Intro duction to modern coding

G. David Forney, Jr.

MIT
Cambridge MA 02139USA

2004IMA SummerGraduate Program
Coding and Cryptography
University of Notre Dame
Notre Dame, Indiana
8-9 June 2004

theory



NoOtre vame, June Zuu4 1

Intro duction

Key principles of modern coding theory

2 Take Shannon'schannel coding theorem seriously

{ Shannon: Every (statistically well de ned) data commnunications
channelhasa capacity C sud that:

o For any data rate R < C, there existsa (sutciently long) code
C of rate R and a decaling sheme sud that the probability
of decaling error Pr(E) is arbitrarily small.

a For any data rate R > C, there existsno code C of rate R and
decaling shemesud that Pr(E) is small.

{ Classicalcodesand decaling methods cannot approad C
{ Turbo codes(1993) and low-density parity-chedk codes(1962,
rediscavered c. 1995) approad C closelywith Pr(E) small
2 Elemerts of capacity-approading codes
{ De ne the code by a linear-complexity graph with pseudo-random
interconnections;

{ Usesoft channeloutputs (i.e., with reliability info), not hard,
l.e., decade in Euclideanspace,not in Hamming space

{ Decaewith the iterativ e, message-passimgum-product algorithm
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Classical error-correcting codes for the BSC
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2 Binary symmetric channel (BSC) model
Y=X+N

{ Channelinput: X 2 (Fy)"
{ Noise(errors): N 2 (F,)" » iid Bernoulli(1j p;p)

2 Binary block code Cp (F2)"

{ Key parameters:(n;k;d)

{ Block length: n

{ Size:jg = 2¢
Linear: Cis a k-dimensionalsubspaceof the
n-dimensionalbinary vector space(F2)"

{ Minimum (Hamming) distance: d
Theorem : If Cis linear, then the Hamming distancedistribution

fdy(c;c9;c%2 Cgis independen of c 2 C.
Proof: Sincec+ C= C,

fdu(c;c9:c%2 Cg= fwy(c+ cY;c®2 Cg= fwy(cH;c®2 Cg:
2 Optimum (min-Pr(E)) decaing: minimum Hamming distancerule

{ Guaranteedto correctt bit errorsif 2t < d
{ Boundal-distane decoding: decdling fails otherwise
a Cannot approad capacity with bounded-distancedecaling

2 Shannon limit :
Reliable transmission(Pr(E) ! 0) is possibleif and only if

g < C=1+plog,p+ (1i p)log,(1i p) bits per channeluse
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Coding for band-limited

AW GN channels

contin uous-time waveform channel

discrete-time symbol channel

bandwidth W Hz

symbol rate 2W symbols/sec

rate R = (2k=n)W bits/sec

rate k=n bits/symbol

spectral etciency ¥2= R=W (b/s)/Hz

spectral exciency Y= 2k=n b/2D

signal power 2W S, (per sec)

signal power S, (per symbol)

noisepower 2W S, = NoW (in bw W)

noisepower S, = No=2 (per sym.)

signal-to-noiseratio SNR = S;=S§,

signal-to-noiseratio SNR = S;=S,

Shannon:R < W log,(1 + SNR) b/s

Shannon: %< log,(1 + SNR)b/2D

2 Key parameters: SNR; Y%2(rate in bits per two dimensions)

{ Shannonlimit: %< log,(1+ SNR) b/2D

{ Normalized SNR:
SNRnorm =

{ Shannonlimit: SNR.om > 1.

SNR

2% 1

2 Ep=No = SNR=Yis another rate-normalized SNR

{ Signal energyper information bit: E, = nSc=k

SNR= S§,=5, = YExNg
{ EpxNg! SNRymlIn2as?%! 0
{ Shannonlimit on E,=N:
277 1,
E, N> 21 = %n2

Yo

2 SNR; SNRyorm; ExNg typically measuredin decibels (dB)

factor of ®$ 10log;;® dB (= log;p: ® dB)

A human-factorsengineeredog scale;
log to the base™ = 10°! ¥, 1:2589::
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Coding for the AW GN channel

k - n n - k
input bits | encader symbols_ | channel symbols_ | decader decaded bits
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2 Additiv e white Gaussiannoise(AWGN) channel model
Y=X+N

{ Channelinput: X 2 R"; averagesignal energyper symbol Sy
{ Noise:N 2 R" » iid Gaussian,meanzero,varianceS, = Ng=2

2 Euclidean-spaceblock code Cu R"

{ Key parameters:(n; k;d2,.; S)
{ Block length: n
{ Size:jg = 2¢
Geometrically uniform (GU): transitive symmetry group

{ Minimum squaredEuclidean distance: d2,,

Theorem : If Cis GU, then the Euclideandistancepro le
fd2. (c;c9;c%2 Cgis independert of c 2 C.

2 Optimum (min-Pr(E)) decaing: minimum Euclidean distancerule

{ Guaranteedto correct noisen if jjnjj? < d2. =4
{ Boundal-distane decoding: decdling fails otherwise
o Cannot approad capacity with bounded-distancedecaling

2 Shannon limit :
Reliable transmission(Pr(E) ! 0) is possibleif and only if

Yo= ZFk < C=log,(1+ SNR) b/2D:

2 \[Euclidean-space coding] is to [Hamming-space coding]
as classical music is to rock and roll."

IN. J. A. Sloane,ShannonLecture
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Binary codes for power-limited AW GN
channels

2 For low spectral exciencies (Y2 1 b/2D),
restriction to binary coding incurs negligible lossin Shannonlimit

2 2-PAM map:
s:F,! f8®¥“R

2 Extended 2-PAM map:
s:(F)"! f8®g"%LR"
l.e., binary n-tuples map to 2" verticesof n-cube of side 2®

2 Map binary (n; k; d) code Cto Euclidean-spacamages(C) 2 R"
(if Cis linear, then s(C) is geometrically uniform)
Example : map (3;2;2) code C= 000 011,110 101g to
s(C) = verticesof a regular tetrahedron in R3:

e

(G

011

2 Hamming distancedy (X;y) mapsto squaredEuclideandistance:
fis() i s(y)ii? = 4&du(x;y)

) if Chasminimum Hamming distanced, then s(C) hasd?,, = 4®”d
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Performance estimates and coding gains

2 Baseline performance

{ 2-PAM (no cading): PyE) = Q" (2Ex=No)
(integral of tail of Gaussianpdf » complememtiary error function)
{ About 11-12dB away from Shannonlimit at P,(E) ¥ 10 °j 10 °

2 Union bound estimate of Py(E)

{ Giventhe Euclidean-spacamageof an (n; k; d) binary code
with K nin minimum-weight codewords:

Kmin ~P . KE P
Py(E) ¥4 —mQ (2d—=2) = K1Q' (2°cEx™No)
k NN
{ nominal coding gain:
Kk
OC: F

a For example,for uncoded 2-PAM ((1;1; 1) code) °¢ = 1;
a for (3;2;2) code, °c= 2£ (2=3) = 4=3 (1.25dB).
{ Toplot Py(E) %K Q" (2°Ex=No):
move 2-PAM curve left by °. (in dB), up by factor of Ky,
{ ) e®etive coding gain is lessthan the nominal coding gain.
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The name of the game

Biorthogonal signal sets
10" ¢ T T T T T T T T T T T T T
3 === Uncoded 2-PAM

=1 biorthogonal M=16
L e, : = = hiorthogonal M=64
) /.7.3,. + biorthogonal M=256

P.(E)

10° e
107

10° |

10

Eb/NO [dB]

Po(E) vs. Ex=N for biorthogonal codeswith 2¢ = 16;64 and 256.
(Ep=Nj plotted on a log scalein dB: i.e., E,=Ng (dB) = 10log;oEpr=No.)

Potential coding gain

2 2-PAM (no coding): requiresEp=No ¥ 9 (9.6 dB) to get P(E) ¥4 10
2 Shannonlimit: canget Py(E) ¥ 0 for Ex=Ng > In2 (-1.6 dB)

2 Gap (at Py(E) ¥ 10 °): 11.2dB (potential coding gain)

2 E®ective coding gain: reduction of gap to capacity.

{ Maximum possiblee®ecti\e coding gain is nite
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Classical vs. modern coding theory

Classical coding theory: Algebraic block codes

2 Algebraic constructions of codesover nite elds, especially F»
{ Figure of merit: parameters(n;k; d)
2 Algebraic decaling

{ Assumesthat channeloutput is in Fq
l.e., \hard decisions,"no reliability information; costs2{3 dB

{ Bounded-distancedecdling (typically):
performance(Pr(E)) dependsprimarily on minimum distanced

{ Performancedoesnot approat Shannonlimit on AWGN channel:
E®ective coding gainsof 3 dB (easy)to 6 dB (hard)

Mo dern coding theory: quasi-optimal Euclidean-space decoding

2 Binary linear codesare OK for the power-limited AWGN channel

N

But we wish to use\soft decisions,"quasi-optimal decaling

{ Figure of merit: e®ective coding gain (distanceto Shannonlimit)

N

Convolutional/trellis codes: a steptoward capacity-approading codes

{ Trellis-basedoptimum decaling algorithms: Viterbi, BCJR

{ Trellis (state-space)represemations of linear block codes

{ Cornvolutional codesperform better for given trellis complexity
{ Connectionswith linear systemtheory

N

Capacity-approading codes: turb o codes,LDPC codes

{ Graphical represemations of codes
{ Iterative \sum-product" (\b elief propagation") decaling
{ PerformanceapproadesShannonlimit
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Reed-Muller codes

2 A represetativ e in nite classof binary linear block codes
2 Good performancevs. complexity tradeo® with trellis decaling
2 Form, 0;0- r - m, there existsa Reed-Mullercode RM(r; m)

{ RM(r;m)isalinear(n = 2";k;d = 2" ") codewith k = i ir:oir.“q:.

|
2 Recursiwe juju + vj construction:
RM(0; m) = (2™; 1;2™) repetition code;
RM(m;m) = (2™;2™;1) = (F»)*";
forO<r<m,
RM(r;m)=f(u;u+v)ju2 RM(r;mj 1);v2RM(ri Imj 1)g.

2 Tableauof Reed-Muller codes: f=md= 1

universecodes

*

(32;321)
o r=mj 1,d= 2;
16;16;1 *
(16:161) SPC codes
(8;8;1) (32,31,2)
o o r=mj 2,d= 4;
(4,4;1) (16,15;2) *  ext. Hamming codes
Q; 2: l) (8’ 7 2) (32, 26; 4)
H
H
(3:1:1) H(4:32) (16;11,4)
H H H H
"H12)  Hu@aw @i KTM2
o H self-dual codes
HH (4 1,4) " H (16,5 8)
H H
H H
HHW;1;8) HHG2;6;16)
H H

H H — 1.4 = =

H 1. H r=1d= n=2;
: Q-g i' 16) H biorthogonal codes
"H(321;32)

HH

HH r=0d=n;
repetition codes

2 Nominal coding gain°. = kd=n! 1 for self-dual,biorthogonal codes

2 Biorthogonal codesapproad Shannonlimit on E,=Ngasn! 1 ;
probably rate-1=2 (self-dual) codesdo too.
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Binary linear rate- 1=n convolutional codes

Example : 4-state rate-1=2 binary linear convolutional encader

6
information bits ;- L
Uk D ki 1 D

P
2 |nput: binary sequencau; D-transform u(D) = |, uyD¥

{ u(D) is a formal Laurent power seriesin D over F:
u(D) 2 F5((D)) (almost all ux = 0 for k < 0)

2 Qutputs: binary sequencey;y2; D-transformsy;(D);y2(D)
2 State at time K: (U; 1; Ug; 2) 2 (F2)?
2 Encoder equations(in F,):
Yik = Ukt Uk 1+ Uk 2
Yok = Uk + Uk 2
or equivalertly
(Ya(D);y2(D)) = u(D)(1 + D + D% 1+ D? = u(D)(qi(D); g2(D)):
2 Convolutional code C. all sequenceshat canbe generatedoy encaler

C=fu(D)(1+ D+ D?%1+ D?ju(D) 2 Fx((D))g

2 Encoder is a 1-input, 2-output linear time-invariant systemover F,

{ ) Cisalinear code
{ minimum distance dyee = minimum weight of (y1(D);y2(D)) 2 C

2 Encoder is a nite-state madine

{ ) trellis diagram, Viterbi algorithm decaling
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State diagrams and trellis diagrams

State transition diagramfor 4-staterate-1/2 encaler and trellis diagram:

00 . 00 . 00 .

111 10P poa B

- o1 oee
00~ 00, ch)>1|(?)1|5;010 1101 % Tt nwt n et n

Trellis diagram of a terminated 4-state rate-1/2 cornvolutional encaler:

00— 00— 0B 00— 00— 0B 00———=— OB
H H H H H
H*mayHW*l@ng"bl@&Hkbm%HTmHH

@ etm et el Ho

11 % 11 % 11 % 11

An (n=2(* + °);k = 1; d = diee) binary linear block code

2 1 = number of information bits;
2 0 = encaler memory (constraint length)

2 Note: appropriately terminated corvolutional codesare
asymptotically optimal block codes
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The Viterbi algorithm

O'GH O@H O'GH O@H 0@H 00 — 00 — 00
H" 1@H H" l@H '1" l@H '1" l’@H '1" l@H
St %1 ne't n%Ta M n
11 %1'1 %ﬂl %1'1

The VA is basedon converting the minimum-distancedecaling
problem to a shortest-path problem through the trellis diagram

One-to-onecorrespndence:trellis paths $ code sequences

If atrellis branch is labelled by (yi; y2«) and the correspnding
received symbols are (r1; r ), then assignthe Euclideanweight

(ri Yw)?+ (raki yx)?

Then the least-weight path through the trellis correspndsto
the code sequencdy:(D);y»(D)) that is closestto (ry(D);r(D))
in Euclidean squareddistance

Recursive implemertation (dynamic programming):

2

For eadh state at time k, de ne the survivor asthe shortestpath from
the root node to that state

If the ultimate shortestpath goesthrough that state, then the
corresppnding survivor must be its initial segmen

Therefore determine survivors for all statesrecursiwely as follows:
given the survivors at time Kk,

{ Extend all surviving paths by one branch and add corresmpnding
branch weighs

{ Compare all candidate survivors arriving at ead state, and
select the best

{ Number of computations/ number of branches= 2"*1
Finish when arrive at goal node with a single survivor

May be straightforwardly extendedto bi-in nite trellis diagram
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Coding gains of convolutional

Rate-1/2 binary linear cornvolutional codes

Rate-1/3 binary linear corvolutional codes

° dfree °c dB K b e®(d B)
1 3 15 18 1 1.8
2 5 25 40 1 4.0
3 6 3 48 2 4.6
4 7 35 52 4 4.8
5 8 4 60 5 5.6
6 10 5 7.0 46 5.9
6 9 45 65 4 6.1
7 10 5 70 6 6.7
8 12 6 7.8 10 7.1

Rate-1/4 binary linear corvolutional codes

© dfree c dB K b ° e®(dB)
1 5 167 22 1 2.2
2 8 267 43 3 4.0
3 10 333 52 6 4.7
4 12 4 6.0 12 53
5 13 433 64 1 6.4
6 15 5 70 11 6.3
7 16 533 73 1 7.3
8 18 6 78 5 7.4

© dfree °c dB K b e®(dB)
1 7 175 24 1 2.4
2 10 25 40 2 3.8
3 13 325 51 4 4.7
4 16 4 60 8 5.6
5 18 45 65 6 6.0
6 20 5 70 37 6.0
7 22 55 74 2 7.2
8 24 6 78 2 7.6

Summary: can achieve e®ective coding gains of:

Y4 4 dB with 4 states
Y45 dB with 16 states
Y4 6 dB with 64 states
Y47 dB with 256 states

codes

15
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Trellis representations of linear block codes

2 |dea: A binary linear block code may be represeted asthe set of
all output sequence®f a time-varying linear systemover F,

2 Natural for terminated cornvolutional codes
2 1988-1998:State realizations of block codes

{ Time axis: nite, sequetial (" nite subinterval | %2 2Z)

{ State spaceSy at eat time k satisfying the Markov property:
given the state s¢ at time k, the set of possiblefutures c;z, does
not depend on the past cjp, (and vice versa)

o Past Py at time k = fk°2 I j k%< kg
o Future Fy at time k = fk°2 1 j k%, kg
{ Minimal realization: minimal state spacesizesjSyj for all k

2 State space theorem : For a linear or group code C, the minimal
state spaceSy is isomorphicto

c
Cp £ Cg,’

whereCp, = fc2 Cjcje, = 0gand Cr = fc 2 Cj ¢jp = Og.
Proof: Markov property.

Sy 2

2 Example: for the minimal certral state spaceS of RM(r; m),
dmS=dmRM(rimj 1)j dmRM(rj L,m;j 1):

Proof: from the juju + vj construction, Cp, = RM(rj 1,mj 1) and
Gp, = RM(r;m 1), and similarly for Cg¢, and G, .
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Trellis-orien ted generator matrix

De nitions:

2 Geneiator matrix for (n; k) linear block code C. a basisfor C,
i.e., asetof k linearly independert code sequenceg; 2 C

2 Length (span) of x 2 (F,)":
di®erencebetweenindicesof rst and last nonzerosymbol in x
(starting time and stopping time of x)

2 Trellis-oriented (minimal-span) generatormatrix for C.
a set of k shortest-lengthgeneratorsfor C

Theorem : A setof k linearly independen generatorsis a trellis-oriented
generator matrix if and only if the starting times of all generatorsare
distinct and the stopping times of all generatorsare distinct.

Proof :

2 If not, then at least one generatorcan be shortened.

{ ) Greedyalgorithm for reduction of an arbitrary generatormatrix
to a trellis-oriented generatormatrix.

2 |If so, then the starting time of a linear combination of generatorsis
the earlieststarting time of the set, and the stoppingtime is the latest,
so no shorter linear combination can be found.

{ ) Cp, isgeneratedby all generatorsthat stop beforetime k, and
Cr, by all generatorsthat start at time k or later.

{ ) Dimensionsof all minimal state spacesmay be read directly
from a trellis-oriented generatormatrix.
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Example: minimal trellis for (8;4;4) code

2 Generatormatrix from juju + vj construction:

2 3
1111 0000
1100 11002
1010 1010
1111 1111

2 Reduceto trellis-oriented form:

2 3
1111 0000
0011 11002
0101 1010
0000 1111

2 Reado® state spacedimensionprole = f0;1;2;3;2;3;2;1;09

2 Shawv whichewer state spacesyou wish (the sectionalizationproblem):

00 . 00 .
n s n n

H HI11 @
00 n_ Ty o Tiy n, @
11* [9]0] (0]9] tl
n - n_01, n 01, n
HpL H 10 H 10 0T+
o+ n_ggh_n_ﬁgh_n 10

2 Branch spacedimensionsmay also be read o® directly from a
trellis-oriented generatormatrix:
branch spacedimension= number of \activ e" generators

2 For this example,branch spacedimensionpro le = f1;2;3;3; 3; 3; 2; 1g

2 Maximum branch spacedimensioncannot be reducedby clustering
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Coding gains of Reed-Muller

Coding gainsand trellis parametersof RM codeswith lengthsn - 64.

code s
(8,7,2) 1.75
(8,44 1.00

(16,15,2) 1.88
(16,11,4) 1.38
(16,5,8) 0.63
(32,31,2) 1.94
(32,26,4) 1.63
(32,16,8) 1.00
(32,6,16) 0.37
(64,63,2) 1.97
(64,57,4) 1.78
(64,42,8) 1.31
(64,22,16) 0.69
(64,7,32) 0.22

Summary:

o
C

714
2
15/8
11/4
5/2
31/16
13/4
4
3
63/32
57/16
21/4
11/2
712

(dB)

2.43
3.01
2.73
4.39
3.98
2.87
5.12
6.02
4.77
2.94
5.52
7.20
7.40
5.44

Ng
28
14
120
140
30
496
1240
620
62
2016

Kb
A
4
8

13
6

16

48

39

10

32

10416 183
11160 266
2604 118

126

18

°e® (dB)
2.0
2.6
2.1
3.7
3.5
2.1
4.0
4.9
4.2
1.9
4.0
5.6
6.0
4.6

codes

P RARORNPWWEFERNREPO®
ONUTONNDOONWN ~

=
o O
=
o

10 14

ol
(o)}

2 Best performancevs. complexity for block codeswith n < 100

iy

2 E®ectie coding gains are consistenly inferior by %2 1 dB relative to
convolutional codeswith the sametrellis complexity.

{ Hurt by large coetcients Ky (number of nearestneighbors Ng)
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The average branc h dimension bound

2 For any generatormatrix of an (n; k; d) linear block code,
ead of the k generatorsis \activ e" for at leastd time units

2 Averagebranch spacedimension, kd=n= °.

2 Maximum branch spacedimension, kd=n= °_

2 Branch spacecomplexity , 2kd=" = 2%

2 Trellis complexity increasesexponertially with nominal coding gain

2 Theselower boundsapply equally to corvolutional codes

2 |n classicalcoding theory, a sequenceof (n; k; d) codesis \good" if

{ k=n! - >0
{ d=n! £>0

2 For a\good" sequenceof codes,
trellis complexity increasesexponertially with n

2 But doesthe nominal coding gain °. needto goto 1 ?

{ The maximum possiblee®ecti\e coding gain is nite
{ Hower, to approad the Shannonlimit, may need°.! 1



NoOtre vame, June Zuu4 19

Final remarks on trellis representations

2 Given coordinate ordering, minimal trellis is easyto nd
{ Sectionalizationwith and without parallel branchesis easy

2 Only signi cant outstanding issue:
how to order coordinates (the \art" of trellis decaling).
Unfortunately, an NP-complete problem.

2 The minimal realization of a given rate-k=n corvolutional code C
follows alsofrom this dewelopmer.
(Also, of codesover groups.)

2 The minimal realization problem for linear codesand systemsis
essetially group-theoretic,andnot at all dependen ontime-invariance.
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Graphical models in coding theory

Gallager (1961), Tanner (1981)

2 Parity-ched (kernel) realizations of binary linear block codes
C=fx2F"jxH™ = 0g

2 Example: (8;4; 4) extendedHamming code over F,

2 3
11110000

_ 010110182
~ 40011110
00001111

H

2 |n detall:

Xot+ X1+ Xo+ X3 =

X1+ Xg+ Xg+ Xg =
Xo+ Xg+ Xg+ X5 =
Xg+ Xg+ Xg+ X7 =

S R S

2 Tanner graph:
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Graphical models in coding theory (cont.)

Progressiv e generalizations of Tanner graphs

2 Constraints could be arbitrary codes(Tanner,1981)

2 Variablescould include hidden (state) variables(Wib erg et al., 1996)

N

Variable alphabets could be arbitrary

N

Normalize graphs (Forney, 2001)

{ Replacevariable nodesby repetition constrains
{ Nodes= constrairts, edges= variables
{ Visible variableshave degreel, hidden variableshave degree2

N

Examples: parity-ched and generatorrealizations of (8; 4;4) code

H

ab e E] Eloocgy——E

Kol B EL Bl Es

X4 ir\(”xxx XQNNE E}[XX)Z(;(X XXXxE | Xa

Xs| (=] XXxxEl @QHXX)()Z()Z(XXE X5
X

2 \Inputs" are hidden in the generator(image) realization

2 An instanceof a beautiful generalduality theorem:

Dual normal graphsgeneratedual codes.
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Trellis (state-space) realizations

Trellis realizations of codes

2 Natural for convolutional codes(generatedby state madines)

2 Trellis realizations of block codes

{ Time axis: nite, sequetial ( nite subinterval of Z)
{ State spaceSy at eat time k satisfying Markov property
{ Linear constraint code Cy:
f possiblecombos of (state Sy, next state Sy.+1, symbol X)g

2 Normal graph of a generictrellis realization:
X1 X2 X3

_AAK

Cl Sz CZ 83 C3 S4 ZZZQ&CK

2 Given a coordinate ordering, 9 unique minimal trellis realization
2 Example: Minimal trellis for (8;4; 4) code
Xo X1 X5 X3 X4 Xs X6 X7

STSTSTSTSTSTST
Cop-S11Cy-S2 (G Sa (G Sa Gy S5 (G5 Sa Gyt St.(C
(221)1 (42)2 (6:3)3 (6:3)2 (6;3)3 (6:3)2 (4,2)1 (1)

2 Sectionalizationcanreduceapparert state complexity, but not branch
(constraint) complexity

2 Example: Two-sectiontrellis for (8; 4;4) code

Xo123 X567

4 4
2

(6:3) (6:3)
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Minimal realizations:
The state space theorem

The state space theorem

2 High-level view of a graphical realization with a cut set A:
Xip XiF

Cr

Cp

Expressesa conditional independence(Markov) property.

{ In a (connected)cycle-freegraph, every edgeis a cut set.
{ The graph of a trellis (state-space)realization is cycle-free.

2 State spacetheorem: For a linear or group code C, the minimal state
spaceS, is isomorphicto

C
S —
AT CpE Cp’

whereCp = fc2 Cjce = 0gand Cr = fc 2 Cj ¢jp = Og.
2 Canonical minimal realization:
{ Dene Sap= C=(Cp £ Cr);8A.
{ Map Cto Si via natural map, 8A.
{ De nes all constraint codesas well.

2 Remarks

{ An essetally group-theoreticresult.
{ Appliesto any cut setin any graphicalrealization) cut setbound.
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Exact APP decoding on cycle-free graphs

The sum-pro duct algorithm

2 Problem: given obsened likelihoods f p(y; j Xi); 8Xig,
compute the a posteriori probability (APP) of ead variable:

p(Xi=xijy) / p(Yio ] Xio);
X2>8(Xi)i¢2|

(S =sjy) / P(Yio J Xio):
x2G (sj) %I

{ G(xi) = fx 2 Cconsistenh with X; = X;g
{ G(sj) = fx 2 Cconsistenh with §; = s;g
2 Solution (on cycle-freegraphs): the sum-praduct algorithm, aka
{ APP decdling (Gallager, 1961)
{ BCJR algorithm (Bahl, Cocke, Jelinek, Raviv, 1974)

{ Algorithm B (Tanner, 1981)
{ Belief propagation (Pearl, 1988)

2 A forward-badkward message-passinggorithm in which ead message
summarizesall information in its \past."
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The sum-pro duct algorithm

Basedon two Cartesian-praduct decompositions
2 Past-future decomposition:

G(sj) = Gp, (s)) £ GF, ()
2 Past-future decomposition rule:

PS=siy) (S =s]Yypp)E RS =5 ]YiF)

where
0 1
X Y
S =siye) | @ p(Yioj Xi))A ;
0 2Gp; (s) 12P; 1
X Y
S =siye) | @ p(yioj Xi)A ;

XjF; 2GF; (57) 192F;

2 Pastmessagd fp(Sj=sjjyp):s 2 S0,
future message fp(Sj = s jyjr,);si 2 Si9

2 Messagesize (\bandwidth”) equalsstate spacesizejS;j

£0
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The sum-pro duct algorithm (cont.)

Local con guration for sum-praduct update rule at constraint node Cy:
Sjo

E’;Cks-_j

*

N

Decomposition into a union l\?lf Cartesian products:

ijj (Sj) = QPJ» o(Sj o) £ Cij oo(Sj o)

(S;0:5;09:(S; ;8; 05 09 2 C

N

Sum-product update ruIe:X
P(S =sijyie)/ P(Sio= Sjo] Yip,aP(Sj®= Sjoo] Yip o)

(8035 09:(Sj ;S; 03509 2 Cx

N

All computations are local, at constraint nodes

N

Out-messagecan be calculatedas soon asall in-message$ave arrived

N

Computation complexity proportional to local constrairnt code sizejCy|

Global sum-praduct algorithm schedulefor cycle-freegraph

2 Begin at leaves

2 |terate sum-product update whenincoming messagesvailable

2 Compute all message# number of iterations = diameter of graph
2 Past-future pointwise messagenultiplication then yields all APPs

2 Flow of messagesnd computations when the sum-praduct (BCJR)
algorithm is applied to a trellis:

X4,

Th |6 @ \e @Tbjc’é 2®3‘ﬂ1 b 3@@ A@S'fh@% @6% @W%T%
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Exact decoding on cycle-free graphs (cont.)

The max-pro duct algorithm

2 Problem: given obsened likelihoods f p(y; j Xi); 8xig,

‘nd the maximume-likelihood codeword X:
Y

R = argrpzagm p(yi  xi)

2 Solution (on cycle-freegraphs): the max-product algorithm, aka
the Viterbi algorithm (1968), dynamic programming, min-sum

2 Can be obtained by replacing \sum" by \max" in the sum-product
algorithm

2 Can be simpli ed to a one-way (forward-only) message-passing
algorithm

2 Finite and exact on cycle-freegraphs
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Realizations on graphs with cycles

Examples of graphical realizations with cycles

2 |n general,generatorand parity-ched realizations have cycles

2 Tall-biting (TB) realizationsare the simplestrealizationswith cycles:

e ]

{ A graph with a singlecycle
{ Cut setsinvolve two edges)
Cut-set bound! Square-rat bound

{ Example: tail-biting realization of (8; 4;4) code:

1 s
2 4 4
Hs) ) %3)1 (%j)

{ Bestexample: 16-state TB realization of (24; 12, 8) Golay code
(vs. optimal 256-state12-sectiontrellis realization)

2 Hadamardtransform (HT) realizations of Reed-Muller codes

{ Example: ReducedHT realization of (8; 4;4) code

{ All variablesbinary
{ Six (3;2;2) constraints and six (3; 1; 3) constrairts
{ Short cycles(girth 6)
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Minimal realizations on graphs with cycles

How to de ne a minimal realization?

N

Not a well-posedproblemin general
2 Someprogressfor tail-biting realizations (Koetter and Vardy)

2 Few generaltheoremsfor graphswith cycles

N

Nonethelessrealizationswith cyclesarein generalmuch more etcient

{ The only way to go for capacity-approading codes
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Decoding on graphs with cycles

Try the sum-pro duct algorithm and hope for the best

N

All operationsin the sum-product algorithm are local

N

Needinitialization, sdcedule,stopping rule

N

Result: an iterativ e, appraximate message-passinglgorithm

{ Convergencenot guararteed
{ Corvergencerate = ?

{ Fixed points of algorithm: xed points of a non-corvex,
approximate target function (Bethe free energy)

N

Nonethelessjn coding applications this algorithm works very well

{ Turbo codes,low-density parity-chedk (LDPC) codesnow approad
the Shannonlimit within tenths of a dB

N

For other applications, improved algorithms are available

{ Two-loop algorithms
{ Region-basedyeneralizationsof belief propagation
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Capacit y-approac hing codes

info bits
=k [+ | second
= P parity
= bits
= [+ ]

l l
O E
—{= e trellis 2

LDPC code Turbo code
Gallager, 1961 Berrou et al., 1993

I
Sodadabdads

Repeat-accunulate code
Divsalar, McElieceet al., 1998
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Progress rep ort

(74

Shannon limit

d=100

w10 r .
Threshold (d,=200) , Threshold (d,=100)
10° : '\\" 7 : S S -
r N 7
AN
Threshold (d|:8000) . \
> ~
~ \
10-5 \ ! \ 1 ( \ \ \ \ !
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

E,/N, [dB]

0.5

Bit error rate vs. Eyx=Ng in dB for optimized irregular rate-1/2 binary
LDPC codeswith maximum left degreed,. (From Chung et al., 2001.)

Threshold: theoretical limit asblock length! 1 .
Solid curves: simulation results for block length = 10'.

Shannonlimit: binary codes,R = 1=2.
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Factor graphs

Functions that factor into products of local functions

2 Example: Global indicator function of a code
Y
©c(X) =  ©c,(Xjiocal(k))
k

Local indicator function ©c, (Xjiocalk)) is a function only of
local variables X;jocaik), determinedby constraint code Cy

2 Example: Global probability distribution that factorsinto a product

of local distributions (up to normalization)
Y
p(x) / pk(leocal(k))
k

e.g.,
{ uniform distributions
{ Boltzmann distributions
{ Gaussiandistributions

2 Factor graphs

{ Nodes= factors
{ Edges= variables(with normality constrairt)
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Factor graphs of linear Gaussian models

Combination of block diagram with probabilit y distributions

2 Standard linear Gaussianstate-spacemodel

Xie1 = AXg+ BUy;
Y« = CXi+ DUyg;

whereUg » CN (0;K ) is a freedriving variable;

X is a state variable;

Yk is the obsened output variable.

(Note: time-invarianceof (A; B;C; D) is inessetal.)

2 Factor graph

ON (0;K ) | =
Bl |D
R R
Xk — A\_ + B Xk+1
C + Yy

Notes: like a block diagram, except

{ Junction points must be shavn as explicit repetition constrairnts

{ Addition nodesrepresered aszero-sumconstrairnt (X +Y+Z = 0)
plus a sign inverter on the \output"

{ Arrows on matrix blocks show direction of linear transformation
{ Arrows on edgesare optional
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Dual factor graphs

Dualization rules

2 Variablesare unchanged(in the vector spacecase)
{ But put a signinverter in the middle of every edge
2 Replaceconstrairts by dual constrairts

{ Replacerepetition by zero-sumconstrairts and vice versa
{ Replacelinear transformation A by negative adjoint
transformation j A in the reversedirection

2 Replacedistributions by their Fourier transforms

CN(m;K)! CN (K m;Ki?1); upto normalization (i = P i 1):

2 Dual factor graph (with signinverters removed)

ON (0; K § ¥k +

A° | =

ok = |

A reversed-time,adjoint linear Gaussianstate-spacemodel
Xk = AGXk+1 + Cqu;
U¢ = B"Xks1 + DY
wherethe \input" Yy is obsened and the \output" Uy is hidden.

2 By the dual normal graph theorem, the dual graph generateghe dual
system (the systemwhosetrajectories are orthogonal to thosein the
original system).
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Kalman Ttering and smoothing

The Kalman Tter

2 Problem: compute marginal probability distribution of Xy,
given obsenations of Y up to time k

2 Solution: forward-only sum-praduct algorithm = Kalman Tter
2 All distributions are complex GaussianCN (m; K))

2 Sum-praduct update (computation) rules:

Y
Mz = | Mxi My
X+ £ K; = Ky+ Ky
X+Y+Z2=0
- my = Amy
X AY Ky = AKxA®
Y = AX

2 For dual blocks, useFourier transforms
Generalrule: Dual block update = F ! primal block update! F

Y
" x, Pk W, = Kitr kT LF
X=Y=14
My iK j tmy Wi (K tmy + K tmy)
Kul ~ KR Wi T= (K[ T+ KD
- a1
X Y My IK } “my — i IATK ) "my
A D KK A W = AK A i
X =AY

W, LAK | Im,
Wy T= (A'KTA) T

2 Reducesto usual Kalman Tter equations
(with useof matrix inversionlemmato minimize matrix inversions)
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Kalman Tltering and smoothing (cont.)

Kalman smoothing

2 Problem: compute marginal probability distribution of Xy,
given obsenations of Yy for all time

2 Solution: two-way sum-product algorithm = Kalman smoothing

mﬁé@ﬂha;;éu@z@?@@ mﬁﬁ@ﬁ@ﬁ;@é'@ﬁmﬁ@@v
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Kalman Ttering on
arbitrary linear Gaussian graphs

2 De nition: Kalman Tltering = sum-praduct algorithm (BP)
{ Alternativ ely, equivalent to max-product = min-sum algorithm
using negative log likelihoods
{ In this context canbeviewedasa recursiwe least-squareslgorithm

2 On cycle-freelinear Gaussiangraphs,a nite and exact recursive
algorithm that computesall APPs

2 0On linear Gaussiangraphswith cycles,if the algorithm corverges,the
meansare correct, but the covariancesare too optimistic in general
|W eissand Freeman,Rusmevidtientong and van Roy

2 Convergenceis assuredon a graph with only onecycle

2 Even with cycles,the Kalman Tter problem can be simulated by a
static electrical network, whoseequilibrium givesthe exact solution
|Dennis, Dempster,Vontobel and Loeliger
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Coding theory and system theory

System theory has contributed much to coding theory

2 Convolutional codes: Linear time-invariant systemsover nite elds

{ (Finite) state-spacemodel = trellis realization
{ Viterbi algorithm decaling = dynamic programming
{ Algebraic structure of convolutional codes

2 Block codes: state-space(trellis) realizations

{ Necessarilytime-varying

{ Coordinate ordering is open: the \art" of trellis decaling

{ Given a coordinate ordering, 9 a well-de ned minimal realization
{ Viterbi algorithm decaling = dynamic programming

{ BCJR decding = belief propagation = Gallager APP decaling

Can coding theory contribute to system theory?

2 The basic properties of LTI systemsare group-theoretic

{ Time-invarianceis not soimportant
{ Pontryagin (character group) duality

2 Replacetime axis by a generalgraph

{ Cycle-free: minimal realizations, exact decaing; but,
large state spaces

{ Cycles: excient realizations;but,
no unique minimal realization, iterativ e (approximate) decaling
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Summary

Codes and systems on graphs

2 Linear/group codes/systemson cycle-freegraphs

{ Generalizecorvertional state-spacerealizations
{ Generaltheory of minimal realizations
{ Excient exact decdaling/inference algorithms
| e.g., generalizedKalman Tter
2 Linear/group codes/systemson graphswith cycles

{ For example,two-dimensionallinear systems
{ Ezxcient realizations, but no generalminimality theory

{ Excient appraoximate iterativ e decaling/inference algorithms
| e.g., generalizedbelief propagation

{ Duality theorems
{ Connectionswith statistical physics

4v



