Appendix

Hilbert Space

We present some basic ideas and definitions from Hilbert space theory.
For a more detailed exposition see the work of Korevaar [1] or Naylor and
Sell [1]. All vector spaces will be assumed complex, although the facts for real
spaces are essentially the same.

Definition. A vector space U is an inner product space (pre-Hilbert space)
with inner product (-, -) if (u, v) € € for each u, v = U and

(a) (u,v) = (v, u).
{b) I:':3]"11 —|_ Hlulﬂ \"J — H]{-“H ""I} + az(uzi ‘r)i a_,«' & [:'Ea “_lr'j ¥
() (w,u) >0and (u,u) =0onlyifu =80

We define the length (norm) of a vector by |u|| = [(u, w)]''2, Clearly,
|ul| =0 and ||u|| = 0 if and only if u = 6.

U.

M

Lemma Al (Schwarz inequality). If u,v = U then [ (u, ¥)| << [|u]|-]] ¥]|.
Equality is obtained if and only if u and v are linearly dependent.

Lemma A2 (Triangle inequality). Ifu, v « U then o+ vi|.<||uf| -+ ]| v]l.

Every finite-dimensional vector space with an inner product is a pre-
Hilbert space. We examine some examples of pre-Hilbert spaces which are
not finite-dimensional.

Example 1. By /, we mean the set of all sequénces x — 5. A —
complex numbers x; such that 3 | | x;|> < co. Here /, is a vector space with
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operations
(A'l,} axt{ﬂ'r]!axll"')? x_i_}'__(xl ! _}"11.:':1_}:1,-+-],

where X =(x;,X;,...)s ¥=(», )5, ...). Indeed, 3, |x+ yP <
e (1% 12+ el + 2| ) <2 32, (6P + | 3P) < oo for x,¥ € 4.

Here we have used the property (@ — b)?> = a* + b* — 2ab = 0 for all real

numbers a, b. The space /, is a pre-Hilbert space with inner product

(A2) (x,y) =X xJ.
Indeed, the series for (x, y) converges forall x, y = /,.
Example 2. Let [a, b], a < b, be a closed interval on the real line and let

Cla, b] be the set of all functions f(x) which are defined and continuous on
[a, b]. Then Cla, b] is a vector space with operations

(&f)x) = af(x), o @

(A.3) 1
(f+ g)Xx) = f(x)+ g(x), [, ge Cla,b]

The expression

(A4) (£,9)= [ Fx)E0) dx

defines an inner product on Cla, b].

Example 3. Let 91T be a closed bounded connected subset of R_ whose
boundary is piecewise smooth and let C(J11) be the set of all functions
f(x), x € R,,, which are defined and continuous on 9. Using the definitions
(A.3) we can make C(9M) into a vector space. Furthermore if w & C(91)
and w(x) > 0 for all x = I then the expression

(A.5) (f, g)= _I‘m f(x}ﬁw[x_} dx, dx = vida

defines an inner product on C(M). Here w(x) is a weight function.

Example 4. Let G be a compact linear Lie group and let C(G) be the vector
space of all continuous functions on G. Then C(G) is a pre-Hilbert space
with respect to the inner product

(A.6) (f9)= | f(Ag4)s4, [ g CG),

where 64 is the normalized invariant measure on G.

Example 5. Let C3(R,) be the set of all functions f(x) defined and continu-
ous in R_ and such that

JR | f(x) > dx < o9, dx =dx, +++ dx

m+
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(Note that continuous functions on R,, need not be bounded.) Then C%(R,)
is a vector space under the usual operations (A.3). Indeed, |2ab| < a? + b2,
for a, b real, so

A 2 1f@e@ldx <[ |f@)Fdx+ [ |g@fdx < oo

for f,g € C*R,). Thus the integrals *R fg dx and L_ | fg| dx converge.
This shows that i J

L | f(x) + g(x)|Pdx < J‘R (fOP + 2] f()gx)]| + |g(x)[?) dx < oo
and /' + g € C*(R,,). Furthermore, by (A.7) the expression

(A-8) (fr9)= | Sk dx

defines an inner product on C*R, ).

Definition. The pre-Hilbert spaces U, W are isomorphic (as pre-Hilbert
spaces) if there is a vector space isomorphism T: U — W such that (v,, v,)
= (Tv,, Tv,) for all v,, v, € V. Here the first inner product belongs to U
and the second to W,

Example. Every m-dimensional pre-Hilbert space U, is isomorphic to ¢
(Choose an ON basis for U_.)

m*

Let {v;},j = 1,2,..., be a sequence of vectors in the pre-Hilbert space
U. The sequence {v,} is said to be Cauchy if for every € > 0 there exists a
positive integer N, with the property ||v, — v,|| < € whenever k,j > N..
A Cauchy sequence converges in case there is a v € U such that lim, .. [|v —
v,|| = 0. If a Cauchy sequence converges to both v and w then ||v — w|| =
vy —v,4+ v, —w||<||ly—v,||+ |y, —w|]| —0 as j— oo, s0 v=mw,
Thus the limit of a convergent Cauchy sequence is unique. If a sequence
{v;} converges to v, lim,. ||v;, —v|| =0, then {v,} is Cauchy. Indeed,
N — YNl =Yy =Y+ y—v | v, =¥l + [[v— || — 0'as j, k — <.

Definition. A pre-Hilbert space 3C is a Hilbert space if every Cauchy
sequence {v,} in JC converges to an element of 3C.

Example 1. Every finite-dimensional pre-Hilbert space is a Hilbert space.
(Prove 1t!)

Example 2. The space /, is a Hilbert space.

Example 3. The pre-Hilbert spaces C(IM), C(G) and C*(R,) are not Hilbert
spaces. In each case it is easy to construct a Cauchy sequence of continuous
functions which do not converge to an element of the pre-Hilbert space.



410 APPENDIX HILBERT SPACE

The inner product in a pre-Hilbert space is continuous in its two argu-
ments.

Lemma A3. Let {u,}, {v,} be convergent Cauchy sequences in the pre-Hilbert
space V. If v, — v,u;, — u as j — oo then lim, .. (u,, v,) = (u, v).

In case u;, = v,, Lemma A3 yields lim;_ .. ||v,|| = | v||, i.e., the norm is
continuous with respect to convergence in U.

Let § be a subset of the Hilbert space JC. The subset § is dense in 3C
if for every u € JC there exists a Cauchy sequence {u,} in § such that u, — u.

Example. The set of all x = (x,, x,,...) in /, with only finitely many
nonzero components x, 1s dense in /,.

A subspace W of the Hilbert space JC is closed in 3C if every Cauchy se-
quence in W converges to an element of W. The closure of a possibly non-
closed subspace ‘W is the smallest closed subspace of 3C containing W. (We
order the subspaces by inclusion.)

Lemma A4. Let "W be the subset of 3C consisting of all u & 3C such that

there exists a Cauchy sequence {u,;} in W with u, — u. Then W is the closure
of W.

Theorem Al. Let W be a pre-Hilbert space. Then there exists a Hilbert
space JC (unique up to isomorphism) such that W is dense in JC. Indeed

L =W,

The proof of this theorem is not obvious since we do not know a priori
that there exists a Hilbert space containing W as a subspace. Until 3C is

constructed the meaning of W is not clear. To construct 3¢ one considers
the Cauchy sequences {u,} in W which do not converge. Then one adds new
elements u to ‘W so that u, — u. If {v,} is a Cauchy sequence in ‘W such that
lu; — v,|[| — O then also v, — u. It can be shown that W together with the
ideal elements {u} forms a Hilbert space JC. See books by Korevaar [1] or
Helwig [1] for the details.

By Theorem Al we can always assume we are dealing with a Hilbert space.

(If W is not a Hilbert space we merely close it to obtain the Hilbert space W.)
This is fortunate because Hilbert spaces have many nice features not shared
by pre-Hilbert spaces.

As stated earlier, C(1) is not a Hilbert space. However, by the preceding
theorem C(9M) is dense in a Hilbert space denoted L,(91). It can be shown that
to each element f in the closure of C(J11) we can associate a function f(x)
on M. Here f(x) is in general not continuous. If f(x), g(x) are in L,(IM) then
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there exist Cauchy sequences {f,}, {g,} in C(9M) such that f;, —f, g, — g
in the norm. We define the integral J'cm fg dx by

(A9) | Sr()dx = (f.8) = lim(f;, ) = lim [ _(x)g0) dx.

J—l-m'

The integral Lﬂ fg dx is called the Lebesgue integral and L,(91) is the space
of Lebesgue square-integrable functions on 9. If f(x) and g(x) are functions
on J such that the Riemann integrals Lﬁ | f]* dx and _[mlgll dx converge,

then f, g € L,(91) and (A.9) is just the ordinary Riemann integral. However,
there exist functions in L,(9M) which are so discontinuous that they are not
Riemann square-integrable. The spaces of continuous and of Riemann
square-integrable functions on 9 form pre-Hilbert but not Hilbert spaces.
However, the closure of each of these pre-Hilbert spaces is the Hilbert space
L,(0N).

Note: Actually the elements of L,(91) are not functions but equivalence
classes of functions. We say that two Lebesgue square-integrable functions

f, g are equivalent if J.m | f(x) — g(x)|* dx = 0. Equivalent functions cor-

respond to the same Hilbert space element. This distinction does not arise
on the subspace C(9M) since if fand g are equivalent continuous functions on
I then f(x) = g(x) for all x = M.

The reader unfamiliar with Lebesgue integration need not despair. Since
C(3M) is dense in L,(IM) we will ordinarily be able to restrict our computa-
tions to C(I10).

In complete analogy with the above discussion, the closures of the pre-
Hilbert spaces C(G) and C2(R,,) are L,(G) and L,(R,,), the Hilbert spaces of
Lebesgue square-integrable functions on G and R, , respectively.

Definition. A Hilbert space JC is separable if it contains a countable dense
subset {u,, u,, ...}

Example. The space /, is separable. Consider the subset § of all x =
{X;, X5, ...} such that each x;, = a, + ib,, where the real numbers a,, b,
are rational, and only a finite number of the x; are nonzero. The set § is
countable and dense in /,.

It can be shown that L,(0), L,(G), and L,(R,) are separable. In fact
every Hilbert space studied in this book is separable. Therefore, from now on,
“Hilbert space” means “separable Hilbert space.”

Let 91 be a subspace of 3C. Then the set

M-={ue H:(u,v)=0 forall ve M}
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is clearly a subspace of 3C. Moreover, 9L is closed in 3C since if fulisa
Cauchy sequence in 9L with u, —u and v € M we have (u,v) =
im;_... (w;,v) =0, so u € M-~

Theorem A2. Let I be a closed subspace of the Hilbert space 3C. Then
3 =M @ ML, ie., every u € I can be written uniquely in the form
u=v-+wwithve M we ML

For JC finite-dimensional this theorem can be proved easily by introducing
an appropriate ON basis. In the infinite-dimensional case the proof is not so
obvious. The theorem is not true unless 9 is closed. (A finite-dimensional
subspace of JC is always closed.)

Definition. A countable set {u,,u,,...} in 3C is orthonormal (ON) if
(w,w,) =0;,/,k=1,2,.... For any u € 3 the numbers a, = (u, u))
are the Fourier coefficients of u with respect to the set {u,, u,, .. .}.

Definition. Let {v,,v,,...} be a countable set in JC. We say 3 7., v, con-
verges in JC if the partial sums s, = 3% v,,k =1,2,... form a Cauchy
sequence in JC. The sum s of the convergent series is the limit of the Cauchy
sequence s, }.

Theorem A3. Let {u;} be an ON set in 3C and let @, € €, j =1,2,....
Then X 5., a,u, converges in 3C if and only if 35, |a,|* < .

This theorem is not true for pre-Hilbert spaces because there the partial
sums of } 7., a;u; may form a Cauchy sequence which does not converge.

Definition. An ON sequence {u;} in 3C is an orthonormal basis (ON basis)
if every u € JC can be expressed as u = >3, a,u, for some constants a, =

.

If {u;} 1s an ON basis then the constants g, in the expansion of u € JC are
uniquely determined. Indeed

k
(u, uJ_,_} = ;1':11‘2 (g‘: au, uj) = lim a; = a,,

s0 a; = (u, uy), the Fourier coefficient of u with respect to u,. Thus,

(A.10) u= 3 (u,u)u,.
i=1
Furthermore,
. k 2 oo
(A.11) [|ulf* = lim ;Z. (uuu, || = ju,l(“* u;) >

This 1s the Parseval equality.
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Theorem A4. An ON sequence {u,} is an ON basis for JC if and only if the
only vector v € JC such that (v,u) =0,j=1,2,...,isv=0.

Theorem AS. Every separable Hilbert space 3¢ has an ON basis.
Indeed 3C has an infinite number of ON bases if dim 3C = 0.

Definition. Let 3C,, j = 1,2, ..., be Hilbert spaces, where j runs over a
finite or countably infinite numbar of values. Let 3 = 377, @ IC; be the
set of all sequences

X =Xy 0 Xy viap Xighs ey X; € &,,

such that > 7., || x,[|* < co, where [|}-:J,|| is the norm of x; in J¢,. Then
JC 1s an inner product space with operations

gx:(ax”,_.,axﬁ...}, HJE@,

x|_}r:(x1{_FI:'*':KJ_]"FJ:"'L I,}'EE{:,
(X, }r) == EE (Kp 3"_,-'}:
i=

where (x,, y,) is the inner product in JC,. Here 3C is called the direct sum
of the Hilbert spaces 3¢,,...,3C,,. ..

The verification that JC is an inner product space under the above opera-
tions is similar to the corresponding proof for /,. Moreover, by mimicking
the completeness proof for /, one can show that 3 @ IC, is a Hilbert space.

Let JC be a Hilbert space. A linear operator T: 3C — 3C is bounded if

(A12) Il = sup || Tul| < e,

1.e., if the least upper bound of the set {||Tul: ||u|| = 1} is finite. If T is
bounded the number || T|| is called the norm of T. The sum, product, and
scalar multiplication of bounded operators are defined exactly as in the
finite-dimensional case.

Lemma AS. Let S, T be bounded operators on 3C. Then (1) ||Tu|| <
ITIlull wede; @ IS+ TI<IISI+TI; @) [|ST|<||S|-|T]:
(4) ||aT|[=|a|-||T|[, @ € €. In particular the sum and product of two
bounded operators are bounded operators.

The proof of these results is identical with the proof in Section 5.1 of
the corresponding results for operators on finite-dimensional spaces.

Lemma A6. Ifs = > 7, v;, where 3 v, is a convergent series in 3C and T
is a bounded operator, then Ts = 3 Tv,.
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A bounded operator T from JC onto 3C is unitary if (Tu, Tv) = (u, v),
all u, v € 3C, i.e., T preserves inner product. The operator T is symmetric
or self-adjoint if (Tu, v) = (u, Tv) for all u, v € 3C.

The matrix T = (T,,) of a bounded operator T with respect to the ON
basis {u,} is defined by

(A13) Tuy=YTn, Tu=00wu) Gk=152...
k=1

To the sum of two operators S + T corresponds the sum of their matrices
and to the product ST corresponds the matrix product:

(A+14) (S '!' T).ﬂ-’f = Ski _I_ T.kj" {ST)EJ =" § SkaEj'

The adjoint T* of the bounded operator T is defined by the relation
(A.135) (Tu, v) = (u, T*v), all w,v e 3C.

In particular, if T, , are the matrix elements of T with respect to an ON basis
{u} then the corresponding matrix elements of T* are

i I I Lo A k; T,.u,.

Thus T* is a uniquely determined linear operator on JC. Moreover, T* 1s
bounded and || T|| = || T*||. Note that T is self-adjoint if and only if T = T*.



