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Distribution under uncertainty
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Car demand forecasting

Actual vs. predicted car demands



© Warren B. Powell 2002 Slide 12

Car supply forecasting

Actual vs. predicted car supplies
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Weekly Car Order/Supply/Load at  CJ229
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The importance of uncertainty

Why do stochastic models work?
» Robust resource allocation:

Possible customer 
demand

Available resource:

Possible customer 
demand
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The importance of uncertainty

Why do stochastic models work?
» The newsvendor effect:

Cost of an
additional
truck.

Revenue from
an additional
truck.

Point 
forecast
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The importance of uncertainty

Why do stochastic models work?
» The newsvendor effect:

0 Demand

Cost of an
additional
truck.

Revenue from
an additional
truck.
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The importance of uncertainty

Questions:
» Physical:

• How should I allocate my resources given the information that 
I have?

» Financial:
• What is the profitability of moving freight in a traffic lane, 

given the geographic and temporal patterns of demand?

» Informational:
• What is the cost of customers who book orders at the last 

minute?
• What is the value of advance information?



Outline

Solution frameworks for stochastic optimization
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Optimization frameworks

The objective function:
» Deterministic formulation:

» Stochastic formulation:

0
max ( )

T

t tx t
c x

∈ =
∑X

0
max ( )

T

t t
t

E c X π

π∈Π =

 
 
 
∑
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Optimization frameworks

{ }

Multistage problems are typically solved as sequences of two-stage
problems of the general form:

 min ( , )x t t tc x E V x ω∈ +  X

This period

Next period

This equivalent to the classical problem:

             min ( , )

A variety of methods have been proposed to solve problems of
this form.  What makes our problems hard is the mixture of uncertainty
and

x Ef x ω∈X

 integrality.



© Warren B. Powell 2002 Slide 21

Optimization frameworks

Scenario methods:

• Typically produces very large linear programs.
• LP relaxation is highly fractional – obtaining 

integer solutions is difficult (see Laporte and 
Louveaux).

( )
1 1

1 1

1
1 1 1 1

ˆˆ1 1

ˆChoose a sample  and solve:

ˆ ˆ ˆarg max ( )
, t t

t t

n
t t t t t t

t t t

x c x p c x
x x ω

ω ω
+ +

+ +

+
+ + + +

∈Ω+ +

Ω ⊂ Ω

= +
∈ ∈

∑
X X
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Optimization frameworks
Nested Benders decomposition:

• Rate of convergence is very slow.  
• Produces highly fractional solutions.

1 1
1

1
, 1

1 1 1 1

1 1

ˆChoose a sample  and solve:

arg max

subject to:
ˆˆ ˆ ˆ( ) ( ) for all 

ˆ ˆwhere ( ) and ( ) are found from solving the dual
for problem 1.

t t
n

t t t

t t t t

t t t t t

t t

x c x z
x x

z x

t

β ω α ω ω
β ω α ω

+ +

+
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+ +
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∈ ∈

+ ≤ ∈Ω

+

� 1X X
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Optimization frameworks

Approximate (discrete) dynamic programming

• Discrete representation of states and actions.  High 
dimensional action spaces are exponentially large.

( ) ( )
1 1

1 1

1
1 1 1 1

ˆˆ

ˆChoose a sample  and solve:

ˆˆ ˆ ˆarg max ( , ) ( )
t t

t t

n
t t t t t t t

t

x c S x p V S
x ω

ω ω
+ +

+ +

+
+ + + +

∈Ω

Ω ⊂ Ω

= +
∈

∑
X
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Optimization frameworks

Stochastic gradient methods:

• Smoothing produces fractional solutions.

1

1 1

ˆ ( , ) Improvement step

ˆ( )                      Projection back onto feasible region

n n n n n

n n
X

x x f x

x x

α ω+

+ +

= + ∇

= Π
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Optimization frameworks

Our basic strategy:
1

, ,

ˆarg max ( ( ))
where

( ) Lower dimensional state vector

ˆ ˆ( ( )) ( ( ))

n n
x t t t t

t t t

n n
t t a t a t

a

x c x f R x

R x A x

f R x f R x

+
∈

∈

= +

=

= ∑

X

A

Piecewise linear, 
separable approximation

ˆ ( ( ))t tf R x
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Optimization frameworks
Two-stage resource allocation under uncertainty
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Optimization frameworks
Approximate the second stage using separable, piecewise 
linear function

We approximate the value of cars 
in the future using a separable 
approximation.
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Optimization frameworks
Using standard network transformation:

Each link captures the marginal
reward of an additional car.
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Optimization frameworks
… to create sequences of separable approximations:



Outline

An algorithmic strategy using adaptive dynamic 
programming
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Adaptive dynamic programming

Systems evolve through a cycle of exogenous and 
endogenous information

1ω 2ω 3ω 4ω 5ω 6ω

1x 2x 3x 4x 5x 6x0x
Time
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Adaptive dynamic programming
We can address the problem using the basic DP equation:

Problem: Curse of dimensionality

{ }1 1( ) max ( , ) ( ) |t t t t t t t tx
V S c S x E V S S+ +∈

= +
X

Three curses

State space
Outcome space

Action space (feasible region)
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Adaptive dynamic programming

Approximation methodology:

( ){ }1 1

We start with:

( ) max ( , ) |t t t t t t t t
t

V S c S x E V S Sx + += +

Can’t compute this!!!

( )1 1 1 1

We solve this for a sample realization:

( , ) max ( , ) ( )t t t t t t t t t
t

V S c S x V Sxω ω+ + + += +

( )1 1 1 1

Now substitute in function approximations:
ˆ( , ) max ( , ) ( )t t t t t t t t t

t
V S c S x V Sxω ω+ + + += +

Can’t find this!!!
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Adaptive dynamic programming

Challenge: 

( )1 1 1 1

1

The optimal solution of:

ˆ( , ) max ( , ) ( )

is allowed to  !  This violates an information
availability constraint.

t t t t t t t t t
t

t

V S c S x V Sx

see

ω ω

ω

+ + + +

+

= +
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Adaptive dynamic programming

Alternative: Change the definition of the state 
variable:

6ω5ω3ω 4ω2ω1ω

1x 2x 3x 4x 5x 6x0x

1S 2S 3S 4S 5S 6S0S 1S 2S 3S 4S 5S 6S0S 1S 2S 3S 4S 5S 6S0S 1S 2S 3S 4S 5S 6S0S

Time
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Adaptive dynamic programming

We are going to call the state after       is known 
the complete state variable, which we call     . 

tω
tS +

6ω5ω3ω 4ω2ω1ω

1x 2x 3x 4x 5x 6x0x

1S +
2S +

3S +
4S +

5S +
6S +

oS +

Time



© Warren B. Powell 2002 Slide 37

Adaptive dynamic programming

We call the state variable before       is known the 
incomplete state variable, which we call     .

tω
tS

6ω5ω3ω 4ω2ω1ω

1x 2x 3x 4x 5x 6x0x

1S 2S 3S 4S 5S 6S0S

Time



© Warren B. Powell 2002 Slide 38

Adaptive dynamic programming

Now our optimality equation looks like:

And our conditional dynamic program looks like:

{ }1 1( ) max ( , ) ( ) |t t t t t t t tx
V S E c S x V S S+ +∈

= +
X

( )( )1 1( ) )
( , ) max ( , ( ), )

t
t t t t t t t t t t tx

V S c S x V S
ω ω

ω ω ω ω+ +∈
= +

tX(
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Adaptive dynamic programming

Approximation strategies

Linear (in the resource state):

ˆ ˆ       ( )

Nonlinear, separable:

ˆ ˆ       ( ) ( )

t t at at
a

t t at at
a

V R v R

V R V R

∈

∈

=

=

∑

∑

A

A
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Adaptive dynamic programming

Solving the conditional problem using a functional 
approximation is usually pretty easy:

( )1 1

1

ˆmax ( , , ) ( )

subject to:
      Resource availability:   ( )        Dual:  ( )

We now can use our solution to update the value function 
approximation:

ˆ ˆ           ( ,

t t t t t t t
t

t t t t

n V n
t t

c R x V Rx

A x R v

V U V v

ω ω

ω ω

+ +

+

+

=

← ( ))n n
t ω
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Adaptive dynamic programming

The algorithm looks like an iterative simulator:

t = t + 1

Make decision at time t.
Solve iteration n
approximation of

period t  subproblem

Update system state
at  t+1

Set t = 0

t < T ???

Original simulator:

Update approximation
for iteration n

n = n+1















Outline

The adaptive learning algorithm
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Distribution under uncertainty

Move to
depot Dk(ω)

Dk(ω)

Dk(ω)

Dk(ω)

Dk(ω)

Dk(ω)

Dk(ω)

Dk(ω)

See supplies
and demandsMove to

customer
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Distribution under uncertainty
We solve the first stage using an approximation of the 
second stage:
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Distribution under uncertainty
We estimate the functions by sampling from our distributions.

1
nR →

2
nR →

3
nR →

4
nR →

5
nR →

1 ( )nD ω

2 ( )nD w

3 ( )nD w

( )n
CD w

1( )nv ω

2 ( )nv ω

3 ( )nv ω

4 ( )nv ω

5 ( )nv ω

The value of
an additional car:

Demand
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Distribution under uncertainty

Left and right derivatives are used to build up a nonlinear 
approximation of the subproblem.

R1t

ˆ V it
k (R1t )

R1t
k
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Distribution under uncertainty

Left and right derivatives are used to build up a nonlinear 
approximation of the subproblem.

R1t

k
tv+

k
tv−

Right derivativeLeft derivative

ˆ V it
k (R1t )

R1t
k
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Distribution under uncertainty

Each iteration adds new segments, as well as refining old ones.

R1t

( 1)k
tv+ +

( 1)k
tv− +

1ˆ ( )k
it itV R+

R1t
k+1
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Nonlinear approximations
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Nonlinear approximations
It is important to maintain concavity:

,k
tv+

,k
tv−



0v

1v

ˆ n
itV

2v
k
itπ

3v

Value
function

A concave function…

0v

1v

2v

0u 1u 2uk
itR

Slopes … has monotonically decreasing 
slopes.  But updating the function 
with a stochastic gradient may 
violate this property.

0u 1u 2un
itR 3u
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A leveling algorithm

0v

1v

0u 1u 2uk
itR

2v
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A leveling algorithm
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0u 1u 2uk
itR

n
itv

2v



© Warren B. Powell 2002 Slide 60

A leveling algorithm

0v

1v

2v

0u 1u 2uk
itR

1ˆ ˆ(1 )n n n
it it itv v vα α−= − +

Violates concavity 
(monotonicity of slopes)
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A leveling algorithm

0u 1u 2uk
itR

0v

1v

2v
1ˆ ˆ(1 )n n n

it it itv v vα α−= − +
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A projection algorithm
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A projection algorithm

0v

1v

2v

0u 1u 2uk
itR

1ˆ ˆ(1 )n n n
it it itv v vα α−= − +

Immediately after the update,  we gain 
find ourselves violating monotonicty (of 
the slopes).

We are now going to perform a nearest 
point projection onto the space of 
functions with monotone slopes.
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A projection algorithm

0v

1v

2v

0u 1u 2uk
itR

1ˆ ˆ(1 )n n n
it it itv v vα α−= − +
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A projection algorithm

0v

1v

2v

0u 1u 2uk
itR

1ˆ ˆ(1 )n n n
it it itv v vα α−= − +
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Learning strategies
Theorem (Topaloglu and Powell, 2001):

Theorem (Powell, Ruszczynski and Topaloglu, 2002):

The leveling algorithm is a.s. convergent under the assumption
that all points on the curve are sampled infinitely often.

The projection algorithm is convergent almost surely 
under the assumption that each point on the curve
satisfies a "probing condition."
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Comparison
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Adaptive learning

A uniform sampling strategy:
» Second stage sampled based on exogenous distribution.
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Adaptive learning

An optimizing sampling strategy:

0
ˆarg max ( ( ))n n

xx c x V R x= +
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Learning strategies

Theorem (Powell, Ruszczynski and Topaloglu, 
2002):

( ) *  nnThe sequence of  solutions x x almost surely

under an optimizing algorithm, where the second stage 
points are sampled based on solutions of  approximations
of  the problem at each iteration, and wh

→∞→

en the second stage
recourse function is separable.
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Learning strategies
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Uniform sampling strategy

Optimizing sampling strategy

Projection algorithm

Uniform sampling strategy works 
best in early iterations.
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Two-stage experiments
Second stage may be separable…..
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Two-stage experiments
… or nonseparable (substitutable resources)
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Two-stage experiments

Notes:
» The use of separable approximations for two-stage 

problems can produce algorithms that produce solutions 
that converge almost surely to the optimal solution if 
the second stage problem is continuously differentiable
(Cheung and Powell, Operations Research, 2000.

» The use of separable approximations for two-stage 
problems will not generally produce optimal solutions 
when the second stage is nondifferentiable and 
nonseparable.
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Two-stage experiments
We are solving problems with the structure:
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Two-stage experiments
Duals reflect flow augmenting cycles through the network:

j

i
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Two-stage experiments
Duals reflect flow augmenting cycles through the network:

îjc

j

5

1
1 =Value of one less unit at node v i−

5 1ˆij ij ijc c c v v+ −= + + −

Captures impact on second stage

i

5 =Value of one more unit at node v j+
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Two-stage experiments
Duals reflect flow augmenting cycles through the network:

1

5

1v−

5v+
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Two-stage experiments
We solve a sample realization of the second stage:

Capacitated arcs

Uncapacitated arcs
5

1
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Two-stage experiments
(Sample) flow augmenting path from 5 to 1:

5

1

5 1  is a flow augmenting
path from node 5 back to 
node 1.

v v−
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Two-stage experiments
(Sample) flow augmenting path from 5 to 1:

5 Together they cancel, 
but one at a time may be 
infeasible.

1

5

1

We compute  as the flow
augmenting path from 5 to 
the supersink. 

 is a flow augmenting path 
from the supersink to node 1.

v

v
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Two-stage experiments
(Sample) flow augmenting path from 5 to 1:

5

1

The flow augmenting path
from 1 to 5 through the 
supersink can be more
costly than the path from
1 to 5. 
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Two-stage experiments

Questions:
» How good is our approximation?

» What is the speed of convergence?

» How do we compare against deterministic 
approximations?
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Two-stage experiments
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Two-stage experiments
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Two-stage experiments
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Multistage experiments
Multicommodity flow formulation
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Dynamic resource allocation
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Dynamic resource allocation
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Multistage experiments
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Multistage experiments
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What we know now.

What we think will happen in the future.
(a “point” forecast)
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Multistage experiments
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Network

70%

75%

80%

85%

90%

95%

100%

0 10 20 30 40 50 60 70 80 90

Horizon Length (4 hour periods)

P
er

ce
nt

ag
e 

of
 O

pt
im

al
 P

os
te

rio
r 

B
ou

nd
Multistage experiments

Planning horizon 

Pe
rc

en
t o

f p
os

te
ri

or
 b

ou
nd

 

Posterior bound

Deterministic, rolling horizon



© Warren B. Powell 2002 Slide 94

Multistage experiments
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Multistage experiments

Multistage nested Benders vs. rolling horizon
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Norfolk Southern



Customers

Regional depots
General depots

When a boxcar becomes empty, we have 
three options:



Option 1: Send directly to customers



Option 1: Send directly to customers
Option 2: Send to distribution areas



Option 1: Send directly to customers
Option 2: Send to distribution areas
Option 3: Send to general depots
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A car distribution problem

For railroads, customers call in orders the week 
before:

Requirement becomes known Requirement becomes actionable

=Prebook timeBτ

Time
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A car distribution problem
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A car distribution problem
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A car distribution problem
Average Delay per Filled Order
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A car distribution problem
Ratio of Empty Miles to Total Miles Traveled
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Other cool topics:
» Multiattribute resources:

• We have worked on single and multicommodity problems, but 
always assumed that the number of types of resources was not 
too large.  In many applications, the attributes of a resource are 
fairly complex, producing attribute spaces that are too large to
enumerate.

» Multi-layer problems
• A fractional jet company has to manage the movement of both 

aircraft and pilots simultaneously.

» Costing and pricing
• What is the impact of a change in price on expected flows?

» Value of information
• What is the value of having more advance information?



Questions???
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