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Fundamental metatheorem of numerical analysis

well-posed

consistency: (L, Xp,Y}) close to (L, X,Y)
stability: continuity of Lgl

—> convergence: uy Is close to u




A model boundary-value problem

Find v : {2 — R such that
—divCgradu = fin Q, uw =0 on 9f)

strong

1
u = argmin (—/ Cgradv - gradvdx — / fu daz) variational
veEHL(Q) 2 Ja Q

Find u € H;(Q) such that

/Cgraduogradvdx:/fvdaz weak
Q Q

for all v € H; ()




Discretization

1
Ritz method: wj = argmin (—B(v, V) — F(v))
veEW), 2

W, C W finite-diminsional

<= Galerkin method.:
Find up, € Wy, such that B (up,v) = F (v) forall v € W,

Find up, € Wj, such that  Bp(up,v) = Fp(v) for all v € Vj,

discrete operator: Ly, - W, — V7, Lyup, = Fy,




Approximability, consistency, stability, convergence

Given a norm on W the error ||u — up|| depends on 3 factors:

Approximability: A.E. = inf |u— x|
xXEWh

| Bn(u,v) — Fn(v)|

Consistency: C.E. = sup
veVy, ||/UH Bh(Xav)
o] :== sup
xevi,  Ix
Stabl//ty SC. = HL}:1”E(V*,W}L)

|w —up|| < (14 S.C.)(A.E. + C.E.)




Stability and quasioptimality

For the Ritz method for the model problem

i, = e GB(U, p) — F@))

’UEWh

there is no consistency error. In the H' norm stability is
automatic. Therefore we get quasioptimality:

| = unllg < ¢ b flu—wvlm

Estimates in other norms (L?, L*, .. .) require additional
work




Finite element spaces

For a finite element method W), is a piecewise polynomial
space defined by the FE assembly procedure:

® the domain (2 is triangulated by simplices

® on each simplex 1" a f.d. space of shape functions W is
given together with a set of degrees of freedom, each DOF
associated to a subsimplex

® W, consists of functions piecewise in W with equal
DOFs on shared subsimplices

Ex: Wp = P5(T'), DOFs are vertex vals., edge avgs.







