Section 2.13 Magnetic Symmetry Groups

Not all empirically observed point symmetry groups of physical
crystals coincide with one of the 32 crystallographic point groups. In
particular it has been found that the crystallographic pecint groups do not
sdequately explsin the msgnetic properties of crystals., To understand
this, we consider a model of & magnetic crystasl ss s periodic distribution
of stoms, The magnetic property of the crystel 1s introduced by the sssump-
tion that some of the stoms are spinning. The spin axes are parallel to one
another although scme of the atoms spin in a clockwise direction sbout
their spin axes (spin up) snd others spin in & counterclockwise direction
(spin down)., A geometrical symmetry operation of such & crystsl may not be
8 physical symmetry since the geometricel symmetry msy mep & spinning atom
onto an stom with the opposite spin orientetion. To describe the symmetries
of such crysteals we enlarge the group O(S)cf possible point symmetry
operations by adding to it the opersator B which acts gecometrically as the
identity except thast it reverses the spin orientetion of each stom, The
operator E_ is sometimes cslled the time reversel operstor since when the
direction of time is reversed the spin orientation of an atom is alsc
reversed.

oince ‘321' _E'_: y the operstor 8_ generates a cyclic group of order 2,
R = ?_E,B}. Furthermore the extended symmetry group C)j(’.‘i) generated by
@_ and (Q(3) is the direct product

O'(3)= O3)xR = T03),R0O:)3

The elements i of Of(?,) sre either of the form ?}_‘—'—' Q or %_ : 8@: QF
Q &0{3 ), depending on which of the two 0(3} —cogete of O%%J they

belong to. It is clesr thet @ can be & point symmetry of some magnetic



crystael only if the orthogonsl part 9_ of g satisfies the crystello-
graphic restriction. A msgnetic symmetry group G is 8 finite subgroup
of 01{3) such that the orthogonal part of each Ei ¢ & setisfies the
crystallographic restriction. In so far as our model of a magnetic

crystal has velidity it follows that the point symmetiry group of 2 magnetic
crystal must be one of the magnetic symmetry groups. In perticular, the
point symmetry group of e magnetic crystsl must be finite. Furthermore,

it can be shown that for every megnetic symmetry group C?- there exists o
model of & magnetic crystel with G; as its point symmetry group.

The methematical procedure for deriving msgnetic symmetry groups
from the 32 crystallographic point groups is slmost identical to the
procedure for obtaining point groups of the second kind from point groups
of the first kind. In essence the answer is given by theorem 2.6 and we
merely need to translate this theorem so as to apply to the new groups and
operstors introduced here.

Let C} be a magnetic symmetry group snd consider the homomorphism
P.G—-—-‘?R defined by }-\(:_j": E\__ if _E_\_:BQ and }*f?_'): E if '@_:: g_:
for some (_J_ C-.'O( 3) . Let V\ be the kernel of }k » Clearly H:G—f\Ofﬁ
There are two possibilities: Either 1) TR K or 2) W is a subgroup
of (" with index 2.

If the first possibility occurs then G- =W is = crzstallogrsphic
point group. We know that there sre 32 conjugscy classes of such groups.
These groups correspond to megnetic crystals in which every atom is spin-
ning with the sesme spin orientation,

I1f the second possibility occurs then

G = 1 K, %K}



where ?GQG is any element of the form EJ_Z} ) Q@-' OG) Trus,half
of the elements of G- bslnng to the crystellographic point group K and
the other half belong to O;(B) but not to QG) » Again there are two
possibilities: Either 1) R€( or 2) R ¢ (.

In the first case (& = c{‘ K, B_N‘\stﬂ G’ is just the direct
product of R and R - Clearlthhera are 32 conjugacy classes of such
groups G’ s 8ince there are 32 classes of crystallographic point groups V\ .
Since B. S G' y such a8 symmetry group corresponds to s nonmagnetic crystal,
i.e., a crystal in which no stom is spinning.

In the second and most complicated case, R" C"‘J vwe proceed by copying
the corresponding part of the proof of theorem 2.6. Thus, the group

K= CRI: 3¢ &, 34KS

can be shown to have the following properties:
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3) w (N = (k).

Furthermore, the crystallographic point group G‘ﬁ': KU Ki" is isomorphic
to G‘ o This isomorphism acts like the identity on K and maps iﬁ_ € K!
into Ei" R+ . Conversely, given any pair of crystallographic point groups
G’*J\‘(H‘Lth K a subgroup of index 2 in G—+, there exists & magnetic
symmetry group of the third kind G’ :-\‘{UW‘ s isomorphic to (:)‘ - and re-
lated to K ' by (13.1).

It follows that to find all conjugacy classes of magnetic symmetry

groups of the third kind it 1s enough to determine s8ll pairs of crystallo-

i

grephic point groups ({6'*, Ri with \-( 8 subgroup of index 2 in
+
(Two pairs ?_ G 3 K, Zﬂ(;: K;%era identified if K1 and K‘ll sre conjugate



[

subgroups of C;ﬁ" ,) A straightforward though tedious examinstion of the
subgroup relations smong the crystallographic point groups shows that there
are 58 such pairs. ( See L ‘JJ page ‘)

We conclude that in addition to the 32 nonmagnetic point groups there
are 32 + 58 = 90 magnetic point groups.,

The magnetic symmetry groups sre slso called color groups. In this

interpretation we think of & periodic distribution of (spinless) atoms in
which each stom is colored either black or white, The operator f@_ changes
white stoms to black and black to white. The color groups correspond to
the possible symmetry groups of these colored patterns.

we could extend this type of analysis by allowing more than two colors
or by allowing the stoms to have both color end spin. Of course, the enumer-
stion of possible symmetry groups becomes increasingly difficult as more
symmetry operetions are sdded to 0(55 ;

The magnetic point groups describe the observed macroscopic symmetries
of magnetic crystels. To describe the microscopic symmetries of these
crystals it 1s necessary to compute the possible msgnetic space groups.
Mathemstically this smounts to the determinstion of all subgroups & of
EE:‘J) = E ( :-53 X R y such that G' ﬂEGj) is a spsce group.
Clearly, there are 230 such groups (the nonmsgnetic space groups) of the
form H‘H R where H is anordinary space group and 230 magnetic space
groups of the form (}'=}4 vhere ¥% is an ordinary spasce group. Finally,
there ere 1191 magnetic space groups G‘ such thet G— - < G—ﬁE{gj and Eé(j‘

The derivation of these groups is left as an excercise for the reader,



