = I(z,y) * G(,y,0) (5)
or in otherwordssolvingthefollowing equation,

a1 8’1 I
5= =gt 6)

The problemof course|is thatwe betrid of noise,but we looseinformationaswell.
Notethatwe applythe heatequationasgivenin (3) with the parametrizatiorC (p) =
[z(p), y(p)]. Without this parametrizationthenthe equationcannot be applied. The
heatequatioris notintrinsicto theimage.

Thusif mary peoplewereto take the samepictureandapply the heatequationto
the picture, they would all have a differentpicture, sincethe parameterizatiomvould
leadto differentresults.But if a parametrizations agreedupon,sayC(p,0) is thearc
lengthsaySc¢ (), thenwewill getthesameresult. Thentheheatequatiorcanbeboiled
downto,

Oz 0%z
27 = Aar (7)
ot~ 3%,

butthisviolatestheassumptionsf the State-Spacen attempto nail dowvntheparametriza-
tion problem. The to solve both of theseproblemswe re-expressthe above equation
as,

Oz 8%z

ot~ 982, (®)



thereforegetting,

aC  9°C
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ot 0852
calledthe geometricheatflow. It canbe provedthatthis equationcandefinea state-
space.
Anotherformula that becomedmportant,if we are discusingmoving curvesin
time, thenabasicformulais givenby;,

aCc ~

ot
This equatiorbasicallystateghata curve is moving inwardsor outwardsat a constant
velocity. But this methodcancreateshocksf runlong enoughby Huygens principle.
Theseshocksareimportantfor definingskeletals.

Thesetwo basicequationsare complementaryogether If we only wantto look
at moving curvesin binary pictures,thenwe will geta lot of mileageout of these
equations.

Things becomemore interestingwhen we want to move curves on non-binary
curves. Thenwe might considerthe curvesasgiven by (10) will continueto go in-
wards,but if we wantthe curvesto stopat the edgesof a curve, we wantto stopthe
curvesatthe edgeghenwe will usethefollowing manipulatiorof (10),

%:gkﬁ—l—gﬁ—l—... (11)
wheretheexternalforceg « |VI|.

Now what happensf we move a Gaussiarfilter in time? Sinceimagescanbe
expressed (z,y) : R? — R andapplytheheatequation,

(9)

(10)

oI
5 = OI (12)

Gaborsuggesteih the 70’s that
oI
— =di I 13
g div(gV1I) (13)

wheredetailsare not smoothecdbut, but noiseis. In the 80’s, PeronaandMalik sug-
gestedhe sameequationwithout knowning of the paperby Gabor At the sametime
Raborand Osteralso presentedimilar ideasin in Rabors dissertatiorat Cal Tech.
They suggestedsingthefollowing functionsfor looking atthe boundary

1

g 14
e+ |VI| (142)

g:
or

g=pV1 (14b)



Thususingthe isotropic equationas givenin (3) loosesa lot of informationbut the
adjustedheat equation,the anisotropicheatequationabove denoisesan image and
retainsthe details.

Thelink is thatthe guassiarfilter is relatedto the heatflow, andthe heatflow is
relatedto € |VI|? via thegradientdescenbf enegy. Sinceguassiarilter is a PDE, it
is actuallya variationalproblem. Making all of theseprocesseselatedto eachothet
If we putan L' normthenwe getthefollowing,

oI . vI

This givesthe nice propertythatthe L' normis morerobustthanthe L2 norm. Soa
betternorm,

/ log (1 + |VI|?) (16)

insteadof the L' norm, but the variational equationthat this solvesis not straight
forward.

Supposehatthe obseredimageis givenby I= Iyrignal + Noise soyou wantto
minimizethefollowing

min/¢(|v1|) +a/(1—f)2 (17)

This ideacan be complicatedmore by consideringblurring that needsto be re-
movedaswell, supposéahatthe pictureis notin focusthenwe cantake careof this by
consideringhefollowing equatiorrepresentatiod = Iorginal * G + Noise whereG is
theblurring effect or the non-focuseffect.

Consideran image,and conceptuallytake all of the boundariesf the imageas
curvesandmove themto the snales. If thisis donefor all of theboundarieghenthis
is the sameasapplyingtheisotropicheatequatiorto all of theboundariestthe same
time, hencethelossof theinformationof the details.

Considetthefollowing equation,

oC ~
i k (18)
but herewe will put the following conditionson the boundariesand the smoothing
direction,

oI 821
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this equationis got by makingthefollowing assumptionmatgl% anddefinepy =
{(z,y) : I(z,y) = A} asthelevellines. Sothis givesriseto looking at,
9¢

5 = AIvel (20a)



insteadof,

ac
5= BN (20b)

thusif we applythisideato eachindividual level line, andthenreconstructheimage,
thisis thesameasrunningtheoriginal equationon the entirepictureat the sametime.

2 Vector Images

Supposethat we have animage,I : R? — R™ i.e. scalarto the vectorcase. The
antitropicequationthatwasusedabove is givenby,

I
9 — div(o(vI)VD) @)
andthe A.M.L. is givenfrom,
o1  9%I

WhengJ_%. Thenwe canlook at the gradient,i.e. VI = (I, I,)) with thesame
intreptation thatthe gradientwill find the directionof the quickestjump to decrease.

We thencancalculatethis by calculatingthe matrix,
I I, I;-I,
(Iw Ay Iy @3)
andfind the eigenvaluesandvectorsof the abose matrix. The eigenvectorsaregoing

to be orthogonal. We canusethe snale methodsusingthe eigenvaluesas stopping
functions.

3 Contrast Enhancement

Although we are mainly focusingon problemsof denoisingor deblurring,but other
directionsareavailable. Thistypeof problemis similarto sayingthathereis aproblem,
whatPDE solvesit, versusderiving PDE’s to addressmaging. Considerthe problem
of contrastenhancementThis canbe amguedto be a moreimportantproblemthan
denoising.Thisis becauseavith denoisingthepicturecanstill bemadeout, althoughif

therepictureis lostto noiseno imagetechniqueswvill recoverthe picture,but contrast
enhancemenwill take a picturethatoftentakesnothinginto something.The goalis

not to make the picturenicer, but to make the picturerecognizableA pretty pictureis

notthegoal. Contrasenhancemenis away of stretchinghepixelsfromthecoverage
thatareobsenredto all of the pixelspossible. Therearemary techniquegor this, such
asauniformstretch.Onecanalsolook atthe histogramdistribution of the pixels,and
thentransformthe distribution into the desireddistribution, i.e. this is calledglobal
histogrammaodification. But small patternsare hurt or lost in the enhancementSo



addresghis problemwe will try doing local histogrammaodification, so that small
objectsarenotlost.

PDE’s allow the userto look at objectsthat are not squaresratherconnectedb-
jects,andstretchingwill stretchtheseobjectsin the samemanneysothatthey arenot
lost. Thesetechniquesrecalledshapepreservingconstrasenhancement.

4 Image I npainting

Imageinpaintingis fundamentallydifferentthendenoisingsincedenoisings informa-
tion plusnoise,but inpaintingis missinginformation. Sohow canwe correctfor this,
but still maintainthe picture? Furthermorewe canusesimilar techniquego remove
objectsfrom the pictureandreplacethe background.

Of courseheseechniguesreoftendonein themovie industry Thisis easilydone
in moviessothatwe basicallycopy the missingpartof the framebeforeandafterand
putit to the missingpicture. We canalsoreplaceunwantedinformationin a seriesof
pictures.We canalsotry tofill in thewantedareaby texturecopying.

We candothesetechniquedy usingthe propigationinfomration

VL-N =0 (24)
andtheevolutionaryform,

oI

5 = VL N (25)

andthenwe canfill int theinformation.HereL is thesmoothnesestimatotthe Lapla-
cianandN is theisophotedirectionandit is time variantandis thenormalvectors.So
we use,

% =V(AI)- VAT (26)

plusnumericalscheme®y Osherandwith boundaryconditions.
An extensionis the variationalform

min/ div(60)?(a + ||V * ul]) + c(|| V|| — 6 - V) 27)
w8 JoU Band

solvedvia E-L: coupled2ndorderPDE’s,andthefull theoryis given. similar practical
resultsthan3rd orderequations.

5 Variational formulations and PDE’s on or onto I m-
plicit Surfaces, A manifold approach

SolvingPDE’'s andvariationalproblemsfor datadefinedfrom agenericsurfaceontoa
genericsurface. Variationalproblemsand PDE’s on the surface?You get, andit may
spelltheendto triangulaedsurfacessolutions. Themaingoalis to solvethe PDE'sand
variationalproblemsto fix the datadefinedfrom a genericsurfaceontoto a generic
surface.Considerthefollowing problems:



Meancurvaturemotion(llmanen,etc.)

MathematicaPhysics

ComputeirGraphics

lamgeprocessing

Reyularizedof inverseproblemg(e.g. EEG+MRI, e.g.Faugeras
e 3-D surfacemapping

Theclassicahpproacho thesaypesof problemsjs towork with triangulated/meshed
surfacesand doing discretizationon non-uniformgrids and projectionsonto triangu-
lated surfaces. Doing this limits the userto functions(e.g. Kimmel) andhasa very
limited framewvork. Work on the surfaceis mappedto the plane, but loosegeome-
try addsto the compleity to the problem. Furthermoreno work on target surfaces
reported.In the purposed®DE approachwill try to addressheseproblems.

Herewe will look at variationalproblemsand PDE’s throughthe theory of Har-
monicmapswhichis awell definedframawork. Thisrepresentthesurfacein implicit
form. Thereis work in classicalnumericson Cartesiargrids, no projections. These
problemshave beenmotivatedby OsherSethiarnevel setsandOshervariationallevel-
sets.

Firstwe have to find the mapbetweermanifolds(M, g) and(IV, h)

min / IV s 1| [Pdvol iy (28)
IM—=N [,

with the graidentdescen{p=2)is givenby,

this is the Laplace-Bethramsecondundamentaform, one canseefurther examples
in Perona,Chan-ShenSochenet al., Hoppeet al, Zorin et al., etc.. We canusethis
equatiorto denoisecolorimages.

Herewe needto think abouttheembeddingsowe havetheframevork I : M — N
where M is a genericsurface,the domain(Bertalmino,Cheng,Osher),and N is a
genericsurface thetarget,(Memoli, Osher).

We will start embeddingthe domain surface, the simplist problemto tackle is
running the heat equationon the surface. A map from a genericdomain surface
I: M — R,wherewelook at,

min / IV a2 1| 2dvol ne (30)
I:M—R M
and
ar
OF _ 1 31
5 M (31)



whereM is thelevel setof ¥ = {z : ¥(z) = 0}.
We needto solve thefollowing problem,

/ [V ar||Pdvolpy = / || Py g VI|[?>dvol ps (32)
M M
_ /3 || Pow VI|26(3)(|V||dz
R

to take theintrinsic gradient take the gradientin R® thenprojectto thetangentplane,
to thelevel sets sothatthederivativesaretakenin Euclidearspace.
Thedothegradientdescentlow, i.e. the heatflow on anintrinsic surfaces,

BI

all thecomputationgredoneonthecartisiangrid. ThePDE shouldonly runin aband
aroundthe surface,sinceonly neededesultsareon the surface thenextendtheresults

to thesurroundingsurfaceusingnormalsto projectout.
To denosingonimplicit surfaceswith an L' normrequiredooking at,

/”VMI”d’UOlM:/ ||PV\pVI||d’UOlM (34)
M M

= [ IPesv1s@)]vejds
R

andwe getthefollowing gradientdescentlow,

ol 1 . PyyVI )
— = div AVA'/} 35
TE ] (HPWVIH” : (33)

We canalsogetthe unit vector/colordenoisingonimplicit surfacesgconsideithatl
is amapfrom the 3-D surfaceto the 3-D unit sphere
o1 1 . ( PgeVI
— = div
ot |Vl [Pow V1|

|||W||) T 1|Pog V]| (36)

Now we canalsoconsidera patternformulationon implicit 3-D surfaces,which
follow Turing, Kass-Witkin, Turk

‘;‘Z #(a,b) + alya (37a)
g? g(a,b) + BAMD (37b)
andthenmodifiedto
da



0b

e [|PyveVI|| (38b)

1
= g(a,b) + froom
V]|
Vectorfield visualizationon a surface,a classicalproblem,thatcanbeeasilydone
within this framework.
Embeddingn thetargetmanifold,soagainl : M — N, theletN bethelevel set
of ¢ = {z : ¢(z) = 0}. Wherewe,

min / 1V 20| 2da (39)
I:M—{¢=0} J ps
andtheequatiorgives,
o1
5= Apl + A=y (I) (Ve I, V) (40)

sowe mustminimize,
oI oI 01
i ApI + ( Ek Hs <—6mk’—6:rk >> [IVI|| (41)

whereH denotegheHessian

Concludingremarksare that thereis no more needfor triangulatedsurfacesfor
variationalproblemsandPDE's. Theresultsarelocally independensf embeddirfunc-
tion. Theextendedo opendomainandtargetsurfaces.Thereareof coursemary open
theoryproblemdeft to solve.



