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Fundamental metatheorem of numerical analysis
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consistency : (Lh, Xh, Yh) close to (L,X, Y )
stability : continuity of L−1

h

=⇒ convergence: uh is close to u
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A model boundary-value problem

Find u : Ω→ R such that

−div C gradu = f in Ω, u = 0 on ∂Ω
strong

u = argmin
v∈H1

0(Ω)

(
1
2

∫
Ω

C grad v · grad v dx−
∫

Ω

fv dx

)
variational

Find u ∈ H1
0(Ω) such that∫
Ω

C gradu · grad v dx =
∫

Ω

fv dx

for all v ∈ H1
0(Ω)

weak
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Discretization

Ritz method: uh = argmin
v∈Wh

(
1
2
B(v, v)− F (v)

)
Wh ⊂W finite-diminsional

⇐⇒ Galerkin method:

Find uh ∈Wh such that B (uh, v) = F (v) for all v ∈Wh

Find uh ∈Wh such that Bh(uh, v) = Fh(v) for all v ∈ Vh

discrete operator: Lh : Wh→ V ∗h , Lhuh = Fh
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Approximability, consistency, stability, convergence

Given a norm on W the error ‖u− uh‖ depends on 3 factors:

Approximability: A.E. = inf
χ∈Wh

‖u− χ‖

Consistency: C.E. = sup
v∈Vh

|Bh(u, v)− Fh(v)|
‖v‖

‖v‖ := sup
χ∈Vh

Bh(χ, v)
‖χ‖

Stability: S.C. = ‖L−1
h ‖L(V ∗

h
,Wh)

‖u− uh‖ ≤ (1 + S.C.)(A.E. + C.E.)
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Stability and quasioptimality

For the Ritz method for the model problem

uh = argmin
v∈Wh

(
1
2
B(v, v)− F (v)

)

there is no consistency error. In the H1 norm stability is

automatic . Therefore we get quasioptimality :

‖u− uh‖H1 ≤ c inf
v∈Wh

‖u− v‖H1

Estimates in other norms (L2, L∞, . . . ) require additional

work
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Finite element spaces

For a finite element method Wh is a piecewise polynomial

space defined by the FE assembly procedure:

the domain Ω is triangulated by simplices

on each simplex T a f.d. space of shape functions WT is

given together with a set of degrees of freedom, each DOF

associated to a subsimplex

Wh consists of functions piecewise in WT with equal

DOFs on shared subsimplices

Ex: WT = P2(T ), DOFs are vertex vals., edge avgs.
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