Appendix

Ior reference we list here some fundamental properties of special
functions which occur frequently throughout the book. All of these
properties can be found in Magnus et al. [1] and, of course, in Erdélyi
et al. [1]. In the following expressions p, v and ¢ are arbitrary complex
numbers and 7 is an integer.

1 The Gamma Function

For Re 2 > 0 the function I'(2) is defined in terms of the integral
I(s) = [ et
0

However, by analytic continuation I'(z) can be extended to a function
analytic in the whole complex plane, with the exception of simple poles
at . go= —, =0, 1,2,....

Functional equations:

i

Iz +1) =2(), I()I(1—2)=—"— (A.1)
Special values:
F'n+1)=n'=nmn—1)-(1), n=012,...
I@) =vr Fe
Binomial coefficients:
(i) - r(:_m;:i}n! : (4-3)
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2 The Hypergeometric Function

The hypergeometric series
F(a, b; c; 2) = ;Fy(a, b; ¢; 2)
ab a(a+1)bb +1) 2*

=Ll ek AT
cala+ 1) (at+n—0Dbb+1)b+n—1) 2"
B clce+1)(c+n—1) n!
ne (A.4)

defines a function which is analytic when |z | << 1. If @ or b equals
—n, n=20,1, 2,..., the series is finite. F(a, b; c; 2) can be analytically
continued to define a function analytic and single-valued throughout
the cut 2-plane, where the cut runs along the positive real axis from the
branch point 41 to +o00. For Re¢ > Re b > 0 this function has the
integral representation

F(a, b;c;2) = ) 11:((?_ b) j: t*1(1 — t)e-b1 (1 — =) dt.

Limit relation:
i Flabicz)  al@+ 1) (a+n)bb+1)(+n
ev—n  ['(c) (n + 1)!
-z g+n+1,0+n4 1, n4 2; 2),
n=0,1,2,... (A.5)

F(a, b; ¢; 2) is a solution, regular at & = 0, of the hypergeometric
equation

2
z{l—s}qu[c—(a—l—b—l—l)s]——abuzﬂ (A.6)
For ¢ # 0, —1, —2,..., this equation has a second solution

zl—ﬂF(a—ﬂ—l—]E?—|—1c 1;:8).
Differential recursion fnrmulas.

éF(a,b;c; Z) = t—EF(a + 1,04 1;¢ 4 1;3)
[-:1 + 2 é F(a,b; c; z) = aF(a + 1, b; ¢; 2)

[(a —¢) + bz — 2(1 — 2) % F(a,b;c;2) =(a—c)F(a —1,b;¢c;2) (A7)

[[a +b—¢) — (1 —z)é__ Fla, b c;2)= bi—a)le—a) F(a,b;c + 1; 3)

[

[{c— 1) —|—3£ﬁ F(a,b;c;2) = (¢ — 1)F(a,b;¢c — 1; %)



326 APPENDIX

Transformation formulas:

F(a,b;c;2) = (1 — 2)*F (a,c — b ¢y & )

2=l
(A.8)
= (1 —2)"%*F(c — a,c — b; ¢; 2).
Some functions represented by hypergeometric functions:
(1) Legendre polynomials
.
P,(cos ) =F (H + 1, —n; 1; sin® i) , = 0012 (A.9)

(11) General spherical harmonics

BH(z) :F(l I_H) (2’ = I)MEF(--u,v IS 1% ) | Ez)

z —1
2+ 1
z—1

(arg = 0 for 2 real and > l) .

et 'y +p+ 1T Al
ﬂﬁ(g) = il ( I'lv + %i (2) (2% — et et

R R Ny,
F( 2 : 2 ‘H_I_Z’zﬂ)

(arg(z? — 1) = 0, for 2 real and = 1,

arg ¥ = 0, for z real and = 0).

) B =) | )
F(=v =yt Gt €4+ )
(E—) /2 ]\ ()2
'_'F(§+Ip:—1)(gér1) | 55— :

-'F(F + €+ 1, —v+&n -+ §+l;12;g)

(arg(z + 1) = arg(zx — 1) = O for 2 real and > 1).
(iv) Gegenbauer polynomials

I'(?I —21!)

) = /1)

F(ﬂ—i—Zy,wﬂ;v—l—%—; ]“I).
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(v) Jacobi polynomials
F(a, v, x) = F(—n, o+ n; y; x), =0k
3 The Confluent Hypergeometric Function

The confluent hypergeometric series

ala +1) 22
cc+1) 2! "

Filac;2) = 1 —I—';%—I—

ala+1)(a+n—1) 2"
e e s e L

defines an entire function of z. This function i1s a solution of the
differential equation

d dv B
5 (c.—2) 240 = 0. (A.11)

=2

For ¢ not an integer, a second solution of (A.11) 1s
21-¢ Fila—¢c+1;2 —¢; 2).
Limit relation:

. Fa;¢;2)  ala+ 1) (a+n)
W= - BF

2 Fi(a +n+ 151 + 25 2),

n=0,1,2,.. (A.12)

Recursion formulas:

Ii(a; c; =) :%1 a4+ 1;¢ + 1;3)

g:—

IHlas ¢ + 15 2),

a

dz

d-
[ —1 —i—E 1F1(ﬂ;¢;z) =
é JFi(a; e;8) =(c— 1) 4F(ase —1; 8), (A.13)
d

[@ + 2 =] i@ 6 %) = a Fya + 15 65 2),

[-—z (¢ — a) + 2 | Fi(a; ¢; 2) = (¢ — a) J5(a — 1;¢; 2).

Transformation formula:

(a6, %) = e Fi(c —a5.¢; —=). (A.14)
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Some functions represented by confluent hypergeometric functions:

(1) Generalized Laguerre functions

Ia 4 v+ 1) ' |
M+ DTG+ Y et La)

L(2) =

(i1) Bessel functions

e (2[2)
/%) = I'lv + 1) :

Fi(v + 35 2v 4 1; 2i2). (A.15)

(i11) Parabolic cylinder functions

oS5

2
Tr—1 - 3 2
P({_; IF‘(I 737

4 Parabolic Cylinder Functions

The parabolic cylinder function D,(2), (A.15), (iii), is a solution of

the differential equation

d%u I =2

@ty —)u=0 WEIS)
as are the functions D,(—z2), D_, ,(iz), D_,_,(—iz). Here D,(z) and
D_, ,(iz) are linearly independent for all v, and if » is not an integer
D,(z) and D,(—z) are linearly independent. If v = # is a nonnegative
integer then

D,(3) = 2-"/2 exp(—2%/4) H,(2-/%), (A.17)
where ]
H,(z) = (—1)" exp(z?) TR exp(—z?) (A.18)

is the Hermite polynomial of order .
Recursion formulas:

E 03 %] D(z) = vD,_(2), E - diz] D(2) = D,.4(2).  (A.19)
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5 Bessel Functions

The Bessel function [, (2) can be defined by the series expansion

I =2 po41; ),  |aga|<m,  (A20)

I'lv + 1)
where
. 1 2 1 '32 PR 1 Eﬂ P
) e y k=7 Y] BN 7o T e e M
(A.21)

Clearly, 2*]J,(2) is an entire function of 2. The J,(z) is a solution
of Bessel’s equation

d2u 1 du P2
T i '(

= —) u=0, (A.22)

=2
asis | ,(2). For v not an integer, J,(2) and J_,2) are linearly independent.
However, if v = n is an integer then J_,(2) = (—1)* J.(2) and J,(2)
is the only solution of (A.22) which is regular at 2 = 0.

Recursion formulas:

d d
[ —Z] 1@ = hal®),  [=+ 7] Mo = @ (A23)

Spherical Bessel functions:

m

_ 1/2
@) = (55)  Jaale)  m >0, (A.24)



