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Appendix to Chapter I

We sketch the proofs of the Tundamenial existence and uniqueness
theorems for systems of complex {irst order differential equations. TFor

more details and alternate proofs see [Ince, 1] or [Cohn, 1].
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be a syatem of ™ <first order equaticns and let ‘_)f: f-‘-f?,- . -JK;) be
complex constants. Suppose the Q.a are Mtie in the domain iti<a .
Ixu‘xiglﬂ'::, lsK 4™ | yhere A and b are positive constants. Then
there exists a unique solution XA iz (X L ;K“&J) of (A.l) such

that 1) X&) is emalytic in a neighborhood of £¥ 0 and 2) Xl013X° .
Proof: [Uniqueness. Suppose X ) is an analytic solution of (A.1) with

o
X(0)=X" . Expanding X{t) in a Taylor series sbout T=0 we have
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However, from (A.l) and the initial cunri diong it follows that X (o) = X 9 5

4 #1 Co,x°), ;}a;_t xfa\--'éh@ (%)4 :_ 1’%‘;@.@)&{0 X*) and in general

that each of the coefficients %ﬁ_ X{0) can be evaluated directly in terms
X5,

of )( and the ft.met"{uns F(—tﬂ'} by means of the chain rule. At each step

of the process we det.armina the coefficients by addition and multiplication

togetherijariuua derivatives of E t't,iﬁ_) » but never by subtraction. Since
+ the coefficients are uniquely determined by (A.l) and the initial conditions

it follows that the solution (4.2) is wnigue. Furthermore, (A.2) formally



k%

satisfies (A1)
Existence: If a solution !_H:.) exists it must be given by tThe Taylor series
expansion (A.2) with uniquely determined coefficients. We will show that
this formal expension elwsys converges to an analytic function X&) .

Set 1‘-‘-’_3*_1_& and i tt,Y)= EH‘,}{} . Then the system (A.l) becomes
A ?_L‘t,i), ‘ifﬂi-'-@ . Thus, without loss of generality we can assume
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that the initial conditions 2) are X(0)= 5 .
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sinke € (£,%)) is anelytic we have
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Choose a constant C such that O<&<4Q, @QCQI:. . MNow the power series (A.3)
is absolutely convergen® for t=¥Xj 52Xy =C go it follows that

there is a fixed constant M 78 such that
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In particular,
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;Snnsider the system
(8:5) g_c\% _ ¥et, X) X0 =9
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(A.7)

(A.8)

(4.9)
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The coefficient of L. ) w in the Taylor series expansion of
'FﬁI‘ about (0, 8 ) is just M/{;ﬂ'&ﬁ"”*&“a It follows from the

uniqueness thenrem and (A.4) that if KH‘-) $s a gsolution of (A.5) then
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where

We say that the power series (A.7) domimates (A.2). Clearly, if (A.7)

converges for some t=1» 7 & then (A.2) converges absolutely for all
el<t, . We shall show that (A.7) converges by explicitly solving (A.5).
Since (A.5) is symmetric in l,,---l«.ﬁ we must have I,fﬂl“" 'rlmftj
1 +) . Therefore, this spstem is equivalent to the

single equation
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Theorem B: Let

9 X3 (o T X Qi
: - - o= o = 4 . P ]
“'b_tﬂ 14 2 R “_ ’%‘)} .o(:lj*-*;\:" 3
0

be a system of first order partial differential equations and letl X =

o o .
X, RS K\...,) ‘be- complex constants. Suppose the g&,g are analytic in
the domain VEgl<G, lls’._3 ...xg \%EJ {<2<n ,1$9SW, where &  and L are

positive constents. Then there exists a unique solution X ('_f_.j.j -

( X )y -~ - )x'mtf3 ‘) of (A.9) with the properties
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r solution is unique. Furthermero—ti-—te—

1) _8__{-_5.) is anelytic in a neighborhood of 1'-,-59 :
2) X(©)=X°

if the ca g satisfy the inteprability conditions
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Conversely, if there is a solubtion A t£ ! of (A.9) satisfying properties

1) and 2) then the Qﬂﬁ satisfy (4.10)

Proof: Suppose X It} is a solution of (A.9) satisfying properties 1) and

2). As the reader can easily verify, the equality of the second partials

Ay P PR
u‘- _-.:‘5 a1 is eqai?a.lent to {A.10), i.e., the intsgrability conditions

Conversely, suppose conditions (A.10) are satisfied. We will try W

determine a solution A (T )uf (A.9) by finding the coefficients in the
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Now X (@)= E: and @x? 2) o - ]Kﬁj The remaining coefficients can
it Ot A=
be determined recursively from (A.9) by differentiation with ragpect to the
'l’-.q . The integrability conditions (A.10) guarantee that the coefficients
Bi‘" are uniquely determined, i.e., that we would not obtain different

"ﬁ&

values for the coefficients if we avalua 204 them in a different order.
Similarly, by differentiating (£.10) recursively with respect o the 't-}_z.
one can check that the higher order consiants are also uniquely determined:

\Je conclude that if (A.9) has a solution satisfying 1) and 2), then the
erma.lsolniion

+rwndque. Furthermore, it is easy %o show that our faml'_sﬂiutiun formally
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satisfies the system of differential equations. It only remains to verify
that the series (A.1l) actually converges. This can be done by the method
of majorants. The details of ths proof are almost identical to the analo-
gous proof of Theorem A so we omit them. U.E.D.

Although the above proofs have been sketched for complex-valued functions,
they also apply to real-valued enalytic functions. Furthermore, the snlutiqns
A £, X°) of (A.1) and (4.9) ere @me analytic functions of the imitisl para-
me ters &ﬂ zd H‘a, g "A’:‘}.. To see this, one can expand the fuactions
rtt Jiﬂ)ﬂﬂ Tayloxr series in "t.?j and H_: 3 anr.i show that the coefficients
are uniquely determined by (A.1l) or (A.9). Then the majorant method can be
applied to show that the formal Taylor series actually converges to an

analytic solution, [Cohn, 1].



