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Fundamental metatheorem of numerical analysis

well-posed

consistency: (L, Xp,Y}) close to (L, X,Y)
stability: continuity of Lgl

—> convergence: uy Is close to u




A model boundary-value problem

Find v : {2 — R such that
—divCgradu = fin Q, uw =0 on 9f)

strong

1
u = argmin (—/ Cgradv - gradvdx — / fu daz) variational
veEHL(Q) 2 Ja Q

Find u € H;(Q) such that

/Cgraduogradvdx:/fvdaz weak
Q Q

for all v € H; ()




Discretization

1
Ritz method: wj = argmin (—B(v, V) — F(v))
veEW), 2

W, C W finite-diminsional

<= Galerkin method.:
Find up, € Wy, such that B (up,v) = F (v) forall v € W,

Find up, € Wj, such that  Bp(up,v) = Fp(v) for all v € Vj,

discrete operator: Ly, - W, — V7, Lyup, = Fy,




Approximability, consistency, stability, convergence

Given a norm on W the error ||u — up|| depends on 3 factors:

Approximability: A.E. = inf |u— x|
xXEWh

| Bn(u,v) — Fn(v)|

Consistency: C.E. = sup
veVy, ||/UH Bh(Xav)
o] :== sup
xevi,  Ix
Stabl//ty SC. = HL}:1”E(V*,W}L)

|w —up|| < (14 S.C.)(A.E. + C.E.)




Stability and quasioptimality

For the Ritz method for the model problem

i, = e GB(U, p) — F@))

’UEWh

there is no consistency error. In the H' norm stability is
automatic. Therefore we get quasioptimality:

| = unllg < ¢ b flu—wvlm

Estimates in other norms (L?, L*, .. .) require additional
work




Finite element spaces

For a finite element method W), is a piecewise polynomial
space defined by the FE assembly procedure:

® the domain (2 is triangulated by simplices

® on each simplex 1" a f.d. space of shape functions W is
given together with a set of degrees of freedom, each DOF
associated to a subsimplex

® W, consists of functions piecewise in W with equal
DOFs on shared subsimplices

Ex: Wp = P5(T'), DOFs are vertex vals., edge avgs.




Lagrange finite elements

/N

shape fns: P
DOFs: vertex vals.
& edge averages

A.E.in H! for u €¢ H”
< Cp—khmin(p,k)




Computing the sound of a drum

Drum sound determined by standing wave solutions to wave
equation with Dirichlet boundary conditions. These are
expressed in terms of solutions of an eigenvalue problem:

Find nonzero u : 2 — R, A € R:
—divCgradu = Au in 2, w =0 on 0f2

[ Cgradu - grad udx
Jo lul? dz

u, \ critical pts.,vals. of on H}(2)\{0}

Eigenvalues form a sequence of positive numbers tending to infinity; give

the fundamental frequencies; eigenfunctions give fundamental modes.




Discretization

We can discretize by the Ritz method (find critical points
over W, C H}), or equivalently the Galerkin method.

Discrete problem has finite sequence of eigenvalues for which
the smaller ones will approximate well the true eigenvalues if
approximability is good.
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Electromagnetic resonator

Similarly, to compute the resonant frequencies of an
electromagnetic cavity, we need to find standing wave
solutions of Maxwell’s equations, which give rise to an
eigenvalue problem on Q2 C R?:

Find nonzero £ : Q) — R3, )\ € R:
curlcurl E = A\E, divE =0, FE xn =20 on9df)

The eigenvalues are all positive, finite multiplicity, and form
a sequence tending to infinity.

The divergence constraint is redundant except for when
A = 0. Dropping it adds an infinite dimensional space of
(nonphysical) zero eigenfunctions.
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Discretization

A numerical method is obtained by looking for f ‘ CuﬂE‘Q
the nonzero critical values of the Rayleigh

: 2
quotient over nonzero F € ), C H(curl) f £
As a test case we choose () We triangulate €2 and
square, for which the positive take ()}, to consist of
eigenvalues are known: continuous plecewise
A=m?+n? 0<m,neZ linear vectorfields.
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Eigenvalues computed with piecewise linear finite elements

10 | 1 | \4
*»

The dlscrete elgenvalues :’
—
glve no clue as  to the @
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Edge elements

Shape fns: T := { (a — bxy,c+ bx1) |a,b,c € R}

DOFs: values of the (constant)
tangential component on each edge
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D. White, EMSolve, LLNL @
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Mixed methods for the model problem

—divCgradu = f

Sometimes it is better to work with a first-order system:

o=Cgradu, —dive=/{

(o,u) = argcrit [/(%C_lT“T—F’UdiVT)dCE—I—/f’Ud:C]

H (div)x L2

It's not an extremum, but a saddle-point.

Discretization leads to a mixed method.
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Stability conditions

1
(oh,up) = argerit [ /(—C’_lT T+ ovdivr)dr + /fv dx ]
ShXVh 2

Stability is not automatic. Discrete system could be singular,
or inverse could blow up as mesh is refined.

Stability conditions (Brezzi '74):

® For all 7 € Sy, satisfying divt L Vj, /0_17' T > ’y||T||§{(diV)
(E.g., div Sy C V3.)

® ForallveVy, 30# 7€ Sy s.t. /vdiVT > Y||v|| 2|7 || 2 (div)
(E.g., div Sy, DV}, and div |s, admits a bounded 1-sided inverse.)

Brezzi's conditions — stability — quasioptimality.
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Mixed finite elements

It is not easy to satisfy both stability conditions!
Simplest stable elements are due to Raviart, Thomas and
Nedelec. Face elements for oy, piecewise constants for uy,.

A A

shape fns: a+bx, a € R? b e R
DOFs: on - M on each face

\ A A
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The de Rham complex

What does this have to do with differential complexes?

R— N©) S ANQ) % ... L AQ) —0

w € /\k(ﬂ) means w(x) : T, x --- x T2 — R alternating k-linear
0-forms are smooth maps {2 — R

1-forms are co-tangent vector fields

For Q a domain in R? the de Rham complex becomes

R < C%(Q,R) 229 0<(Q,R3) L 0o(Q,R3) Y 0%(Q,R) — 0
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Mixed formulation revisited

Separating the algebraic and differential operations we have

gradu=~, —divoe=f, o=C%
T 1 T 1
0 1 2 3

First two equations are just exterior differentiation.
Last is a linear algebraic map from 1-forms to 2-forms:

Hodge star operator

The coefficient matrix C furnishes the inner product
determining the Hodge operator.
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R < C®(Q,R) 224 co(Q,R3) ML oo, R3) Y, ooQ,R) — 0

S v
th lnh

Sh E— Vh — 0

A AN
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The electromagnetic resonator revisited

A
curl pteurlE =)\ e E

| —
H

curlE=B, curlH=AD, B=uH, D =¢k.

T 1 T 1
1 2 1 2

Two exterior differentiations, two Hodge star operations.

2-forms: face elts & 1-forms: edge elts A

|
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div

R C®(Q,R) 224 0x(Q,R3) L co@Q,RY) & ox(Q,R) —

l l l l

grad curl

R — Wh, — @ ’ Sh - Vi

R%Aﬂﬁﬂ&ﬂﬁw
|

The exactness and commutativity of the diagram are exactly what is
needed to analyze eigenvalue discretization based on edge elements using
mixed method stability theory. Boffi-Fernandes—Gastaldi—Perugia '99.

The completion of the diagram is the statement that the curl-free edge
elements are precisely the gradients of standard piecewise linear elements.

This explains completely the zero eigenspace for the discrete problem.
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The complex of discrete differential forms

grad curl div
R — = — — —
|

was constructed already by Whitney '57. Connection to

mixed FEM first realized by Bossavit '88.
Hiptmair, Demkowicz, Monk, Winther,. . .

Yee scheme; Mimetic finite differences. Hyman, Shashkov,. . .

Mixed FEM provides higher order versions as well:

grad curl div &
*

0
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