
GeometricPartialDifferentialEquationsand
ImageAnalysis

�
GuillermoSapiro

Universityof Minnesota
ShortCourseon

MathematicalMethodsin SpeechandImageAnalysis
Instituteof MathematicsandIt’sApplications

Universityof Minnesota

September14th,2000

Herewewill discardtheprevioustrainof thoughtsthatonly wayto do imageanal-
ysis is to think in the “discrete” frame point. Insteadwe will try to think of these
problemsasconitnuous,and thensolve theseproblems,andthen figure out how to
figureout thediscretepropertiesthatthecomputerslimit us. We will attackthis prob-
lem in a seriesof steps:curves,curves& images,images,VectorImagesandGerneal
Manifolds.

1 Curves & Images

The typical structureto the solutionof this problemis to remove noisewith a linear
filter such �������	��

� ��� ���������

(1)

weestimatethismapping,or filter as ������ �!���#"$�&%��('*)�+�,�-�./�#"$���$� where
�

denotesthe
amountof noiseto remove. Supposethatwehave two filters

���0"1��%2�3�4�����	��� � �
and���0"1��%2�5�6���7�	�&� � � thenweshouldexpectthatif

� �98 � � then
���0"1��� � �5�6�����	��� � � .

This is thescalespacewhereit is a memorilesssystem.Thiswasthefirst requirement
thatwasneeded.

Otherrequirementswereaddedsuchasshift andscaleinvariant. It canbeshown
thatonly a Gaussianfilter satisfiestheserequirements.This wasstatedin 1983. The
guassianfilter is denotesas : ��%/�&�$� . This ideawasexploredby looking at multiple
versionof thepicturesthathavebeensmoothedto variousdegrees,hencegettingrid of
moreandmorenoisebut blurringmoreandmoredetails.;

Thanksto BradLove for typing up thesenotes,his trip wassupportedby theMax PlanckInstitutefor
DemographicResearch,locatedin Rostock,Germany.
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It wascommentedthat if you aregoing to filter a picture,
���0"1���$�<�=���#"$��%2�5>: �7%?���$� is equivalentto solvingtheheatflow equation,@ �@ , �BAC� (2)

where
���7DE��F?�

satisfies @ D@ , � @ � D@ " � (3a)@ F@ , � @ � F@ " � (3b)

Fromtheseequationswe seethatmaximalprincipleis equivalentto a scale-space.
Thissuggeststhatany PDEcantranslateinto astate-spaceandto analysisimages.The
goal of this methodwasto get rid of the assumptionof linearity, i.e. only usingthe
Gaussianfilter, andthisconvolutionmethodgivesriseto many otherPDEsolutions.

Why doweneedmore?Well considerandimageas,G ��DE�HF?�I��
 � ��

(4)

or with noisewewouldhave,G �7DE��FJ���$�3� G ��DE��F/�LK : �7DE��FJ���$� (5)

or in otherwordssolvingthefollowing equation,@ G@ , �MA G � @ � G@ D �
N @ � G@ F � (6)

Theproblemof course,is thatwe bet rid of noise,but we looseinformationaswell.
Notethatwe applytheheatequationasgivenin (3) with theparametrization

���0"��O�P D1�0"��&��F��#"J��Q
. Without this parametrization,thentheequationcannot beapplied.The

heatequationis not intrinsic to theimage.
Thusif many peoplewereto take thesamepictureandapplytheheatequationto

thepicture,they would all have a differentpicture,sincethe parameterizationwould
leadto differentresults.But if a parametrizationis agreedupon,say

���#"$��%2�
is thearc

lengthsay RESUTWVYX , thenwewill getthesameresult.Thentheheatequationcanbeboiled
down to, @ D@ , � @ � D@ R �SUTWVYX (7)

but thisviolatestheassumptionsof theState-Space,in attempttonail downtheparametriza-
tion problem. The to solve bothof theseproblemswe re-expresstheabove equation
as, @ D@ , � @ � D@ R �SUT#Z[X (8)
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thereforegetting, @ �@ , � @ � �@ R � �]\_^ �` (9)

calledthegeometricheatflow. It canbeprovedthat this equationcandefinea state-
space.

Another formula that becomesimportant, if we are discusingmoving curves in
time,thenabasicformulais givenby, @ �@ , � ^ �` (10)

Thisequationbasicallystatesthata curve is moving inwardsor outwardsataconstant
velocity. But thismethodcancreateshocksif run longenoughby Huygen’sprinciple.
Theseshocksareimportantfor definingskeletals.

Thesetwo basicequationsarecomplementarytogether. If we only want to look
at moving curves in binary pictures,then we will get a lot of mileageout of these
equations.

Things becomemore interestingwhen we want to move curves on non-binary
curves. Thenwe might considerthe curvesasgiven by (10) will continueto go in-
wards,but if we want the curvesto stopat theedgesof a curve, we want to stopthe
curvesat theedgesthenwewill usethefollowing manipulationof (10),@ �@ , �ba?c�^ �` N a�^ �` NbdYdYd (11)

wheretheexternalforce
afehg i G g

.
Now what happensif we move a Gaussianfilter in time? Sinceimagescan be

expressed
G �7D$�HF?�I��
 � ��


andapplytheheatequation,@ G@ , �BA G (12)

Gaborsuggestedin the70’s that@ G@ , �]j�)lkJ�[a/i G � (13)

wheredetailsarenot smoothedout, but noiseis. In the80’s, PeronaandMalik sug-
gestedthesameequation,without knowningof thepaperby Gabor. At thesametime
RaborandOsteralsopresentedsimilar ideasin in Rabor’s dissertationat Cal Tech.
They suggestedusingthefollowing functionsfor lookingat theboundary,af� mn N g i G g (14a)

or a��]oqpsr tUuvr
(14b)
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Thususingthe isotropicequationasgiven in (3) loosesa lot of informationbut the
adjustedheatequation,the anisotropicheatequationabove denoisesan imageand
retainsthedetails.

The link is that the guassianfilter is relatedto theheatflow, andthe heatflow is
relatedto w g i G g � via thegradientdescentof energy. Sinceguassianfilter is a PDE,it
is actuallya variationalproblem.Making all of theseprocessesrelatedto eachother.
If weputan x � normthenwegetthefollowing,@ G@ , �bj�)lkzy i Gg i G g�{ (15)

This givesthenicepropertythat the x � normis morerobust thanthe x � norm. Soa
betternorm, |~}������ m N g i G g ��� (16)

insteadof the x � norm, but the variationalequationthat this solves is not straight
forward.

Supposethat theobservedimageis givenby �G � G����[� �H���H� N�� ������� soyou want to
minimizethefollowing � ��� |�� �Hg i G g � N_� | � G ^ �G � � (17)

This ideacan be complicatedmore by consideringblurring that needsto be re-
movedaswell, supposethatthepictureis not in focusthenwecantakecareof thisby
consideringthefollowing equationrepresentation�G � G �H�[��� �Y��� K : N�� ������� where: is
theblurringeffector thenon-focuseffect.

Consideran image,andconceptuallytake all of the boundariesof the imageas
curvesandmove themto thesnakes. If this is donefor all of theboundariesthenthis
is thesameasapplyingtheisotropicheatequationto all of theboundariesat thesame
time,hencethelossof theinformationof thedetails.

Considerthefollowing equation, @ �@ , �Mc ^ �` (18)

but herewe will put the following conditionson the boundariesand the smoothing
direction, @ G@ , � @ � G@q� � (19)� G �� GY��� ^�� G� ¡G��¡GY �� N G �� G� � g i G g ¢
thisequationis gotby makingthefollowing assumptionsthat

��£ tUur tUuvr anddefine
o/¤
�¥ ��DE�HF?�	� G ��DE�HF?�3�!¦J§

asthelevel lines.Sothisgivesriseto lookingat,@ �@ , ��¨©g i � g (20a)
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insteadof, @ �@ , �ª¨ ^ �` (20b)

thusif weapplythis ideato eachindividual level line, andthenreconstructtheimage,
this is thesameasrunningtheoriginalequationon theentirepictureat thesametime.

2 Vector Images

Supposethat we have an image,
G �©
 � �«
*¬

i.e. scalarto the vectorcase. The
antitropicequationthatwasusedaboveis givenby,@ G@ , �]j�)lk­�[aE�Hg i G g ��i G � (21)

andtheA.M.L. is givenfrom, @ G@ , � @ � G@J� � (22)

when
��£ tUur tUu&®5r . Thenwe canlook at thegradient,i.e.

i G �¯� G�  � G�� �
with thesame

intreptation,that thegradientwill find thedirectionof thequickestjump to decrease.
We thencancalculatethisby calculatingthematrix,y G  *° G   G  *° G �G  *° G � G ��° G � { (23)

andfind theeigenvaluesandvectorsof theabovematrix. Theeigenvectorsaregoing
to be orthogonal.We canusethe snake methodsusingthe eigenvaluesasstopping
functions.

3 Contrast Enhancement

Although we aremainly focusingon problemsof denoisingor deblurring,but other
directionsareavailable.Thistypeof problemis similarto sayingthathereis aproblem,
whatPDEsolvesit, versusderiving PDE’s to addressimaging.Considertheproblem
of contrastenhancement.This canbe arguedto be a more importantproblemthan
denoising.This is becausewith denoising,thepicturecanstill bemadeout,althoughif
therepictureis lost to noiseno imagetechniqueswill recover thepicture,but contrast
enhancementwill take a picturethatoften takesnothinginto something.Thegoal is
not to make thepicturenicer, but to make thepicturerecognizable.A prettypictureis
notthegoal.Contrastenhancement,is awayof stretchingthepixelsfrom thecoverage
thatareobservedto all of thepixelspossible.Therearemany techniquesfor this,such
asa uniformstretch.Onecanalsolook at thehistogramdistributionof thepixels,and
thentransformthe distribution into the desireddistribution, i.e. this is calledglobal
histogrammodification. But small patternsarehurt or lost in the enhancement.So
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addressthis problemwe will try doing local histogrammodification,so that small
objectsarenot lost.

PDE’s allow theuserto look at objectsthatarenot squares,ratherconnectedob-
jects,andstretchingwill stretchtheseobjectsin thesamemanner, sothatthey arenot
lost. Thesetechniquesarecalledshapepreservingconstrastenhancement.

4 Image Inpainting

Imageinpaintingis fundamentallydifferentthendenoisingsincedenoisingis informa-
tion plusnoise,but inpaintingis missinginformation.Sohow canwe correctfor this,
but still maintainthe picture? Furthermorewe canusesimilar techniquesto remove
objectsfrom thepictureandreplacethebackground.

Of coursethesetechniquesareoftendonein themovie industry. This is easilydone
in moviessothatwebasicallycopy themissingpartof theframebeforeandafterand
put it to themissingpicture. We canalsoreplaceunwantedinformationin a seriesof
pictures.We canalsotry to fill in thewantedareaby texturecopying.

We candothesetechniquesby usingthepropigationinfomrationi x ° ^ �` �b% (24)

andtheevolutionaryform, @ G@ , �Mi x ° ^ �` (25)

andthenwecanfill int theinformation.Here x is thesmoothnessestimatortheLapla-
cianand

`
is theisophotedirectionandit is timevariantandis thenormalvectors.So

weuse, @ G@ , �Mi±�²A G � ° i ® G (26)

plusnumericalschemesby Osherandwith boundaryconditions.
An extensionis thevariationalform� ���³ � ´ |¶µ©·
¸L¹ ¬¡º j�)lk��[»�� V �7¼ N_½ g¾g iMKI¿UgÀg � NÂÁ �Hg¾g iÃ¿UgÀg ^ » ° iÃ¿E� (27)

solvedvia E-L: coupled2ndorderPDE’s,andthefull theoryis given.similarpractical
resultsthan3rdorderequations.

5 Variational formulations and PDE’s on or onto Im-
plicit Surfaces, A manifold approach

SolvingPDE’sandvariationalproblemsfor datadefinedfrom agenericsurfaceontoa
genericsurface.VariationalproblemsandPDE’s on thesurface?You get,andit may
spelltheendto triangulaedsurfacessolutions.Themaingoalis to solvethePDE’sand
variationalproblemsto fix the datadefinedfrom a genericsurfaceonto to a generic
surface.Considerthefollowing problems:
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Ä Meancurvaturemotion(Ilmanen,etc.)Ä MathematicalPhysicsÄ ComputerGraphicsÄ IamgeprocessingÄ Regularizedof inverseproblems(e.g.EEG+MRI,e.g.FaugerasÄ 3-D surfacemapping

Theclassicalapproachto thesetypesof problems,is toworkwith triangulated/meshed
surfacesanddoing discretizationon non-uniformgrids andprojectionsonto triangu-
latedsurfaces.Doing this limits the userto functions(e.g. Kimmel) andhasa very
limited framework. Work on the surfaceis mappedto the plane,but loosegeome-
try addsto the complexity to the problem. Furthermoreno work on target surfaces
reported.In thepurposedPDEapproach,will try to addresstheseproblems.

Herewe will look at variationalproblemsandPDE’s throughthe theoryof Har-
monicmaps,whichis awell definedframework. Thisrepresentsthesurfacein implicit
form. Thereis work in classicalnumericson Cartesiangrids,no projections.These
problemshavebeenmotivatedby Osher-Sethianlevel setsandOshervariationallevel-
sets.

Firstwehaveto find themapbetweenmanifolds
��ÅB��a?�

and
� ` �&ÆJ�� �¾�u�Ç ÈfÉ�Ê | È gÀg i È G g¾g V j�k2ËÌ+ È (28)

with thegraidentdescent(p=2) is givenby,@ G@ , �MA È G N_Í Ê � G �	ÎÏi È G ��i È G 8 (29)

this is theLaplace-Bethramisecondfundamentalform, onecanseefurtherexamples
in Perona,Chan-Shen,Sochenet al., Hoppeet al, Zorin et al., etc.. We canusethis
equationto denoisecolor images.

Hereweneedto think abouttheembedding,sowehavetheframework
G ��ÅÐ� `

where
Å

is a genericsurface,the domain(Bertalmino,Cheng,Osher),and
`

is a
genericsurface,thetarget,(Memoli, Osher).

We will start embeddingthe domainsurface, the simplist problemto tackle is
running the heat equationon the surface. A map from a genericdomain surfaceG ��ÅÑ��


, wherewe look at,� ���u&Ç ÈfÉ�Ò | È g¾g i È G g¾g � j�k2ËÌ+ È (30)

and @ G@ , �BA È G (31)
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where
Å

is thelevel setof Ó � ¥ D±� Ó ��Dq�3�]%2§ .
We needto solve thefollowing problem,| È gÀg i È G g¾g ��j�k¶ËÌ+ È � | È gÀg � t�Ô i G g¾g ��j�k¶ËÌ+ È (32)� | Ò�Õ g¾g � t�Ô i G gÀg �vÖ/� Ó �Yg¾g i Ó g¾g j�D

to take theintrinsic gradient,take thegradientin

 ¢

thenprojectto thetangentplane,
to thelevel sets,sothatthederivativesaretakenin Euclideanspace.

Thedo thegradientdescentflow, i.e. theheatflow onanintrinsicsurfaces,@ G@ , � mg¾g i Ó g¾g j�)lk��7� t�Ô i G gÀg i Ó gÀg � (33)

all thecomputationsaredoneonthecartisiangrid. ThePDEshouldonly run in aband
aroundthesurface,sinceonly neededresultsareon thesurface,thenextendtheresults
to thesurroundingsurfaceusingnormalsto projectout.

To denosingon implicit surfaceswith an x � normrequireslookingat,| È g¾g i È G gÀg j�k¶ËÌ+ È � | È gÀg � t�Ô i G g¾g j�k¶ËÌ+ È (34)� | Ò Õ g¾g � t�Ô i G gÀg Ö/� Ó ��gÀg i Ó gÀg j2D
andwegetthefollowing gradientdescentflow,@ G@ , � mg¾g i Ó g¾g j�)lk y � t�Ô i Gg¾g � t�Ô i G gÀg g¾g i Ó g¾g { (35)

We canalsogettheunit vector/colordenoisingon implicit surfaces,considerthatI
is amapfrom the3-D surfaceto the3-D unit sphere@ G@ , � mg¾g i Ó g¾g j�)lk y � t�Ô i Gg¾g � t�Ô i G gÀg g¾g i Ó g¾g { N G g¾g � t�Ô i G gÀg (36)

Now we canalsoconsidera patternformulationon implicit 3-D surfaces,which
follow Turing,Kass-Witkin, Turk@ ¼@ , �M×��7¼q� ½ � NÂ� A È ¼ (37a)@ ½@ , �baE�7¼q� ½ � N ¨UA È ½ (37b)

andthenmodifiedto @ ¼@ , �M×��7¼q� ½ � NÂ� mgÀg i Ó gÀg g¾g � t�Ô i G g¾g (38a)
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@ ½@ , �ba���¼q� ½ � N ¨ mg¾g i Ó g¾g g¾g � t�Ô i G gÀg (38b)

Vectorfield visualizationon a surface,a classicalproblem,thatcanbeeasilydone
within this framework.

Embeddingin thetargetmanifold,soagain
G �?ÅØ� `

, thelet N bethelevel set
of

� � ¥ DC� � ��Dq�	�b%2§
. Wherewe,� ���u�Ç ÈÃÉÃÙHÚÜÛ ��Ý | È gÀg i È G g¾g � j�D (39)

andtheequationgives,@ G@ , �BA È G NÂÍ ÙHÞßÛ ��Ý�� G �Eà�i È G ��i È G¶á (40)

sowemustminimize,@ G@ , �!A È G Nãâ1ä¡åçæ Þéè @ G@ D å � @ G@ D å�êIë g¾g i G gÀg (41)

whereæ denotestheHessian
Concludingremarksare that thereis no moreneedfor triangulatedsurfacesfor

variationalproblemsandPDE’s. Theresultsarelocally independentof embeddinfunc-
tion. Theextendedto opendomainandtargetsurfaces.Thereareof coursemany open
theoryproblemsleft to solve.
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