Section 2.4 Hilbert space represeniations.
We now extend the concept of group representation from finite-
dimensional inner product spaces to Hilbert spaces. Let QH be a Hilbert

space and G e (global) linear Lie group of W iw matrices.

Definition: A (bounded) representation I of G’ anow is a zorrespon-
dence which assigns to each Ae(,- a bounded linear operator T(M or
G’ﬂ such that
(4.1) T(E.. ) = 'E T(A)T(BS T{P‘B)
where A Bft‘(!' and E. is the identity operator on DH
Note that the operator T(-A) is invertible and T{l’t] - T (‘ﬂ:l}
The representation I is said to be irreducible iIf 0(‘4 conteins no
proper closed subsgpace which is Invariant under I . Otherwise I is
reducible. Now every finite-dimensional subspace of a Hilberi space is
closed. (Prove it!) Thus for finite-dimensional representations the
above definition of irreducibility coincides with that given in Part L.
The reader may be wondering why we have introduced the notion of
closed invariant subspaces into the definition of {rreducibility.
Supposeu is an invariant subspace uf.q"l » Since If ﬁ) is a bounded
operator it is easy to show that the c.l.usura_w is invariant under -I_mﬁ]
for all A(’: G - Thus -Tk} is also an invariant subspace of N o Sinve
we can always close an invariant subspace we might as well restrict our-
selves to closed invariant subspaces from the beginning.
A representation I is unitary if each operator I{A) is unitary

for all A&(y . A representation is continuous if <IM]'\J‘;HI7§;B a

continuous function of P\ for each "jf"ifc\”l . Here <=, 1is the

inner product on o'!'l - Unless otherwise stated we shall be concerned



(4.2)

(4.3)

(4:4)

-

only with continuous representations.
I G- is compact we can carry over many of our results for finite-
dimensional unitary representations to Hilbert space representations.

let I be a unitary representation of the compact group G nnw .

We define nperators P E'_;:) uno\-wl by
Fo = “"‘ S ﬁ("”(p‘] T (AYIA
m.: g TIA TAYIA.

LA
To make sense af thasa expressions choose an ON basis iv,_,'ﬁ for OSH

and let |V ( R] be the (possibly infinite) matrix of I‘A\ with respect
to this basis:

oh
T(A\EL‘-—T‘_&Z::IT';JL(A\I,Q} -l-='*,'2,"" ‘

s;:-nlt
el T is continuous the matrix elements _E's'i.{h) are continuwous functions

the
on G . By fl* we mean ﬁliw operator ono\l"l whose matrix with respect

to ¥} is
Pp.. __b S XIP‘](Q)T(ﬁ)G\ﬂ

There is a similar dafinitd.nn for _p_{ . We will show that the propertles
(3.11) which were valid for GSNI finite-dimensional are true in general.
The proof of (3.11) involved interghanges in the order of summation over the

indices ,A,.D}.&,'L and integration over G' » In the case uhereOH is

infinite-dimensional it is not clear that this interchange is permissible.

The infinite matrices T(P\) satisfy the homomorphism property

TCATTR)=V(AB) or

Z —TLS{ﬁ)T (B) TL.,('AB) -I-J"EI:[JQJ.._.. a

S= | -



(4.5)

(4.6)

(4.7)

(4.8)

(4-9)

o

(see appendix A). Since _L is unitary, Tis( A ) rI
T (A7) fd
= | Tas ) = 75'_7";_5 (M Tis (A) == Tis AT W) =T 58 )=

80 1T15(P\} \'5..\ » It is a standard fact in analysis that a bounded

monotone increasing sequence of continuous functions on a compact set
converges uniformly on that set [Rudin, 1]. Thus the series (4.5) con-

verges uniformly to | for all P e( . This means that given any

. €9 g) there exists an integer Nt?b with the property

oo 2
E_\"F‘..stm < £

for all °r Yy N and A'E;(J’ By the Schwarz inequality,}
b

(Z. |T;,.s(MT53 (8) n < 2 \T;s(ﬂ“ Zl-r-ss CN )‘
since 1T53(B)\ -T\E,,(B-‘)‘ . Thus the left-hand side of (4.4) con-
verges absolutely to _F;ﬁlﬁB) and the convergence is uniform in A and
B » It is a standard fact in analysis that a uniformly convergent series

of continuous functions on a compact set can be integrated term-by-tern,

[Rudin, 1]. This fact enables us to interchange the order of summation

and in'hﬂgratiun
If U= ZQ-VLEN then P’T ‘f_\: 4 V4 where

L1

bs :.-?5(& .. 0% = S NP To: (VA
-8 gﬂ "A) (Z'E,L(Mn ) A “
Suppose a]c.ran that -\f =S Q:.'E g”with ,;\r'-Z 53—5 Then
© <RIy - Z Wb gdA (48 %7m ¥ *1e) -

'2’ T“Oi(a\a T.-;m(B} 0-1 5
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‘Now Z TaE[A)T-M fB)Q Q.R. = 2 Tﬂj(ﬁ-' 331“\) a‘?

L;"’ 'LJ"?J!

— %LT -;_(B-lﬁ) C\jg Qi 3 30
(4.10)

<Py, Py Y=Y = ABS dA %72 ARG RTINS

V':I.-EL

..=- z- S O\BS dA X M(Bm W{IM(B)TﬁLIH)a& >

"”?.. §aax™ (mT M Ga; = <PpE )= PS“&'“‘}A)er vy
- 34 <}

Thus, f,;‘t ﬂ for all '_:_\_TQOH o To prove this we have interchanged

integration and summation repeatedly and used the fact that
oy \ \
i - ol -
_E.' \Tiaiﬂ) Q3| f_Eé \ Ty (M)l J‘EZ:J-\Q:,I i
converges uniformfly in A - Furthermore we have used the relation

£ AT EAY B dn =% @)

which is easily proved by expressing X () in terms of the matrix elements
T;;H and applying the orthogonality relations for matrix elements.
Setting ‘\_r'='_\r_ in (4.10) we obtain
NP it = (B, Puy) =(Ewx 33) LA IR AR
Thus, “_B."V"“"‘ “‘T“ We conclude that E o 1s e bounded operator anON

()
with ool . Similarly the ﬁy,,_ are bounded operators with -mq

WM< | WEL < |

Thus, we can compute formally with expressions (4.2) and all our results

will be rigorously correct.

P o 0“ | i
JTheorem 2.7: The operators M;? on aatiafy the following relations:

F TP - ﬁT“‘"’(m B

L=



™ P{m

0 PMT(A) s Z T I

- =)
() (W) (w)
- | ﬂ) P —Ej.hl - %PP" s—h‘ﬁ ..Eﬁh,
Bl
() [p.} ()
a f'-ah P o) P.- E-_‘-Pﬁﬂ.

Proof: 8): By definition

TMEB =70 § T3 (8) TABIIB =3 ¥ 5, Tans)TIens
I S T""(A"‘)T (B)TIB\AB i "‘EM e .

G 2t =)
The proof of b) is similar.

¢): From a) and the orthogonality relations,

!
E_;:‘ f;::, Vﬁ‘ _T_::’[ﬁ) T(A) P{'.U A
A

(mh) (n') (i)
—Elw’:’: S ‘#"I'{A)T_:or ('H) A'A E.ﬁ-" #spp' 5—“-3’__‘* g

d): For “""aH we have

< My vy = <3 '\'"" 2 3
vz_ ¢ laa A (ﬁkﬂv) -

Te § 7] ”m)-cmm,wda S Ta (£ <8, TW) e ydh

Ve
x
= VE. Sb- (PO-( o T(A \‘u-}cl-k '< u P.;.,, N7y o -::;: .ﬁig

In this mn_putntinn it is permissible to take the integration sign outside
the scalar product since <-,*) is continuous in each of its arguments.
An alternate proof not relying on this fact can be obtained by choosing a
%aaia 1:1%4 and proceeding as iI; (4.8) - (4.10) '
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e): Follows from the definition of I M and ! 4g

£): From c) and e), E mity = (%E&;})(‘Z _;P_’;]) =§w§: mep?}
:sfﬂ'ipfﬁﬁ_ SP""E .

g): Follows from d) and e).

n: T (A) P = S&Xm (3) LAB)3D = -t S‘K W8T )48

simlarly P T(A) = ___pS %" ey TIBYB.

Ve
However A~ B= A (R A"")A S0 \(t”(ﬂ_!ﬁ] 3‘{“1(8{\ 1
Thus, 1 (ALPw = Pw IR Q.E.D.

, 2 (
From f) and g) P:=P,,L and PP"P,,\ Thus, both P,A and_B,;E
are self-adjoint projection uperatora on 0\\] Let CNP- E’P i.e.;, the
range of Pp. ;, and let OH F\,Pfﬂ Theno)fl 4!113.*.1‘:“4p are closed sub-

hE Y Y
spaces nfON :
A 3 3

Lemma & .6 a)°N .LDH-,; unless p=V¥ and X=23 ,

b)mp.l.ﬁ'l.,,lmleaa p:‘v

ﬂ) NP:—_ i @oﬂp_ -.
; =i & L) N
Proof: a): Let k}_eo‘Hn o Then fﬁ& ‘A:-'U. . If W€ Ny we have

() ) )
<uvy =< Qb u, Py <Ll.,ﬂ“ Pl V7 = Spyey <Y Ff“"‘%ﬁ‘ﬁ
The proof of b) is similar to a). c¢): Let ue“ B‘ As a consequence

{
af c), a)‘Theorem 2.7 we have U 'E&f“ P}n ln . Thus Ep“ = MPﬁP;T%
= phP(M and UQNF We conclude tha toﬂ‘l: 5-%! for

'B“=‘;"J“lk and ?m}‘;ﬂh On the other hand if '\!‘#.QH then
VI InY = ? PIM"‘T - i '\F’.h.

*ﬂhare ‘V‘h@“& . This decomposition is tmiqua because of the nx_'thuganality

of the N" . Therefore, c) follows. Q.-E.D.
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: A
e oM, = Z, @)
Proof: Let N ';Z_QOHF This sum is direct because theONF are
=)

muhmlly orthogonal and aﬂ is closed. We must show that OW ...PH
If o“ CoH there exists a nonzero "'U"G-cﬂ'{ such that <V R 7= O for all

- (1 Pt &C"HM
_L}_EOH « Since P “10‘ :: " m]-w‘@ n for all "'Ilr(—. we have

<V, P“"’ 7 o
el Q=)o 0y M_;J—;;.. . This implies

(4.11) S& e (A) <-r;\'m)~w‘”‘) dA =0-

Since F(-h\:'-'('\_l_:‘:m}.a a continuous function on G- it follows from (4.11)
and the Peter-Weyl Theorem that q;_\:m?_';is the zero vector in L;_(f:-) ;
hence that G (A)=& for all P . Setting A=% we obtain <V W70
for all ‘B(—N . For 1”:'_\: this becomes (‘\L‘]‘\_{v :“‘lﬂhﬁ g B8O "\I:’%
Therefore, ON'=N .  q.E.D. o

1t WMy, Ae G then TAIU =H(A) P u=BTmIus L E——
of Theorem 2.7. Thus,o“p. is invariant under-_‘: and Lemma 2. ] yields a
decomposition of C“ into a direet sum of invariant subspaces. We shall
show that each invariant subspace de. can be further decomposed into a

T

()
direct sum of Q p copies of the irrsducible representation ) . Here,

the integer Qu (which may be countably infinite) is called the multiplicity

of -EN inaﬂ

m_ii There exist mutually orthogonal subspaces qy‘: y TR o= A
of O\:\F such thatgup %wy. and T\F\S -‘T{m. The’-v are nol unigue
but the integer CLP_ is unique. If \-»..Ahanlk is finite then CLI,‘EM [-.n_.,_ -
Proof: lLet Q“:&“M:\ and choose an ON basis i'\Tmi ﬂ- t-- Gy » for

| {1
| g ) (M
GN',.. Set ﬁ.‘:_&\ '\Tu for .&:11.- -J"h',. . Then the il!‘i } for



(4.12)

4=y

8
%

fixed ﬂ form an ON basis furDN# . Indeed 'Il eC“ and
LAY o (h) O 0 B ()
Ve, V5 Y 2 <RI, RIPny = ¢y pit P““ iy 2ty

[1 ( ol
since i.il'. &H P‘:M . [Jo show that the i'\l m}spanoﬂa consider < g'guj :

'LH- I such that <Wu Tﬁ»:ﬁf’nr A=) »"7°)Qn . Then (U P.!If._.??

(w ) ()
= < P‘ V3 »20. Since the i.-’\& } form a basis fnr% we have

T\ ()
P =0 . Then l;l.:'__b; U =1 Impf:,u.. so the i } form an C)"’J

basis for 0“"“' o

We conclude that tha set ‘(:
basis for OH . Let '-U- be the finite~dimensional subspace of N
with ON basis ‘q"v‘“ s B)--n{,  Then

E TR @V

1=
Furthermore

| ( ) (W \
T =Th Pap V™' iT" (A) Pa ‘“-ZT.&H b

- () lm uu
Here we have used the fact that P‘m 9_ P}_L ;:” = m--\}f} o
According to (4.12) the subspace \s is invariant unﬂerT and-r nj-ﬂ. is
()
squivalent to T " Q.E.D.

As a consequence of lemmas QA.6=-33 we have

Theorem 2.8: A unitary represantatiun—_[: of a compact linear Lie group G
on a Hilbert apauaaON can be dannmposed into a direct sum of unitary

§'8)
representations 'T{M - T = Z DA ,,.__r 4

The proof of this result is constructive in the sense that we can use

()
the operators fﬂ and Eﬂh to explicitly carry out the decomposition.

_For example, the mapping ¥ (A)F(B) = S(A B),¢€L.(6) derines a unitery

i'epreaantatinn of (7 on L 1( (r) » the left-regular representation. The



reader should verify this and show that

T= i@mp""“‘,

- reY —
i.e.; each irreducible representation I 5 occurs in the left-regular
representation with a multiplicity equal to its dimension "n,,‘ . Note
the similarity between this result and the corresponding decomposition
of the left-regular representation on the group ring of a finite group.
Theorem 2.8 and its proof are also valid for a Hilbert space representation

of a finite group G'q.



