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Po-Spaces
The category poTlop:

Objects: topological spaces X with a partial
order < which is a closed subset of X x X.

Morphisms: “dimaps”, continuous monotone
mappings

-

Examples: I, the directed (totally ordered) unit
interval: I the unit n-cube: R: the “Swiss
Cross”’, etc.

Note that any subset of a po-space inherits a
pO-Space structure.

Applications in Computer Science (cf. Eric’s
and Lisbeth’s talks)
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Dipaths and Dihomotopies
A dipath in a po-space X is a dimap I — X.

An elementary dihomotopy (rel 8I) of dipaths
a, bis a dimap u: 12 — X (a “disquare”) such
that

u(0,t) = a(t) u(1,t) = b(¢t)
u(s,0) = a(0) u(s,1) = a(l)

Dihomotopy of dipaths is the equivalence re-
lation generated by the elementary dihomo-
topies.

~» the fundamental category wX. Cf. Eric &
Lisbeth.

Note: 1. #X is a “loop free" category, esp.
it is not a groupoid. 2. Unlike the situation
for (ordinary) homotopy, there are no “point
groups” capturing dihomotopy information; we
need ‘“‘the whole” category 71 X.
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One Dimension Up

Want: (strict) double category p>X capturing
dihomotopy information in dimension 2.

Objects: points of X
1-cells: paths of X

2-cells (squares): disquares in X modulo diho-
motopy

Why cubical? 1. personal preference, 2. Van
Kampen theorem

Why strict? See above.
Note on terminology: What we call double cat-
egory is generally known as edge symmetric

double category.

Warning: Some of this stuff is still rather pre-
liminary. Don't try this at home <
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Concatenation

First thought: Regardless how concatenation
of dipaths is defined, it is not associative. So
1-cells cannot be dipaths, but must be dipaths
modulo reparametrisation.

So say that a ~¢p b if there exist surjective
reparametrisations ¢, : I — I such that aop =

bo .

Then concatenation of 1-cells is associative
with units ex(t) = z(0).

And for the record, we define

a(2t) ift <

(a+0)(1) = {b(2t _1) ife>

NN~

~+ the dipath category p1 X: objects—points of
X, morphisms—equivalence classes of dipaths
wrt. ~.
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T he Singular Cubical Set
RnX = [I", X]

points z,y,... € RpX = X
dipaths a,b,... € R1 X
disquares u,v,... € R X
dicubes a,f,... € R3X

59u(t) = u(0,t) Stu(t) = u(1,t)
58u(s) = u(s,0) 5%u(s) = u(s, 1)

(5?04(5,75) = (0, s, ) 5804(7", t) = a(r,0,t)
5ga('r, s) = a(r,s,0)

g1a(s,t) = a(0,t) eoa(s,t) = a(s,0)

)

u(2s,1) if s <1

) =9 21

(ut1v)(s, ) L’0(28—1,15) ist%
.

u(s, 2t) ift <1

u 1) = 4 ’ =2

(u20)(s,) \u(s,2t—1) iftZ%

etc.
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Thin Globular Disquares

The relation ~7 is generated by thin globular
disquares, i.e. disquares u € R, X for which the
89u, 63u are degenerate, and there is a factori-
sation

u:f2—>f—>X

That is, say that a N b if there exists a thin
globular disquare u € RQX such that §u = a,
5 u = b, then ~p is the equivalence relation
generated by ~5

We want to quotient out dihomotopy in dimen-
sion 2, but to get well-defined degeneracies, we
need to allow reparametrisations. So say that
a :u =5 v is an elementary dihomotopy with
thin boundary if

05 a = u, 51a—v

e 8a, 63a, 69a, 61 are all thin globular di-
squares.

and let =7 be the equivalence relation gener-
ated by =%
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p2X

The triple po X = (RoX/=p, R1X/~p,X) is a
cubical set, with the obvious boundary maps
and degeneracies. We also have composition
+ on R1X/~7p, and we need to define compo-
sitions 41, +2 on Ry X/=7.

Let u,v € RoX and assume that &7 (u) = 69(v),
i.e. d{u ~p 69v. Want to define (u) +1 (v).

Have ¢,v : I — I such that §}uo ¢ = §%v 0.
So define

u = uo (id x) v = v o (id X))
and (u) 41 (v) = (u 41 v), similar for 4.

Independent of reparametrisations because
uo (p1 X p2) =7 uo (¢ X ©h).

Associativity 4/, interhcange law ./, identities

(e1a), (e2a).
~ poX is a (loop free) double category.
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Relation to Dihomotopy

An elementary dihomotopy (rel 812) of disquares
w, v IS a dicube a such that 5(1)a = u, (5%04 = v,
and the other four faces are degenerate.

Conjecture: If u,v € Ro X are globular, i.e. the
8Qu, 63u, 8v, §5v are degenerate, and §u =
69v, 6fu = §iv, then u and v are dihomotopy
equivalent if and only if u =7 v.

True in the non-directed case [HKKO0O], but
appears to be difficult to show in our directed
setting.
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T hin Structure

A disquare u € R>X is ("geometrically”) thin
if there is a factorisation v :I2 — I — X.

Goal: Relate this to a thin structure on pyX.

Connections 49,71 : R{X — R>X:

Pa(s,t) = a(max(s,t))
vta(s,t) = a(min(s,t))

Induce maps ~v%(a) = (v%a) in poX. These form
a connection pair [BM99]
~» thin structure on p>X.

Slogan: (u) € ppX is (“algebraically”) thin iff
it is @ composite of degeneracies and connec-
tions.

Properties: Thin squares have commuting bound-
ary. Commuting 2-shells have unique thin fillers.
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Thin Structure, 2.

Proposition: (u) € poX is algebraically thin iff
Jv € R X such that u =7 v and v is geometri-
cally thin.

Keys to proof: 1. Geometrically thin disquares
have commuting boundary.

2. Composites of geometrically thin disquares
are geometrically thin.

3. If u,v € Rp X are geometrically thin, and all

51‘7u ~T (5;-7'0, then u =7 v.
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The van Kampen Theorem

Let &/ be an open cover of X, and denote by
ayy - UNV < U, bUV:UﬂVL)V, cyy -
U — X the inclusions, for U,V € U. Then
c* = coeq(a*,b*) in the following diagram in
the category of double categories:

a* *
Ll p2(UnV) =3 || poU = poX
Uu,veu veld

Needed in proof: Homotopy Commutativity Lemma:
Given a € R3X, then

(0ar) = ((690), (51a), (830, (§3a), (83ar), (630r))

IS @a commuting 3-shell in pyX.
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