(8.55)
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The lest application of representstion theory to be discussed here
is concerned with the theory of smell oscilletions. We shall limit
ourselves to the solution of s single problem in this theory. However,
the same techniques employed to solve the example cen be ‘used to golve
e great number of similar problems, &s should be obvious to the resder.

Congider a system of three point masses, sll of mass W , loceted
st the vnrticaaiuf an equilstersl triengle snd connected by thres

aprings uf Hpring constent K . We will study the oscillatory motion

of this system in the plane of the triangle.

figure .73

As shown in figumm‘,ua assign coordinates Xy, ‘l‘._) to the tth mass

point "M such that in the equilibrium position nf'tha gystem each
mass point has coordinstes (0,0) . Recall that the potential energy
of a spring with spring constant K which is displaced an smount XA
from equilibrium is 15\‘-%‘2 . If et a given instant of time the
system is in the stste

3 < ()

 then it hss potential energy

.éil _z_a:‘.-s))
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(8.:56) V(W) l" k[ f"!,‘r '“gﬁa*t\h ‘3‘}} ""A.l

=3 .L K E '\J H,-r%;-&)‘-r(‘i;ﬁ'ﬁg =N\ = J j
< 35.“ [ ‘\j L“;J-;f"“;‘!i + (Y3 **5_34’1“\'331 '-Al

where Cl is the length of one side of the egquilsteral trisngle in

figure 3.3 If we limit ourselves to the study of smsll oscillations
of this system then u'&c /cl““land it is sufficient to consider only

the ferms up to second order in W{ 1in the Taylor series expension of
v(ﬂ3 sbout W =B . The result is

(8.57) \ | - DV (
()-&Za"ﬁ)“*—*” ) wiw;
V(ﬂs v a c Le ) OW? &%}\ '@w'aw
\ L
5 ; Vi Wi'W;
2
- .!5, K % {ﬂ."“ﬁa)iﬁ E%{ﬂ‘*xj_}*d:% ('11_"'\'1‘)3
v Yl e Y
+ T & mxg) w22 Oa ) ) ‘ij
Viy = 2V (8)
'&WT:)W-J i
The equations of motion of this system are
(8.58) miwz = -V w) _-KZV“w- e T T
W, e
or in matrix form
(8.59) W o= =K Vw
' Baa

If we diagonalize the pusitiw definite real symmetric matrix \! by a

gimilarity transformstion

. O\/O-—I ':D - 7\‘-.0

O =5
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where O iz a real orthogonal matrix, then (8.59) becomes
i -'-"'%D}_ , 2 =OW = (2,,---,2¢)
which hes solutions
7, = Gy con (LIS ..:,U,’-j) _j&m_;} & m ¥ O
= Q;j‘t +\::Tj ‘ W& My =0 ;

where the srbitrary constants as, ,‘9'3, \?-'; are determined by the initiel
conditions of the physicel system, Thus, the genersl motion of the

gystem is given by the expression

3
(8.60) W s ZIE\_ . e (3T +9; )
"=
vhere the E:.l are ON basis vectors deﬂn&d by
(8.61) E-ﬁ_—_ O'I-e-- ; ga:(Qlﬂl---11j--';G)

with a one in the a¢h position. The oscillastion A.‘i s A cﬁf_m;ﬁ-{;ﬂl{!as

in which all the point mssses vibrate with the seme frequency is called

a normal mode of vibrstion snd the eigenvalue 7\.5 determines the

frequency of this normel mode. Clearly the eigenvelues are just the

solutions of the charteristic (or secular) équat.inn
(8.62) det ( V=2E, ) = O.

To solve this equstion we would heve to determine the roots of a poly-
nomisl of order six, not sn easy task. Fortunstely we can use the
gymnetries of the physicel system to simplify the determination of the
normel modes end frequencies.

Some of the eigenvslues 7\',& may be degenerste. Suppose the

distinct eigenvelues are N Mg, -~ &nd the 7#:;: sre ordered so that

&

Y (SWy T e s = D= N p W L =7“Hr“‘h,_'}'ﬂ' \ etc, Then
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the "™ vectors EG ) w=z\--+ W\ ggsocisted with the eigenvalue ) o
form an ON basis for s subspace W,g s the "™, vectors E‘.‘ﬁ ) :‘.,'_t,=
Yo ), e - m g , associsted with ').@ form an OWN basis for
WQ , and so on., The system space RE of 81l real six-component
column vectors decomposes into the direct sum

ﬁ‘ '-'.-'ng@ W@@‘ " @Wg
Here, RG is the space of all state vectors (8.55). The complete
symmetry group of the equilatersl triengle, considered in two-
dimensional space, is D3 . The naturel action nf D3 as 8 trans-
formetion group in the plene induces e six-dimensional representation
T of Dj on Rg . Indeed let £ Dbe the counterclockwise rotation
of the trisngle through 120° and ¥~ the reflection sbout a vertical
line through the center of the trisngle in figure 3.3.Then & end Y

generste the symmetry group D.3 of order six end we have

(8.63) |
TIW = Te) Chihi, %o, ¥, Ry ;Y3 )
— Q"‘i‘af‘{% Y3) "E;,_?{3—%}31-%-*1_@%13‘E:hl-ii.\ilj
"%":'_%Yi ) Q—Eﬂz*\s.x:.‘:
(8.64) T("‘I"}y_ = ("Y3 }”3 }"xlj‘i;j-ﬁ|ly|).

Since the group elements €,C,Y form a complete set of representations
from esch of the three conjugacy classes of D3 we can easily compute

the character X of this representation.
(8.65) '7’#1-_-*!2.\:'6 3 Wﬂ-_g:"ﬂ(c:\ =0 ,
A, = (x)= 0.

From symmetry considerstions we see thet if W (%) 1is & solution of

the equetions of motion then so is T(%)EH:.] for 4 EDa . (This is
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equivalent to saying that the potential function Vf':v_) is invariant
under D?.::. V(T(g)\i \='Vh.‘!) , or that the symmetric mstrix V
sstisfies TfﬁNT- lf&):\] .) “Suppose W) is & solution of the
equations of motion such that W (ts) G\N,.; for some £, . Then
Vyl%}:}“ﬂlta) and it follows from (8.59) thst \LJ_H;]GW,{ for
every < - Farthermore,
VTiaiww) = T(s’JV Wit) = D 1(8)W )
so T‘ﬂb’_&) is an element of W“ for each . and 3<% DB i
follows that the subspsces \‘\L}\\f@ y-*° are inveriant under T SO
that T cen be decomposed into a direct sum of representations
(€.66) T=Tu® Te@-- -@Tg , T4 =T1IW; -
If the representation Tﬂ is irreducible of order M\ then the
multiplicity of N, is M . Thus the degeneracies of the eigen-
values are determined by the irreducible representations of D3 .
If the representation Tﬂ ié reducible then the eigenvalue '75“ is
said to._héve an gccidental degenerscy, iu;a.,., one which does not
follow from symmetry considerations slone, Frequently, accidentsal
degeneracies can be removed by varying some of the parsmeters defining
the system such as "™ K without changing the symmetry group. An
exception to this is the eigenspace corresponding to the zero eigen-
vealue where the sccidentel degeneracy ususlly cannot be removed. This
eigenspace corresponds to trenslations end rotetions of the system es
8 whole, without uscillﬁtinnu
Since the three 1mquivaleﬁt jrreducible representations T “J,
T{ﬂ, Tn) of D.S are all real we cen use the character table (G,H})

and the orthogonelity relstions to decompose T . The result is



(8.67)

(€.69)

(8.70)

Thus, \/ has four eigenvelues, "h.‘.;h@ which ere simple and N\« ;)5
which have multipliecity two. However, these four eigenvalues mey not
all be distinct.

In order to compute the eigenvalues explicitly without solving the
gsecular equstion we note that quantities such Q5%

erlToV) 4 tr V7
are independent of basis., Eveluating these quentities in a basis

adapted to the eiganapacea-uf \J we find
£ (TaW ) =t C(OT(a)O")(OVO_'ﬂ =W ) *7*@*!11‘5]
+ (g +™ 5\7\‘“(3) }
£V 2 T D228 0 1200 ).
Similarly, avulua'binz;\gm%\ga nstural besis of Rf- for 9= €,C,Y e
obtain the identities |
PutPe +2O54Ns) =6
T At Mo - Dy~ Ng =3/
Mg~ M@ =3 -
These three identities sre not annqgh to determine the four eigenvalues,

2 -
Wwe could get other equations by computing quantities such as t~V j th

but this is complicated.

Instead we shall show that the eigenvelue =0 oceurs with



(8.71)

(8,72)
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multiplicity three. This information together with (8.70) will enable
us to compute all of the eigenvalues.

The following considerations ere based on symmetry arguments
alone and are valid for & wide variety of oscillsting systems. We
meke use of only two facts about the potential function V( W) . We

first require thet the system is in stable equilibrium st :_‘U =8

Mathemstically this amounts to the sssumptions 2_2’ (®) =0, 1 €756
GW,

4

and the OX6 matrix

XI o ( 2V (8) )
W, OW;
is non-negetive definite, i.e., all of the eigenvalues of this resl

symmetric matrix ere non-negative. Second we require that the
potential depend only on the relstive distances between msss points.,
Thus, if the entire system is subjected to a Buclidean isometry the
potential should not change. The potential is normalized such thst
Yie)=0 . _

Suppose the system starts out in the state *ﬁl_:_e_ and is sub-
jected to the translation Tg_ S Ell\, 4=(4,,&,) , Then the system

ends ub in the state
M

QA =( q\;&llﬂqjﬁllallal)

Throwing awey all terms of order greater thsn two in the Taylor series

for V{'ﬂ) we obtein

5 o
o =V(8) =V(T) =LxZ  Vi30.0a3.
L?r.}:

Since V is non-negative definite it follows thst 5‘:@_, i.e.,
~ .
each nonzero vector El_- is an eigenvector of V with eigenvalue zero,
+
Let W be the two-dimensional subspace of Q 6 formed by the set of

ﬂ‘ .
all vectors ,Q . 1t is easy to show thst Wt is invariant under the
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representation T » Furthermore the character X.t .uf-r‘\\jhia just
the character of the natural two-dimensionsl representastion of DS as
e transformetion group on R)-; .(In general for sny physicsal system in
the plane with point symmetry group G'] 7\.: is the character of the
natural representation of G" as 8 trensformstion group on Q; )
Suppose the physical system is in the state W = Q_ . Let t.he-
point P in Qz be the center of mass of this system. We can introduce
& cartesian coordinate system in Rl with center ? » In this system

_ () . U
the coordinstes of each mass point w,_ are given by two-vectors 1— L i (‘T.,“:T;L)

=V

figure% 4

( (3)
If the system is in a genersl state W .'-..-'('1_“ ], Z % - ), expression

- 1'%
(8.55), the mass point "™, hes coordinstes B_m'-'-' "fﬁ#i 1) in the
coordinate system based at P . Set {7( Em1 Bkﬂj @:ﬂ )=\’(E)., Now
subject the system initislly in the state W = E to & rotation Ca,?
through the (small) sngle ¥ in the counterclockwise direction about

P . Then, up to terms of second order in ¥ we have

. A = (1) (2)
P 0=Vig) = VL ", Cex™ ¢ x)



(8.75)
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-
Tt follows that the nonzero vector T € Rﬁ is an eigenvector of V with

eigenvalue 3ero. Furthermore since the action of the matrices Tfﬁ] ;.'

(i) _ :
3ED , on the T is merely a permutation of these vectors, &and

W |
transforms as an axial vector under Otn) it follows

Fa
that the ﬂna-dimansiunal subspace W of W generated by "'r transforms

since each -T

accurding to the one-dimen$ional representation Tu) D 3 _ Finally,
gince "1: -r‘:_{'_u} -1;':{:“‘)_-,- _@_ we can conclude that \\J -L\\’T with respect
to the natural inner product on Q& » (The facts that W transforms
according to the one-dimensional representation Q }\’E: Q_ and th\\j
are valid for any physical system in the plane with symmeiry group G
Indeed “W(4) =\ if %éG‘ is a rotation and W(§) =~ if D 4z @
rotation reflection.) We have shown that the translational and rotational
symoetry of our pbyaica}_. system imply that M=0Q is an eigenvalue ol
multiplicity at least three. The corresponding invariant subspace
N*QN transforms according to the direct sum of the one-dimensional
representation Q and the natural two-dimensional répresantatinn of the
symme try group G‘ as a transformation group. In the case G‘ DB we have

TIvew' = THeT?.

Comparing (8.6%) and (8.75) we see that 71@‘: O and (say) ‘?16-7‘0 °
Equations (8.70) reduce to

Vo +3 Ny = & wf,L-.}l-!:?-i H\,{-3_

Therefore,
7\ o - 3 7\ e =) S - D 7\!
We could also use group theory to r:umputa the vectors A (8.60),

which determine the normal modes of vibration. These vectors can be

obtained by gpplying the projection operators Elh p=1,2,3 ) (3. i|) on
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4
w to project out the irreducible subspaces corresponding to T )

T, Y3 :

We briefly comment on the modification of the above results for
physical systems in Rs » J1f the system contains N particles, it
ig described by 3N coordinates. Thus, the potential matrix V has
3N eigenvalues. The eigenvalue \= O has multiplicity at least six.
The cuﬁaamnding gix-dimensional subspace is the direct sum WtQ\\!T

of two three-dimensional subspaces each invariant under the action T

f th int symme Ctﬂf e syste The restric nTlW
?5 tq_fwﬁn‘k’ ti "Gv\'i:‘-»rz'i l t ‘%‘Wﬁsln“mf 'T"E?‘*ESINEE Gea n.,"trnws-[urmﬁ oW

(T\l i~ is equivalent %o the representation with character 0 (9) = (1) x"‘(gj Tl
Tt

where © =\ if 51‘:0*.{3) and €=-| if & is a rotation-inversion.
Under the action of T , the representation space W decomposes into -a
direct sum of invariant subspaces

W=W@W* W' -
The character A of T can be decomposed in the form

~(g) = %7(q) % w3 4 %/(5)
where 'ﬂ'(ﬁ) is the character of the (3N"'é) ~dimensional representation

' ;
T\\l"ﬁ It is the character X which determines the nontrivial vibra-

tional modes of the system.



