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Abstract

Aiming towards the development of a gen-
eral clustering theory, we wish to initiate a
systematic study of measures for the qual-
ity of a giwen data clustering. A clustering-
quality measure is a function that, given a
data set and its partition into clusters, re-
turns a non-negative real number represent-
ing how ‘strong’ or ‘conclusive’ the clustering
is. We propose using this notion as a ba-
sis for developing a formal theory of cluster-
ing. We analyze what clustering-quality mea-
sures should look like by introducing a set of
requirements (‘axioms’) of clustering-quality
measures. As opposed to previous work fo-
cusing on clustering functions as the object
to be axiomatized, we show that principles
like those formulated in Kleinberg’s axioms
([2]) can be readily expressed in our frame-
work without leading to inconsistency.

We propose quality measures for wide fam-
ilies of common clustering approaches, like
loss-based clustering, center-based clustering,
and linkage-based clustering. We show that
our proposed measures satisfy the axioms. In
addition, we show that using our measures,
the clustering quality of a clustering can be
computed in low polynomial time.

1 Introduction

In his highly influential paper, [2], Kleinberg advo-
cates the development of a theory of clustering that
will be “independent of any particular algorithm, ob-
jective function, or generative data model.” As a step
in that direction, Kleinberg sets up a set of “axioms”
aimed to define what a clustering function is. Klein-
berg suggests three axioms, each sounding plausible,
and shows that these seemingly natural axioms lead to

a contradiction - there exists no function that satisfies
all three requirements. As noted in the last section
of [2], this “impossibility theorem” applies only to a
very specific set of axioms. Small changes to any of
these axioms suffice to turn them into a consistent set
of requirements that are met by many common clus-
tering paradigms. Just the same, Kleinberg’s result is
often interpreted as stating the impossibility of defin-
ing what clustering is, or even of developing a general
theory of clustering. We disagree with this view.

We take up a similar line of research - aiming to de-
velop a high level theory of clustering, investigating an
axiomatic approach. However, rather than attempting
to define what a clustering function is, and demon-
strating a failed attempt, we turn our attention to the
closely related issue of evaluating the quality of a given
data clustering and come up with a consistent formal-
ization of that notion.

As it turns out, the clustering-quality framework is
richer and more flexible than that of clustering func-
tions. It allows the postulation of axioms that cap-
ture the features that Kleinberg axioms aim to express,
while maintaining consistency of the set of axioms.

A clustering-quality measure is a function that maps
pairs of the form (dataset, clustering) to some ordered
set (say, the set of non-negative real numbers), so that
these values reflect how ‘good’ or ‘cogent’ that cluster-
ing is.

The need to measure the quality of a given data clus-
tering arises naturally in many clustering issues. The
aim of clustering is to uncover meaningful groups in
data. However, not any arbitrary partitioning of a
given data set reflects such a structure. Upon obtain-
ing a clustering, usually via some algorithm, a user
needs to determine whether this clustering is suffi-
ciently meaningful to rely upon for further data mining
analysis or practical applications. Clustering-quality
measures judge how good is a specific clustering.

Clustering-quality measures can also be used to help



in clustering model selection by comparing different
clusterings over the same data set. Different cluster-
ing algorithms aim to optimize different (potentially
implicit) objective functions and are likely to output
different clusterings of the same data set. Since it is
often ambiguous which objective function, if any, is
appropriate for clustering the data set at hand, a user
may apply a clustering-quality measure to choose be-
tween the outcomes of different algorithms, or between
the outcomes of the same algorithm under different pa-
rameter settings. Clustering-quality measures should
provide a principled method for comparing clusterings
and for evaluating their significance.

When posed with the problem of finding a clustering-
quality measure, a first attempt may be to invoke the
loss (or objective) function used by the clustering al-
gorithm, such as k-means or k-median, as a clustering-
quality measure. However, such measures have some
major shortcomings for the purpose at hand. First,
they are usually not scale-invariant. Given any non-
trivial data partitioning (where at least one cluster
has at least two points), any k-means or k-median loss
can be obtained, for that fixed partitioning, by uni-
formly scaling the pairwise distances between points
in the underlying data set. Consequently, by know-
ing that the k-means loss of some clustering is, say
7.3, one gains no insight about the quality, or “mean-
ingfulness,” of that clustering. Second, the value of a
specific loss function cannot be meaningfully used to
compare the quality of clusterings obtained by differ-
ent algorithms. If such quality measure is used, then
an algorithm that aims to minimize that loss function
has an advantage that is not necessary reflected in the
quality of the clusterings that it produces. For exam-
ple, the k-means loss function cannot be used to mean-
ingfully compare a clustering obtained using a k-means
heuristic with a clustering obtained via an algorithm
aimed at optimizing a different objective function.

We formulate a theoretical basis for clustering-quality
evaluations. To the best of our knowledge, there is no
previously published formalization of such a notion.
We address the question of what a measure of cluster-
ing quality should look like and propose a set of re-
quirements (‘axioms’) of clustering-quality measures.
To demonstrate the relevance and consistency of these
axioms, we introduce concrete quality-measures for
several common clustering paradigms, including loss-
based clustering, center-based clustering, and linkage-
based clustering. These notions all satisfy our axioms,
and, given a data clustering, their value on that clus-
tering can be computed in low polynomial time.

We begin by presenting Kleinberg’s axioms for cluster-
ing functions. Next, we show that principles like those
formulated in these axioms can be readily expressed as

a satisfiable set of properties in the framework of qual-
ity measures. However, some of these properties are
too strong to be used as axioms. Using these properties
as a starting point, we derive our axioms of clustering-
quality measures. Next, we present our clustering-
quality measures, starting with measures for loss-based
clustering, where we show a number of ways to nor-
malize a loss function to obtain meaningful clustering-
quality measures. In addition, we discuss how spectral
clustering relates to loss-based quality measures, and
present a quality measure based on spectral clustering
theory. We then present quality measures for center-
based and linkage-based clustering. Finally, we show
that using each of our quality measures, the quality of
a clustering can be computed in low polynomial time.

1.1 Other possible primitives for clustering
formal analysis

There are various basic notions that one can use as the
primitive notion for a discussion of the fundamental
properties of clustering. As mentioned above, Klein-
berg [2] has chosen “clustering functions” as that prim-
itive for his analysis. Another basic notion that has
been discussed in the literature is “clusterability” (for
example, [5] and [6]). A notion of clusterability de-
termines how much ‘clustered structure’ there is in a
data. The notion of clustering-quality that we discuss
is closely related to these other notions. A clustering-
quality measure can readily induce a clustering func-
tion by assigning to any input data set the highest
quality clustering of that set (whenever the data set
is finite, then so is the set of all its clusterings. Thus
a clustering with maximal clustering quality exists).
Similarly, having a clustering-quality measure, one can
define the clusterability of a data set as the maximal
value of the clustering-quality over all clusterings of
that set.

On the other hand, notions of clusterability cannot be
used directly as measures of clustering quality, since
clusterability is a property of a data set while measures
of clustering-quality apply to specific clusterings.

2 Formal Framework and Notation

Let X = {1,2,...,n} be a data set. A function d :
X x X — R is a distance function if d(z;,x;) > 0 for
all z; € X, for any z;,z; € X, d(z;,z;) > 0 if and
only if z; # xz;, and d(z;,z;) = d(z;, ;). Note that
we do not require the triangle inequality.

A k-clustering C = {C1,C4,...,Ck} of data set X is
a k-partition of X, that is, C; N C; = 0 for ¢ # j and
Uk C; = X. A clustering of X is a k-clustering of
X for some k£ > 1. A clustering of a data set on n



elements is trivial if it consists of 1 or n non-empty
clusters.

For xz,y € X and clustering C of X, we write z ~¢c y
whenever x and y are in the same cluster of clustering
C and z ¢ y, otherwise.

A clustering-quality measure is a function that is given
a clustering C over (X, d) (where d is a distance func-
tion over X) and returns a non-negative real number.
In this work we discuss what requirements are neces-
sary to make such function a meaningful clustering-
quality measure.

3 Axiomatizing clustering functions
vs clustering quality measures

Previous attempts to provide an axiomatic basis for
clustering were mostly carried out using clustering
functions as the basic object of discussion [2], [1] or
addressing clustering objective functions as the central
object of discussion [4]. Since Kleinberg’s framework
is the closest to what we are doing here, we begin by
describing his proposed axioms (for clustering func-
tions).

3.1 Axioms for Clustering Functions

A clustering function for some domain set X is a func-
tion f that takes a distance function d over X, and
outputs a partition of X. Kleinberg proposes three
axioms of clustering functions, which he shows to be
inconsistent [2]. We discuss Kleinberg’s axioms, and
how they relate to our work on clustering-quality mea-
sures.

Function Scale Invariance: Scale invariance re-
quires that the output of a clustering function be un-
affected by uniform scaling of the input.

A function f is scale-invariant if for every distance
function d and positive \, f(d) = f(Ad) (where Ad is
defined by setting, for every pair of domain points x, vy,
M(z,y) =X -d(x,y)).

Function Consistency: Consistency requires that if
within-cluster distances are decreased, and between-
cluster distances are increased, then the output of a
clustering function does not change. Formally,

e A distance function d' is a C-consistent variant
of d, if d'(z,y) < d(z,y) for all z ~¢ y, and
d'(z,y) > d(z,y) for all = ¢ y.

e A function f is consistent if f(d) = f(d') when-
ever d' is an f(d)-consistent variant of d.

Function Richness: Richness requires that by mod-

ifying the distance function, any partition of the un-
derlying data set can be obtained.

A function f is rich if for each clustering C' of X, there
exists a distance function d over X so that f(d) = C.

One can readily transfer the Kleinberg axioms to the
context of clustering-quality measures. Namely, given
a quality measure, m, define a clustering function F,,
by

F(X,d) = Argmazc{m(C, X,d)}

That is, Fy, selects the clustering of maximum quality.
Now, given any requirement on clustering functions,
one can transform it into a requirement on clustering-
quality measures by stating that the induced function,
F,,,, satisfies this requirement. For instance,

Definition 1 A quality measure m is K-consistent
if for any F,,(X,d) consistent variant d' of distance
function d, F,(X,d) = Fp (X, d').

We shall denote the quality-function requirements
resulting from such direct translation of Kelinberg’s
axioms by K-consistency, K-richness and K-scale-
invariance (where the "K” stands for ”Kleinberg”).

Clearly, if we start with an unsatisfiable set of axioms
for clustering functions, the resulting quality measure
axioms will also be unsatisfiable.

4 Axioms of clustering-quality
measures

In this section we formalize the concept of a clustering-
quality measure by proposing requirements ( “axioms”)
that a clustering-quality measure should satisfy. We
show that principles like those formulated in Klein-
berg’s axioms can be readily expressed in the frame-
work of clustering-quality measures without leading to
inconsistency. Although this gives a consistent set of
requirements, some of them are too strong to require
of all clustering-quality measures. We propose vari-
ants on these requirements, giving a consistent set of
requirements that are satisfied by many natural qual-
ity measures.

4.1 Quality-measures versions of the
Kleinberg axioms

A more lenient translation of Kleinber’s axioms to the
framework of quality-measures is by turning them into
direct requirements about the relative values of the
quality measure. Next, we illustrate that, under such
a translation, Kleinberg’s axioms can be readily ex-



pressed in our framework without resulting in incon-
sistency.

Definition 2 (Consistency) Quality measure m
satisfies consistency if for all clusterings C over
(X,d), whenever d' is a C consistent variant of d,

then m(C, X,d) > m(C, X,d").

Definition 3 (Scale Invariance) Quality measure
m salisfies scale invariance if for every clustering
C of (X,d), and every positive X\, m(C,X,d) =
m(C, X, \d).

Definition 4 (Richness) Quality measure m satis-
fies richness if for each non-trivial clustering C' of X,
there exists a distance function d over X such that
C = Argmax{m(C, X,d)}.

Consistency, scale invariance, and richness for
clustering-quality measures form a consistent set of re-
quirements. In particular, most quality measures pre-
sented in Section 5 (in particular, relative margin, ad-
ditive margin, weakest link, and normalized cut) sat-
isfy these three properties. In addition, consistency
(although not richness) is satisfied by all the quality
measures presented in Section 5.

4.2 Deriving axioms of quality measures

The previous section already offers a set of require-
ments for clustering-quality measures that capture the
features that Kleinberg’s axioms try to express by a
satisfyable set of requirement. However, if one wishes
to have a set of azioms for some domain, satisfiability
is not enough. Axioms are meant to define the domain
and, thus, should be such that every member of the
domain satisfies all of them. We make the distinction
between properties which are requirements satisfied by
some clustering-quality measures and azioms. Only
properties that should be satisfied by all objects in
question should be called ‘axioms’. We propose relax-
ations of the consistency and richness properties that
can be used as axioms of quality measures. In addi-
tion, we present a new axiom, which captures an im-
portant property of clustering that is not modeled by
Kleinberg axiom - the indifference of clusterings to the
particular identity of the domain points. We end up
with a consistent set of axioms for clustering-quality
measures, satisfied by all the natural clustering quality
measures we could come up with.

4.2.1 Isomorphism Invariance

We now introduce a new axiom, modeling the require-
ment that clustering should be indifferent to the in-
dividual identity of clustered elements. This axiom

Figure 1: A consistent change of a 6-clustering.

of clustering-quality measures does not have a corre-
sponding Kleinberg axiom. This axiom ensures that
quality measures are independent of point description.
That is, if the labels of all points are permuted, keep-
ing the clustering fixed, the quality of the clustering
should not change.

First, we need to define isomorphism between cluster-
ings.

Definition 5 (Clustering Isomorphism)
Clusterings C and C' over (X,d) are isomor-
phic, C =4 C', if there exists a distance-preserving
isomorphism ¢ : X — X, such that x ~¢c y if and
only if ¢(x) ~cr P(y).

Definition 6 (Isomorphism Invariance) Quality
measure m is isomorphism-invariant for all clus-
terings C, C' over (X,d) where C =4 (',
m(C, X,d) =m(C’, X,d).

We can readily reformulate this requirement in the
framework of clustering functions. Namely, following
a permutation on the data point’s labels, the output
of a clustering function should be isomorphic to the
output prior to the permutation.

4.2.2 Consistency properties

We illustrate that consistency has some counter-
intuitive consequences. We then propose variants of
consistency that overcome these shortcomings.

Consider the two data sets in Figure 1. The data set
(X,d) on the left hand side of the figure has a good 6-
clustering - call this clustering C. C'is the most promi-
nent clustering of (X,d). The data set on the right
hand side is (X, d") where d’ is a C-consistent variant of
d. Notice that there is a 3-clustering on (X, d’) which
may have better quality than C' on (X,d’). There-
fore, a reasonable quality measure may assign better
quality to C on (X, d) than to C on (X, d’). However,
such quality measure would not satisfy the consistency

property.



A simple modification of consistency, which we call lo-
cal consistency, is the requirement that the distances
between pairs of points within each cluster shrink uni-
formly, and distances between pairs of points in differ-
ent clusters expand uniformly.

Definition 7 (Locally Consistent Variant)
Distance function d' is a C locally consistent variant
of d, for a clustering C over (X,d), if

e For every cluster Cy of C there is a constant ¢y <
1, such that for all x,y € Cy, d'(x,y) = ced(x,y).

o There exists a ¢ > 1 such that for every x ¢ y,
d'(z,y) = c-d(z,y).

Definition 8 (Local Consistency) Quality mea-
sure m is locally consistent if for all clusterings C
over (X,d), whenever d is a C locally consistent
variant of d, then m(C,X,d) > m(C,X,d’).

Local consistency has limited application in Euclidean
spaces, where clustering often takes place. In Eu-
clidean space, if we shrink each cluster uniformly, the
distances between pairs of points in different clusters
may change is a non-uniform manner.

Below we offer a more flexible version of consistency.

Definition 9 (Weakly Locally Consistent Variant)
Distance function d' is a C weakly locally consistent
variant of d, where C is a clustering over (X, d), if

e For every cluster Cy of C there is a constant ¢y <
1, such that for all x,y € Cy, d'(z,y) = ced(x,y).

o For every x ¢y, d(x,y) > d(z,y).

e For some set of points containing a point py from
every cluster Cy, there exists a constant ¢ > 1 such

that, for every pe,per, d' (pe, per) = ¢ - d(pe, per).

Definition 10 (Weak Local Consistency)

Quality measure m is weakly locally consistent if
for all clusterings C over (X,d), whenever d is
a C weakly locally consistent wvariant of d, then

m(C,X,d) >m(C, X,d).

We propose weak local consistency as an axiom for
clustering-quality measures. Note that weak local con-
sistency implies consistency and local consistency.

4.3 Richness properties

Most of the quality measures presented in Section 5
satisfy richness, in particular, relative margin, addi-
tive margin, weakest link, and separability with the
k-means loss function are rich.

However, richness is too strong a requirement for all
quality measures. The reason for that is that many
natural measures prefer more refined clusterings.

Definition 11 (Refinement) A clustering C' of X
is a refinement of clustering C of X if for every clus-
ter C; of C, there exists a set of clusters in C' that
partition C;.

Definition 12 (Refinement Preference) Quality

measure m s refinement-preferring if for every clus-
tering C' of (X,d) that has a non-trivial refinement,
there exists a non-trivial refinement C' of C' such that
m(C’", X,d) >m(C, X,d).

Common loss functions such as k-means and k-median,
as well as their L-Clustering Quality normalizations
(presented in Section 5.1.1), satisfy the refinement
preference property. For any refinement-preferring
measure, given any clustering (that has a non-trivial
refinement) over some data set, there is a non-trivial
clustering of the data set with better quality. Thus,
refinement-preferring measures are not rich.

We present a modification of quality measure richness,
called co-final richness, which we propose as an axiom
of quality measures. Co-final richness requires that
by changing the distance function we can make the
quality of any clustering arbitrarily good, however, we
do not require that the quality of the clustering with
the new distance function be better than the quality
of all other clusterings with the new distance. On the
other hand, we strengthen the richness requirement by
specifying that the quality of the original clustering
can be improved arbitrarily via consistent changes of
the distance function.

Definition 13 (Co-final Richness) Quality mea-
sure m satisfies co-final richness if for every pair
of non-trivial clusterings C over (X,d) and C' over
(X, d) there exists a C-consistent variant, d”’, of d

such that m(C, X,d") > m(C’", X,d").

4.3.1 Summary of axioms and properties

We proposed four axioms of clustering-quality mea-
sures: scale invariance, isomorphism invariance, weak
local consistency, and co-final richness. It can be
shown that all these axioms are necessary; that is, if
we exclude any one of these axioms, there are functions
that do not make good clustering-quality measures but
satisfy the remaining axioms.

In addition, we discussed the following properties of
quality measures: richness, consistency, and refine-
ment preference.



5 Examples of clustering-quality
measures

We propose clustering-quality measures for various
common clustering paradigms; loss-based, center-
based, and linkage-based clusterings. All our quality
measures satisfy the axioms of clustering-quality mea-
sures presented in Section 4.

5.1 Loss-based quality measures

In this section, we present two quality measures for
loss-based clustering. These quality measures, when
used with common loss functions such as k-means or k-
median, normalize these loss functions to obtain scale
invariance while preserving other desirable properties
(in particular the axioms presented in Section 4). We
also discuss how spectral clustering relates to loss-
based quality measures, and propose a quality measure
based on spectral clustering theory.

A clustering loss function is a function £ :Cx x D —
R*TU{0}, where Cx is the set of clusterings of data set
X, and D is the family of distance functions over X.
For example, the k-median loss function finds the sum
of distances to the centers of clusters. For additional
examples, consider functions of the form

k
1

Z|Ci|5 Z d(z, )"

i=1

{z,y}eC;
for 6,0 € R. For 6 =1 and 8 = 2, we get the k-means
loss function. For § = 2 and 3 = 2 the loss of a cluster
is its variance. For 4 = 0 and 8 = 1 the loss of a
cluster is the sum of all pairwise distances within the
cluster.

5.1.1 L-Clustering Quality

L-Clustering Quality is a quality measure that nor-
malizes clustering loss function £. Let Cy;; denote the
1-clustering of X, that is, the clustering that groups
all points in X into the same cluster.

Definition 14 (£-Clustering Quality) The L-
Clustering Quality of a clustering C over (X,d)
is

L(Can, X, d)
L-CQ(C, X, d) = LC.X.d)
Loss conformity: For loss-based quality measures,
it can be desirable that a quality measure does not
contradict a loss function. That is, when comparing
two clusterings of a data set, we expect the clustering
with lower loss to have better clustering quality. This
requirement is not relevant for all clustering-quality
measures, since often there is no relevant loss function.

However loss conformity is desirable when the user be-
lieves that, modulo scale invariance, clusterings with
lower loss are better. Whenever a quality measure sat-
isfies this property for a clustering loss function £, we
say that it conforms with L.

Definition 15 (Loss Conformity) Quality — mea-
sure m conforms with £ if, for all C,C' and d
over X, whenever L(C,X,d) < L(C',X,d) then
m(C,X,d) > m(C', X,d).

It is important to note that loss conformity addresses
the behavior of a clustering-quality measure over a
fixed distance function. Loss conformity is not rele-
vant for comparing clusterings over different distance
functions. We now show that L-Clustering Quality
conforms with L.

Lemma 1 £-CQ conforms with L.

proof:
L(Cay, X, d)

L(C,X,d)

Since L(Cuy, X,d) is constant over all clusterings
of (X,d), as L(C,X,d) decreases, L-CQ(C, X,d) in-
creases. Therefore, given two clusterings of the same
data set, the clustering with lower loss has better

L-CQ.

L-CQ(C, X, d) =

This property allows us to view L£-Clustering Quality
as a normalized loss function; it preserves the rela-
tive order induced by the loss function over cluster-
ings of the same distance function, while being scale-
invariant.

Variance Ratio: A nice example of L-Clustering
Quality is for £(C,d) = avgz~cyd(z,y), the aver-
age distance within-cluster distance. This leads to a
clustering-quality measure similar to a notion of clus-
terability by Zhang [6].

Let the within-cluster wvariance of a clustering C
over (X,d) be W(C,X,d) = avgg~cyd(z,y) =

Xangy Uasy) .
T e Xa~ogll’ the average distance between ele-

ments within the same cluster. Let the between-cluster

variance of a clustering C over (X,d) be B(C, X,d) =

Y oty A(5y) .
AUzt eyd(T,y) = Wﬁw, the average dis-
tance between elements in different clusters.

Definition 16 (Variance Ratio) The variance ra-
tio of a clustering C' over (X,d) is

B(C, X,d)

Note that £L-CQ(C,d) = VR(C,d) + 1, for L(C,d) =
avgz~oyd(z,y). The range of variance ratio is [0, o)



and larger values of variance ratio indicate better clus-
tering quality.

5.1.2 [L-Separability

We present an alternative method for loss function nor-
malization, inspired by the notion of clusterability in-
troduced by Ostrovsky et al. [5]

Let C = {C4,C4,...,Ck} be some k-clustering. For
all 4 75 j, let Cij = {C\{CZ,C]} U {CZ U Cj}} be a
clustering identical to C', except with cluster C; and
C; merged. We define separability as follows.

Definition 17 (L-Separability) The L-
separability of a clustering C' over (X, d) is,

L(C, X, d)

L-Sep(C, X, d) = min; ; £(Cij, X, d)’

Separability with loss functions such as k-means and
k-median is sensitive to the minimal separation be-
tween clusters. If there are two clusters that are very
close together, then the data set has low separability,
regardless of how well separated are the rest of the
clusters. Notice that variance ratio behaves differently
on this aspect, since variance ratio can be made arbi-
trarily good by moving a single cluster far away from
all the other clusters, regardless of the relationship be-
tween the other clusters.

Alternatively, we could define the quality measure

L(C, X,d)

,C—Sepma:c(Ca X’ d) - maX{ﬁ(Cija Xv d)’ i 7é -]} ,

which is sensitive to the maximal separation be-
tween clusters. We coulzl(calso)choose to look at

X,d .
L-Sepavy(C, X, s) = TV e TE Other varia-
tions we may consider involve merging more than two
clusters of C.

5.1.3 Spectral clustering

We discuss how spectral clustering, a commonly-used
clustering method, relates to loss-based clustering-
quality measures. Spectral clustering is a relaxation
of a graph cut problem. Consider the graph where the
vertices V' are the points in the data set and the edge
weights represent a similarity function s : VxV — R*
between the points. Intuitively, clustering aims to sep-
arate the vertices into clusters such that the between-
cluster edges have low similarity and the within-cluster
edges have high similarity. In addition, spectral clus-
tering requires that the cluster sizes be relatively bal-
anced. This requirement is integrated in different ways
for unnormalized and normalized spectral clustering.

Unnormalized spectral clustering aims to find cluster-
ings that minimize a relaxation of the Ratio Cut (RC)
function.

k
1
RC(C,X,s) = s(z,y)> G
i=1 "

zhy

where C = {C4,Cs,...,Cy} [3]. Normalized spectral
clustering relaxes the Normalized Cut (NC) function

3].

k
1

NC(C, X,s) = ) s(x,y) .

% ; Z{z,y}gci s(z,y)

There are a number of ways to express similarity in
terms of a distance function, one natural choice is to
define similarity as s(x,y) = ley

Ratio cut, like many other commonly-used loss func-
tions, is not scale-invariant. However, it can be nor-
malized using L-separability (ratio cut cannot be used
with £-CQ, since the ratio cut of any 1-clustering is
0).

On the other hand, normalized cut can be used di-
rectly as a clustering-quality measure and satisfies all
the axioms of clustering-quality measures presented in
Section 4. The range of normalized cut is [0, 00) and
lower values of normalized cut indicate better cluster-
ing quality.

5.2 Center-based quality measures

We now introduce quality measures for center-based
clustering. We defined a center-based clustering as
follows.

Definition 18 (Center-based Clustering)

A clustering C = {Cy,Ca,...,Cr} is center-
based if there exist points, called centers,
cg € Ci,co € Cy,...,c € Ck, such that for all
xz € Cy, d(z,¢;) < d(z,cj), for all i # j.

That is, C' is center-based if it is a Voronoi partition.
Note that in our setting, where the input has no struc-
ture beyond a distance function, we cannot use the
center of mass as the center of a cluster since it is not
well-defined. Note that a center-based clustering is
fully specified by its set of centers.

5.2.1 Relative Margin

For each point in the data set, consider the ratio of
the distance from the point to its closest center, to the
distance from the point to its second closest center.



Intuitively, when this ratio is smaller then a point is
“more sure” to which cluster it belongs. We use the
average ratio as a quality measure.

Definition 19 (Relative Point Margin)

The C-relative point margin of * € X s
C-RMx 4(z) = Zgi;;f where ¢;
center to , cj is a second closest center to x, and C
is a center-based clustering over (X, d).

is the closest

Definition 20 (Relative Margin) The relative
margin of a center-based clustering C' over (X,d) is

RMx 4(C) = avgze x\rC-RMx 4(x),
where R is the set of centers in C.

The range of relative margin is [0, 1), and lower relative
margin indicates a better clustering.

5.2.2 Additive Margin

We present an alternative approach for evaluating the
quality of a center-based clustering. Instead of looking
ratios, additive margin evaluates differences.

Definition 21 (Additive Point Margin) The C-
additive point margin of x is C-AMx 4(x) = d(x,¢;)—
d(z,c;), where ¢; is the closest center to x, ¢; is a sec-
ond closest center to x, and C' is a center-based clus-
tering over (X, d).

The additive margin of a clustering is the average ad-
ditive point margin, divided by the average within-
cluster distance. The normalization is necessary for
scale invariance.

Definition 22 (Additive Margin) The  additive
margin of a center-based clustering C over (X,d) is

ﬁ Za:EX C-AMX,d(JL')

AMyx 4(C) = = .
ECXTe~ow)] e~y UT:Y)

The range of additive margin is [0, 00). Unlike relative
margin, additive margin gives higher values to better
clusterings.

5.3 Linkage-based quality measure

Linkage-based algorithms tend to look for a single tight
path connecting points within each cluster, often find-
ing very different clusterings than the ones found by
common loss-based and center-based clustering algo-
rithms. In linkage-based clustering, we can think of
each pair of points from the same cluster as connected
via a chain of points belonging to this cluster. The

weakest link is the longest link over all such chains.
The weakest link quality measure lets us evaluate the
quality of clusterings detectable by linkage-based algo-
rithms, such as single-linkage.

Definition 23 (Weakest Link Between Points)
The C-Weakest Link between points z,y € C; is

C-WLx 4(z,y) = min

(max(d(z, 1), d(z1,z2),...,d(ze,y))),
z1,w0,...,xp€C,

where C is a clustering over (X, d) and C; is a cluster
in C.

The weakest link of C' is the maximal value of
W Lynoy(z,y) over all pairs of points belonging to the
same cluster, divided by the shortest between-cluster
distance.

Definition 24 (Weakest Link of C') The Weakest
Link of a clustering C over (X,d) is

maxg~y C-WLx q(z,y)

WL(C) = ming,, d(x,y)

The range of values of weakest link is (0,00). Lower
values of weakest link represent better clusterings.

5.4 Variants of quality measures

Given a clustering-quality measure, we can construct
new quality measures with different characteristics by
applying the quality measure on a subset of clusters.
It suffices to consider a quality measure m that is de-
fined for clusterings consisting of 2 clusters. Given
such measure, we can create new quality measures.
For example,

Mmin(C, X,d) = min

m(S7 X’ d)?
SCC,|S|=2

measures the worst quality of a pair of clusters in C.

Alternately, we can define, My (C, X,d) and
Mavg(C, X, d), which evaluate the best or average qual-
ity of a pair of clusters in C'. A nice feature of these
variations is that if m satisfies the four axioms of
clustering-quality measures then so do Myin, Mmaz,
and Mgy

6 Checking satisfiability of the axiom
and properties

We analyze which axioms and properties are sat-
isfied by the quality measures presented in Section
5. The requirement satisfaction displayed for L-
Clustering Quality and L-separability apply for many
different commonly-used loss functions; for example,



L-separability and L-Clustering Quality with the k-
means loss function, and L£-Clustering Quality with
the loss function used for variance ratio. Note that
consistency implies local consistency.

Loss Center Linkage
L-CQ L-Sep. Nor. Rel Add Weakest
Cut Margin Margin Link
[ Properties [
Richness - + + + + +
K-Consist.
Consistency =+ =+ + +
Refinement
Preference
[ Axioms [
Scale + + + + + +
Invariance
Iso. + + + + + +
Invariance
Weak + + + + + +
Local Cons.
Co-final + + + + + +
Richness

Proof: Omitted due to lack of space.

7 Computational complexity

For a clustering-quality measure to be useful, it is im-
portant to be able to quickly compute the quality of a
clustering using that measure. The quality of a clus-
tering using the measures presented in Section 5 can be
computed in low polynomial time, in terms of n (the
number of points in the data set) and &k (the number
of clusters in the clustering).

We can find the relative point margin of all points in
O(nk), therefore the relative margin of a given cluster-
ing can be computed in O(nk). It is also easy to show
that additive margin can be found in O(n?) operations
and the weakest link of a clustering can be computed
in O(n?) operations.

Assuming that the loss function £ of a k-clustering
can be evaluated in g(n,k) operations where g is a
polynomial function, we can find L-separability and
L-Clustering Quality in polynomial time. Since [{C}; |
i £ = (g), we can find £-Sep(C,d) in (g)g(n,k -
1) + g(n, k) operations. Similarly, £-Sep(C,d) can be
found in g(n, 1) +g(n, k) operations. For instance, if £
is the k-means loss function, which can be evaluated in
O(n?) operations, then we can find k-means-Sep(C, d)
in O(k*n?) operations and k-means-C'Q in O(n?) op-
erations. Note also that the normalized cut of a given
clustering can be computed in O(n?) operations.
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