Section L.ll Invariants under transformation groups.

The study of invariants of local transformation groups has important
applications in physics and geometry. To indicate some of these applications
in a 1limited space we will forego our usual insistence on complete proofs.
The gaps in our presentation can be filled by a reading of [Eisenhsrt, 1] or
[Iie, 1].

Llet G be a loecal transformation group acting on a neighborhood of
X ¢F,. 1ot Qo be “he space of all functions ¢ analytic in a

neighborhood of X° .

Definition: A function £¢ Qg# is an invariant of G' if Q (%3 ):Ffi)

for each 5 gufficiently close to X% and 8 ina suitably small neighbor-

hood of & . Note: We are considering only transformation groups and
ordinary Lie derivatives. There are analogous definitions for multiplier
representations and genereslized Lie derivatives vhich we will not consider
here.

The notion of an invariant can slso be expressed in terms of Lie

derivativag.

Theorem 1.33: The function G ﬁaf is an invariant of G if and only if
LG = O for all Lie derivatives L of G‘ :

Proof: We can write Q & (¢ uniquely in the form 3’" aypal, &€ L(G-)n

By Theorem |. 3§ )

C(29)= F(Rava) s [laypl) €] (x)
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If L.t c‘{,\ <~ QOthen Q(E"‘\‘P"‘ )I=¢[5}. Conversely, suppose £ is invariant.

Then for o € L {(G)ana !l suitably close to O we have c(.’,‘.-ﬂ-ﬂﬁpn{‘\:) -



t(mt\"’l) C] (x) = F'L&) : Differentigting with respect to £

and setting £=0 we obtain L.{'f{!-_,}"éon Q.-E.D.

Definition: (= is locally transitive at ﬁ“ if for any X in a suitably

small neighborhood of X® there exists a SéG- such that E: §°3

A global Lie transformation group G is transitive on ;ﬂ\ if the

neighborhood in which (& is locally transitive is Y, itself.

Lemma V. 1. If G— is locally transitive the only invariants of G- are the
constant functions GT(XIEC

Proof: Let ( be locally transitive at X° and let © be an invariant
of (r . Then for X sufficiently close to X° we have X=X°8 and
) :G(’fﬂ) = ¢ !‘f)an ¢ is a constant function. Q.E.D.

The converse statement is not true. For example the operator < i.'?.
determines a one-parameter Lie transformation group on ¢ which is not
locally transitive at A%0 (though it is transitive at any Z 0 )
However, the only solutions of 'Zi- £(21)=0 are *(2)=C.

Note that in the preceding section we claasifiad all locally transitive
groups acting in ¢ . |

We quote without proof the fundamental theorem on the determination of

invariants. let ’f_ﬂé :,“ . A set of analytic functions i F,’ f'ﬁ_)l-- 'jF‘Q‘E'}g

in CA x¢ is said to be functionally independent In case there exists no non-
- zero analytic function hw;,"' :\’4) of & variables such that h (F;tzc_\ J

" c,p‘._ LE\)E O as A rune over a neighborhood of }_ﬁ . Otherwvise

the set i c.'jlﬁ.’z is functionally dependent. N-te that any set containing

a constant function is automatically functionally dependent.

L

et G be a "dimensional local Lie transformation group acting on a



(11.1)
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neighborhood of }__ﬂ and let o,*"1%n be a basis for L-( 6‘) . It is
clear that ¥& Q,@ ig an invariant of G if and only if
Lﬁ_&@t&]"r‘_—o ) D F e ,n

where the L..r- are the Lie derivatives corresponding to ﬂfi . Let ¥

J
be the rank of the Wwaw matrix ( e_:,‘-f))uhere Ld-i > z P;.',{i}%.x

L

and suppose the rank of LF{;,“_‘J) remains ¥ for X in a suitably small

neighborhood of )_‘Iﬁ .

Ihaml_.'-"_l('. The local transformation group G- has M=Y functionally
independent invariantis Pi (L),- = ‘&{5) in Q x¢ o Every invariant of
G' can be expressed as \"\(ﬂ l-:‘_),' ' Fl(’_'-,'.‘) where h is some analytic

function.

le: Consider the generator L:‘@ -“‘a of a one-paramster
Example ge Sx Sy ~pa group
acting in a neighborhood of zero in R; . Here =2, and Y= |
(except at the singular point (0,0) where ¥'=0 ) so by the theorem
every invariant is of the form HF“‘:‘”) where € K,”I) is a single

conconstant invariant. Now Lcif.‘f\-'f O implies

yof _x2F _
S T

let ?h’.,*i) be a solution and consider the curves c“;‘”: C in Ql
where & is a constant. On such a curve .%Lfdlﬁ%:d"tlﬁar XKdx+YdY=O.
Thus %14- ‘lt-'-' ¢ and, as the reader can check, C(xy)= 11"‘71 is a
solution of (11.1). The general solution is M (x*Y?) where h s
arbitrary. It is by no means surprising that %2+Y? 35 an invariant for
rotations about the origin in the A=Y plane, but it is interesting that
we can obtain this inveriant directly from Lie algebraic considerations.

Many of the Lie transformation groups in physics are locally transitive.



i

Such groups have only the trivial constant invariants so it appears that
the notion of invariant is not of much use for these groups.

*
Example: The Lie derivatives of E (2) acting on R; are

: ) Ly = =29 La=¥9d «x?
(11 2) L % ) A Y ) Y 'BX 'é-\j )

(see (10.1)). Here M=Y = R g0 there are no non-trivial invariants.
Furthermore, E+"'1} is locally transitive at (0,0).

One way to obtain invariants I even for a locally transitive group, is
to extend or prolong the action o¢ Gto a higher dimensional space. If Cr
acts on a neighborhood V of § " | l-ﬁli s We can prolong G- to a trans-
formation group a on F.,,...K-- X h*( “5 , 1.€.; on R copies of Fh

(11.3) (5‘:"'JZQ)‘-"(-’E"3;-"J§.Q9)

M
where the K_Q belong to V . Now G acts on a 2w -dimensional space.

If L the Lie derivativef of G- acting on F then
o (1) (2)
L L . RS I o

; ~ [ (4)
m the,Lie derivat.ivag of G' acting on (E.-. ) . Here L is identical

':avtnpnmhﬁ
to L* except that it is expressed in terms of the coordinates _.0; Let
’fﬁf.ﬁ-ﬁ be a.bagsis for L(fr] and let *f, be the dimension of the space spanned
by i L.(_;i Clearly the dimension "& of the space spanned by the i L,g i
satisfies Y Y £ ¥y . Note also that

Vg ~

L{u.-ub@}' QL"*}"L@i L L« L@-J ﬂ;l-@,]

and the map L,,,-'PL is an isomorphism. |
™~

According to Theorem L.34 the local transformation group (+ acting on

A
(F;) has &=, functionally independent invariants. If we take '}
large enough we can always assure that MR =Yg Z¥W~N>0. Thus, we can

always find non-trivial invariants for G o An invariant in ( Eﬂ ‘)Q is



(11.4)

(11.5)

(11.6)

t::aJ.J.ed an g =point invariant for G-

Consider the transformation gruup E f'-l} on R; again. Since
w=Y\ 22 there are no one-point invariants. However, @awm=Ya=| so0

there is one two-point invariant. Indeed the matrix ( Pi.j) is

- | ©Q «~1 O
C . O =
qi "'Kl \fl -X.L

which has rank 3 except at certain isolated singular points. To find the

P
invariant we construct the Lie derivatives L}_ feom (11.2) and solve the
h .

equations ki ("-'-0 L=y, 3 or

""'D-_‘E '-l‘: ""Q -Ec =90
DA % Y, zm

V,RFL X2 F 4Y,0 Fox.d € -
i, Y, .Sw:. | :E-Y:. ;i

where § is a function of the four variables K”‘I, ;ﬁi 1\"':. . Introducing
new variables & = X,+ ¥, , § = X, -)ﬂ;}u:‘li*‘iliv:‘i,nﬂ; we see that

equations (11.4) become

-Q.f.'-'o L 26 VTOE S o
vt 2 E 2V

Thus & =F (s V) and exactly as in the solution of (11.1) we find &
v = §%.& g% =2 (m-t,f"-ir f”z‘,-‘f;);
is a two-point invariant. Any other two-point invariant is a function
WIS Y] or o ous. s bave Tederdved e fact that, the square of the
distance between two points is in?arian.t under E-r{l) . According to the
general theory there will be 3 ~Y, T 31-3°3 independent three-point
invariants. However, three distinct points !_1 ,i;;,i; datermineﬁ three
Eistancas W &t-ﬁn‘h"j,':‘_‘_;“]”ig-lﬁ_{'betueen pairs of points, so the

t:hrae-pnint invariants are functions of these three two-point invariants.



(11.7)

(11.8)

A similar argument shows that the AQ =3 independent i-—point. invariants
are functions of two-point invariants. Thus, all invariants are functions
of the basic one | X -E: “7‘

A less familiar example is the action of SL(Q-) on the line. A basis

for the Lie derivatives isj (10.41):

ok P

Here W3\ ¢ M=l Wyo2, Y353 and there are no one, two, or three-point
invariants. Since 4 Mm -Tq : H=37| there is one four-point invariant. The

reader can check that

(2,=23)(2Z22-24)
(2.-24) (24 -23)

is a four-point invariant. Expression (11.7) is called the cross-ratio of

the points &, "- ,'101 . It is of fundamental importance in projective
geometry, E :I Just as in our preceding example, one can show
that all { -point invariants for A% are functions of four-point invariants.

Now we investigate a second method of prolonging the action of a local

Lie transformation group (¢ . This method gives rise to differential
invariants of G' . Suppose C'r acts on -F:_ . We will prolong the action
of this group so that it acts on functions Q“ﬁ; ¥') where Vi-‘-"%ﬁ: . (In
order to make sense out of the following discussion we must restrici ourselves
to an analytic curve M =Y(X) in ¥, .) Consider an analytic coordinate
transformation R=> W =UKY), N~ V' =V (XY), This mapping induces a cor-

/
responding transformation N -t AV (x,Y) where
" |

-t

A}
é_.'.r = c’ﬂ Ve YW V, = 0V V, =0V
4 : T ) S
y Ix Ux+ Y '\ oA oY

, te,

Y



(11.9)

(11.10)

(11.11)

(11.12)

7

It follows that the action of G- on (x,¥Y) induces an action on the
three-dimensional space F';" with coordinates (x,Y 5y ') :
(A, v, Y'Y = (x9,Y5, v¥'g)
g - 4.(¥9) o CNS) Y NSl
JG3) mjv
A straight-forward computation with the chain rule shows that YI (guﬂl)

= '(‘1‘13 \3 so (11.9) defines an action of G- as a local transformation

q|
group on F ) . Suppose

Y19 (4,Y)
L='~P£!‘li‘5_“+‘_ '3

is a Lie derivative of (- acting on F= » corresponding to the one-parameter

subgroup Qe) . Then F&) induces the Lie derivative

)
|_t z -ftnm? _*eu”,‘a - S(uwula

v L
G)

on E,_ where

t t;a

| |
Sy ﬂ:t N q[ﬂlt:Q “E (Bi ) -& (y! ) QE

Indeed, from (11.9) we have

%’ty‘sm - (0 xgiy “ﬂ’iy ) (), %Y "(vg),, ) - ("fswws),)(fus) Y (xs)J

(oayay (xg)y )*

Thus at €£=0O

s¢xy,v)= ¢ L+Y' () (L 4Y' Ly )~ (O + Y’(li)(ﬁ-l-whp?)

= Lx + (Ty=-PV <R (Y)2.



Here Lu‘

(\
L.l | ﬂtéL(C'r) g form a Lie algebra which is a homomorphic image of L((r) .

is called the first prolongation of L. . The Lie derivatives

We can use similar methods to extend G , acting on :h with coordin-
ates ( *1}"';*“) , to F‘:" with coordinates (",,"'; f-m.,ﬂ;,'” ) ":n) .
Here lg ""3{"] and R = X5(%)) , 922,- "™ | The first prolongations
of the lLie da'ri'ratives are given by formulas analogous to (11.10), (11.11).

We can also extend the action of ( to higher order derivatives. For

example the second prolongation of the Lie derivatives (11.10) is given by

11.13) L' 2] 3 ¢ 200D 480y D 4wy, vy
A oM ™! ayY
‘” = dﬁ\’
where ﬁﬁ’
|
11.14) Wex,Y, Y, ¥ = Ly oY (28, = Py +(1') (Lyy = 264)

i [T N Uy =2 =3 RY'),

and ;1,5 are given by (11.12). This result is derived in exactly the same
way as was the expression for Lﬂ! . MAgain the Lie derivatives L”i
necessarily form a Lie algebra homomorphic to L(fr) - Similarly we can
form the -Q'!’-h prolongation L‘j} of an algebra of Lie derivatives. For

the case ™MS2 , the Lth prolongation acts on a space of ?—rﬂ variables.
A function Pl!,"l,“flu'”r\f{m) gsuch that

11.15) L'f,jj F=-0
for all o éL((r) is a differential invariant of order .& . It is obvious

from Theorem (.34 that for 2 sufficiently large there exist non-constsnt
functions ~ satisfying (11.15). Thus every group has non-trivial differen-
tial invariants. To understand the significance of a differential invariant
E;{ X,Y, Y- !\’Iﬂ) note that any solution Y =V(X) of the differential

Iﬂﬁ)

equation c (x,-- = ,Y =€, € a constant, is mapped by SEG' into



(11.16)

(21:17)

another solution of the same equation.

+
As an example consider ¥ Q) acting on RL » The Lie derivatives
.,
are given by (11.2). For the first prolongation, "m=33"i‘ - 3 80
there are no non-trivial invariants. The second prolongation of the Lie

derivatives LL is _]
(2) iR
L y = "'-2" ) Lz = 'D

. DX oY
(2) I

=Y2 ?_ - LY <3YY 2 -
L oX § " )-ay ,I-Bvu |

Here "= Ll J"l"tﬁ: 32 350 there is a nontrivial differential invariant.

Indeed the reader can check that

Cexy,y Y = v
(H\!l:)}

is invariant. It is well-known that (11.17) is the curvature of a curve

Y{*'] at X . Thus; the Euclidean group preserves curvature. E+£:l]maps
a circle nf radius o, @7-' E , into a eircle of radius (. and takes straight
lines, Y =0 into straight lines. Of course we already knew this but it
is instructive to obtain these results directly from Lie theory.

~ The tia.eory of differential invariants has many important applications
which we cannot include here. For example, given a first order diffe;‘antial
equation C(i,\f , ‘l') =0 , one could search for Lie derivatives L< 2 suc
that ng = O . Then the corresponding one-parameter group -.ﬁ'-f.‘:.o(t
must map solutions of the differential equation into solutions. A knowledge
of &-lprd't helps one to solve the .uriginal differential equation. Using
this and similar ideas Lie has evolved a classification of differential
equations into symmetry types and has shown how a knowledge of the symmetry
Eype contributes to' the solution of the equation. See [Lie, 1], [Cohen, 1],

[ Ince, 1]. ‘



