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Spectral methods for image reconstruction

¢ Exponential convergence properties for smooth functions.
¢ Fast computer algorithms (FFT)

¢ Commonly used in imaging problems: MRI, climatology,
seismology, solar imaging, post-processing of numerical partial

differential equations.

¢ Discrete (uniform) data converted to Fourier coefficients.
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Spectral methods for image reconstruction

e Underlying function is most often not smooth.
e Occurrence of Gibbs phenomenon.

e Oscillations and reduced order of accuracy.
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Gibbs phenomenon

o f(x):=cos(l4m(x — 1))

o Snlflz) = Sy fre™
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Comments on the Gibbs phenomenon

e f(x) := cos(l.4m(x — 1)) is piecewise smooth in extension.
e Clearly, there would be no Gibbs phenomenon if an orthogonal
polynomial partial sum expansion were used instead, e.qg.
Sn[flz) = S°i, axpPy(z) where Py(z) are Legendre or

Chebyshev polynomials, but we are given Fourier coefficients.
e There is Gibbs phenomenon for orthogonal polynomial approximation
of piecewise smooth functions, for which the following methodology ap-

plies (ex: climatology models, co-latitude direction).
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Decay rate of Fourier coefficients

e f(z) € C*[—1,1] and periodic —> very fast decay

e f(x) is piecewise smooth on [—1, 1] with M jump discontinuities at
r=& j=1, M

1
fo = 5 / fla)e e da

M —zkﬂ'{'j 1 1 .
/ —1 7T$d
2N 5+ 2 /_ @) dx

g=1

o If f(a:) piecewise smooth, the Fourier approximation has spurious 0s-

cillations and the convergence rate is first order.
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Filtering

e Filtering is standard in medical imaging. It is easy to apply and

successfully reduces oscillations and improves the accuracy away from

discontinuities.

e Unfortunately, discontinuities get smeared over several grid points,
leading to a loss of information of detailed structure. The integrity at
the tissue boundaries is compromised, resulting in impaired diagnostic

capabilities.
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High order image reconstruction

e Two main components

1. Edge detection: Develop a method to compute edges of

piecewise smooth functions.

2. Spectral reconstruction in smooth interval: Develop a method
that can restore exponential convergence properties of spectral

methods, up to the jump discontinuities.
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Edge detection methods

e Edge detection methods are designed to approximate the
corresponding jump functions of piecewise smooth functions:

e Global methods (Fourier coefficients):

N
5% f () = Z opfre®™ — [flz), as N — oo
k=—N

e Local methods (finite differencing):

L.f(x) = [f(x), withincreasingly high order
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Concentration method from Fourier data (celb and Tadmon)

¢ Detection of regions of smoothness by “concentrating” at the edges

of the piecewise smooth function.

¢ Application to Fourier coefficients or uniform grid point data in one

dimension.
¢ Simple numerical implementation.
¢ Fast rate of convergence to zero away from the discontinuities.

¢® Handles low level of noise.

IMAPostdocSeminar —p.10/39



Concentration method from Fourier data

e Concentration kernel:

Ky f(z) = Syl Alz) -
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e Odd kernel: K% (t) = — Y1, o(%)sin kt

e Concentration factors o (¢) satisfy:

1. 7 e C?[0, 1]

1o(€) 70 _

e Concentration property

K5 * f(x)—[flz) as N — oo.
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Examples of concentration factors

Concentration factor: 0(6]), q — %
e Trigonometric factors: 0(q) = 04(q) := 2?(2()1

e Polynomial factors: o(q) = oP(q) := pqP
e Exponential factors:

—1
n(n —1)

1—e
o(q) = Bge7@ , where § = / exp( )dn

IMAPostdocSeminar —p.12/39



Interpretation of concentration factors

e Trigonometric factors:

Pyf(z+ ) — Pvf(z — &)
2Si()

» [f()]0 (2)

e Polynomial factors: Look at higher order derivatives of the spectral

projection.
e Exponential factors: Dampen different Fourier coefficients, no physical

interpretation.
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Polynomial annihilation method (archibaid, Geib, & Yoon)

Local method detects regions of smoothness.

Determines discontinuities in derivatives (subject to constraints).
Applies to any irregular data in any domain.

Simple numerical implementation.

Fast rate of convergence to zero away from the discontinuities.

The uniform data case can be recast as a concentration kernel for

pseudo-spectral Fourier coefficients.
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General formulation

* S is a set of discrete points in the bounded domain {2 C R4

* fis a piecewise smooth function known only on S

° Forany x € {2, we choose a set around a point x

Se =Smyz i ={r1, -, Tm,}

m—l—d)

where my := ( J

° L,.f form € Nis constructed to have the asymptotical

convergence property away from jump discontinuities of f:

L,f(x) —0
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Local edge detection in two dimensions

e cell containing possible edge

e Set S, for given x
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Polynomial annihilation property

Solve the linear system
d
Z ( pZ x] Z pz 7 04 E Z—|—7
€Sy lali=m
where p;, © = 1,--- ,my, is a basis of 11,,,. Here 11,,, denotes the
space of all polynomials of degree < m in d € N variables. Note the

dimension of 11,,, is my := (m;d), and therefore the solution exists and

IS unique.
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Edge detection method

The edge detection method computes the approximation of the jump
function | f{z)

1
Gm.,d(T)

Ly, f(x) = > ci(@) fl;)

Here ¢, q4(x) is a suitable normalization factor depending on m, the

dimension d, and the local set S,.
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Example in one dimension

<10 = o) - cos (42 4 senio)

e« @ Random sampling of f(x) on 64 points
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Results of local edge detection
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MinMod enhancement of edges

e Define a set of M (local) edge detectors:
Lf ={Lmf :R—>R|m e M}.
e Apply the MinM od function:

( HéiAr}lef(x), if L, f(z) >0,Vm e M,
MM(LMf(x)) = 4 meaﬁme(x), if L, f(x) <0,YVm € M,
0, otherwise.

e Used for both global and local edge detection methods.
e The MinM od relaxes the resolution requirement in any method. Dis-

continuities can be as close as one pixel apart!
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Results of local edge detection using MinMod
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Example in two dimensions from medical imaging

e McConnell Brain (gray matter) from McGill imaging website
18 217  grid

20 40 60 80 100 120 140 160 180 200

20 40 60 80 100 120 140 160 180 200

e MinM od application with M = {1,2, 3,4}
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Spectral reprojection reconstruction method (cottieb, shu)

e Consider a piecewise smooth f on [—1, 1] which is analytic but not
periodic in a sub-interval |a, b].

® Suppose we are given the Fourier coefficients of this function

. 1 1 .
fe= 3 / fy)e *™dy,k = —N,--- ,N.
—1

e Linear transformation: x = €£ + § for £ € [—1,1]
e Partial sum expansion: Sy f(z(€)) := S r__ frem(€+9)
e The spectral method reprojects the original global truncated series

approximation onto a new projection basis in smooth subintervals.
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Spectral reprojection: Implementation

S f((§) = Ly fueteerd
e Reproject Sy f(x(&)) onto a new basis in [—1, 1]

m (SN f(z Z bipi (€

where b; := % f_ll Snf(x(€)(&)w(€)dE and 1)y (x) are

orthogonal with respect to the weight function w(f) l.e.,

/ Vi (§)Yi(§)w (&) dE = il
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Requirements for a reprojection basis (Gottlieb and Shu):

e Definition of a Gibbs complement

1. For a function analytic on the interval |[—1, 1], the function’s

expansion in the orthogonal reprojection basis is exponentially

convergent.

2. The projection of the high modes in the original basis on the low

modes in the new basis is exponentially small.
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Convergence of the spectral reprojection method

e Error analysis of the spectral reprojection method:

E’I"T(m7N7f7w) = f_Pm(SNf):f_me_l_Pm(f_SNf)
=: Trunc(m, f,w) + proj(m, N, f,w).

e The first component is controlled entirely by the convergence

properties of the reprojection basis for m expansion coefficients.
e The second component measures the projection error of the high

modes in the original basis onto the low modes in the new basis.
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Convergence of the spectral reprojection method

e Trunc(m, f,w)=f — P, f
Exponential decay for any orthogonal polynomials satisfying the

singular Sturm Liouville equation with m sufficiently large.

e Proj(m, N, f,w) = Pn(I — Sy f)

3

1
Pn(I—Snf) = Z¢z(£)/_1W(§)¢z(£)(f($(£)) — Snf(x(£)))d¢

=0

1
PP | e s

0|k|>N

3

Choose w(§ ) to improve the decay rate of the projection error.
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Example of a Reprojection Basis: Gegenbauer polynomials

e The normalized Gegenbauer polynomials: 17 (£) —CM&).

e The weighted norm of C}*(£):

"= / WHOGEC (€)dg = vmCy (”rlgA()A(; B\)'

o CM1) =T (I +2))/I'T(2)).
e Weight function w*(§) = (1 — £2) 2.
e Orthogonal with respect to the weighted L*[—1, 1]:

| MO =0, anak £1

1
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Convergence of the Gegenbauer reconstruction method

o weight function w(£) = (1 — £2)*~2, A = A(N)

e As ) increases, the projection error decays faster:

Proj(m.N. ) = 37 5™ fun(6) | emule)unl€)ds

=0 |k|>N

e As m increases, the truncation error decays faster:

TT’LLNC(’ITL, fa Cd) — f o me

e Exponential convergence when A and m both grow with V.
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Reconstruction in Magnetic Resonance Imaging (MRI)

MRI reconstruction can be described as the pseudo-spectral Fourier

approximation:

N N
fn(z,y) = >J >J fremketty),
k=N I=—N

O —— “ e filtered Shepp Logan
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Shepp Logan Gegenbauer reconstruction

- @ Edge detection
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Improvement of image quality for segmentation (archibaid, chen, Gelb, & Renaut

Brainweb
"truth"

Original
Segmentation

Segmentation
With Gegenbauer
Pre—Processing

Gray matter segmented
probability maps for the original and Gegenbauer image reconstruction

of a particular randomly generated MNI digital brain phantom with a 9%

| ' ity non-uniformity.
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Improvement of image quality for segmentation

SPM brain extraction
of one particular subject, where the picture on the right used edge de-

tection and Gegenbauer reconstruction as a pre-segmentation step.
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Mouse brain study

e Top view of mouse brain

e Gegenbauer reconstruction

e Bottom view of mouse brain

e Gegenbauer reconstruction
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Concluding remarks and Future Work

e Robustness with respect to noise.

e Other spectral projections besides Fourier can also be used.

e FFT can still be used when Fourier coefficients are original projection.
e Improvement of all segmentation after Gegenbauer pre-processing.

e |deal for MRI because of Radon and Fourier transform relationship.

e Parameters for MRI do not need much tuning.

e Less misdiagnosis since boundary integrity not compromised.

e Great for low resolution environments.

e Achieve high order reconstruction from other polynomial bases

e Applications to compression.
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