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Abstract

We study the Pythagorean hodograph (PH) curves in the Euclidean or

Minkowski spaces of various dimensions in the Clifford algebra framework.

After the introductory chapter (Chapter 1) and the preliminaries on the

basic setup (Chapter 2), we study, in Chapter 3, the topological selection prob-

lem of the planar quintic Hermite interpolants, culminating in the complete

resolution of the problem.

In Chapter 4, we continue the study of the Hermite interpolation problem

of the space quintic PH curves. This study heavily relies on the Clifford algebra

framework within which a complete description of the length-minimizing space

PH quintic curve is obtained.

In Chapter 5, we study the rotation-minimizing rational parametrization

of the canal surfaces. It turns out that the geometry of canal surface is in-

tricately tied with the Lorentzian geometry of the 4-dimensional Minkowski

space, which we exploit in full detail. Utilizing the Minkowski space and the

Clifford algebra thereof, we are able to reformulate the problem as a simple

(projective) approximation problem, which in turn gives the complete solution

to the problem.

Key words: Clifford Algebra, Pythagorean Hodograph Curve, Hermite Inter-

polation, Riemann Surface, Rational Parametrization, Canal Surface, Rotation-

Minimizing, Minkowski space, Lorentzian Geometry

Student number: 2000-30142
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Chapter 1

Introduction

In the applied geometric fields like CAGD, CAD/CAM, Robotics, the pri-

mary objects of concern are of geometric nature. These geometric objects are

for instance curves, surfaces, motions, and other various geometric quantities

which should be somehow represented, manipulated, and computed to the

desired effect. Such activities are in general called the geometry processing.

These geometry processing produce various derived geometric objects whose

computation should be performed within certain precision. If the geometric

or derived objects involved in the geometry processing is irrational in nature,

they must be in most cases approximated with rational objects. However, such

approximation procedure is not only inexact, but also error-prone in practice.

For this reason, rational parametrization of geometric objects are preferred in

applied geometric computation.

However, polynomial or rational representation does not always give ratio-

nal parametrization of relevant derived geometric objects. For example, the

offset curve (the locus of points of fixed distance from a given curve, which

is called the base curve) is not rational even if the base curve itself is a poly-

nomial curve in the plane. For this reason, even in the case of polynomial

curves, the offset curve computation causes lots of problem in application. So,
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it would be advantageous to use some special class of curves that guarantee

the rationality of the offset curves.

For this purpose, Farouki and Sakkalis first introduced the well-known

Pythagorean hodograph curves [5]. Simply speaking, a Pythagorean hodograph

curve is a polynomial curve which has a polynomial speed, thus has a rational

offset curve a priori. In mathematical terms, a planar curve γ(t) = (x(t), y(t))

is called a Pythagorean hodograph (PH) curve if and only if the hodograph

(derivative) of γ(t) satisfies

|γ′(t)|2 = x′(t)2 + y′(t)2 = σ(t)2

for some polynomial σ(t). By this definition, the unit normal vector field n(t)

of a PH curve γ(t) is rational, so the offset curve of γ(t) given by

γ(t) + dn(t)

for a fixed d ∈ R, is naturally a rational function in the parameter t. Farouki

and Sakkalis also found an equivalent condition for a polynomial curve to be

a PH curve, which says that a planar curve γ(t) = (x(t), y(t)) is a PH curve if

and only if there exist three polynomials p(t), q(t), w(t) such that

x′(t) = w(t)(p(t)2 − q(t)2),

y′(t) = w(t)(2p(t)q(t)).

For the 3-dimensional generalization of Pythagorean hodograph curves,

Farouki and Sakkalis [8] and Dietz et al. [3] independently found conditions

for a space curve to have polynomial speed. According to them, a polynomial

space curve γ(t) = (x(t), y(t), z(t)) is called a space Pythagorean hodograph

curve if the hodograph γ′(t) satisfies

|γ′(t)|2 = x′(t)2 + y′(t)2 + z′(t)2 = σ(t)2

2



for some polynomial σ(t). Dietz et al. [3] proved that a polynomial curve

γ(t) = (x(t), y(t), z(t)) such that x′(t), y′(t), and z′(t) have no common factors

is a space PH curve if and only if there exist four polynomials u(t), v(t), w(t), ρ(t)

such that

x′(t) = u(t)2 − v(t)2 − w(t)2 + ρ(t)2,

y′(t) = 2u(t)v(t) + 2ρ(t)w(t),

z′(t) = 2u(t)w(t)− 2ρ(t)v(t).

This concept of Pythagorean hodograph curve played an important role

in the another application area: the envelope curve/surface of one parameter

family of circles/spheres. Let γ(t) = (x(t), y(t), r(t)) be one parameter family

of circles in the plane with center (x(t), y(t)) and radius r(t). Then, the

envelope curve (x̃(t), ỹ(t)) can be computed by

x̃(t) = x(t) + r(t)
−r′(t)x′(t)∓

√
x′(t)2 + y′(t)2 − r′(t)2y′(t)

x′(t)2 + y′(t)2
,

ỹ(t) = y(t) + r(t)
−r′(t)y′(t)±

√
x′(t)2 + y′(t)2 − r′(t)2x′(t)

x′(t)2 + y′(t)2
.

This formula indicates that due to the presence of the square root the envelope

curve is not in general rational even if the base curve γ(t) itself is a polynomial

or rational curve. Thus to guarantee the rationality of the envelope curve, it

would be preferable to use some special polynomial curve γ(t) such that

x′(t)2 + y′(t)2 − r′(t)2 = σ(t)2 (1.1)

for some polynomial σ(t). This is reminiscent of the idea of Farouki and

Sakkalis in the planar offset curve, and for this purpose, H.P. Moon intro-

duced a new class of curves that satisfy Equation (1.1). He observed that

the expression x′(t)2 + y′(t)2 − r′(t)2 in Equation (1.1) is the squared norm of

γ′(t) in the Minkowski space R2,1, where the signature of the Minkowski inner

product is ++−. With this observation, he called the polynomial curve γ(t) a

3



Minkowski Pythagorean hodograph (MPH) curve if γ(t) satisfy Equation (1.1).

He obtained an equivalent condition for γ(t) to be an MPH curve [11], which

says that a polynomial curve γ(t) = (x(t), y(t), r(t)) in R2,1 is an MPH curve

with x′(t)2 + y′(t)2 − r′(t)2 = σ2(t) if and only if there exist four polynomials

u(t), v(t), w(t), ρ(t) satisfying the relations

σ(t) = ±(u2(t)− v2(t)− w2(t) + ρ2(t)),

x′(t) = −2u(t)ρ(t)− 2v(t)w(t),

y′(t) = u2(t) + v2(t)− w2(t)− ρ2(t),

r′(t) = 2u(t)v(t) + 2ρ(t)w(t).

(1.2)

Canal surface, the 3-dimensional generalization of the envelope curve, is the

envelope surface of one parameter family of spheres. One parameter family

of spheres can be described by m(t) = (x(t), y(t), z(t), r(t)) where s(t) =

(x(t), y(t), z(t)) represents the center of sphere and r(t) the radius of sphere

for each t. In contrast to the envelope curves in the plane, it is known that

rational parametrization of the canal surfaces are possible for every rational

m(t). This fact was first proved by Peternell and Pottmann [13]. They gave

rational parametrization of the canal surface that is given by a rational curve

m(t). This means that there is no restriction (like a Pythagorean condition) on

rational curve m(t) in order for canal surfaces to have rational parametrization.

Even though PH curves are useful in practice, there are still some unsettled

issues even in the case of planar PH curves. C1 Hermite interpolation problem

is one of such unsettled issues. C1 Hermite interpolation problem of PH curves

is to find a PH curve γ(t) such that

γ(0) = p0, γ(1) = p1, γ′(0) = a, γ′(1) = b (1.3)

for given p0, p1, a, b, which is called a first-order Hermite data. (In this disser-

tation, we will just say Hermite interpolation and a Hermite data instead of

4



C1 Hermite interpolation and a first-order Hermite data for simplicity.) If γ(t)

satisfy Equation (1.3), γ(t) is called an interpolant for a given Hermite inter-

polation problem. In this Hermite interpolation problem, the main unsettled

issue is the selection problem. (There exist usually multiple interpolants for

a given Hermite data, and it is not clear how to decide which interpolant to

select.) For example, there exist four interpolants of degree 5 for a given pla-

nar Hermite data. So, there are 410 (more than one million) choices of splines

when we try to find a spline consisting of 10 quintic planar PH curves. This

means that it is almost impossible to select the best spline manually.

To resolve this selection problem, we deal with the selection problem of

planar quintic PH curves in Chapter 3, and the selection problem of space

quintic PH curves in Chapter 4.

In order to resolve the selection problem of planar quintic PH curves, R.T.

Farouki and C.A. Neff [4], and H.P. Moon, R.T. Farouki, and H.I. Choi [12]

gave some algorithms on the selection scheme. However, such algorithms have

drawback in that they could not be applied for all Hermite data, but only

for some restricted Hermite data. In Chapter 3, we shall give the complete

algorithm which can be applied for any configuration of Hermite data.

This algorithm is primarily based on the comparison between the popu-

larly used unique cubic Bézier interpolant and each possible quintic PH in-

terpolant. The basic idea is to find the planar quintic PH interpolant which

is topologically closest to the unique cubic interpolant. In this comparison,

the topological degree (i.e., the winding number) appears to be the most im-

portant criterion to select the best one. In this selection problem, the most

fundamental issue is the existence theorem, which says that given any config-

uration there always exists a quintic PH interpolant such that the topological

degree of the closed curve consisting of the hodograph of the cubic interpolant

and the hodograph of the quintic PH interpolant is zero. The proof of this

5



existence theorem is the most important result in this Chapter 3.

Furthermore, we discovered that there are some configurations of Hermite

data such that there are two quintic PH interpolants which give zero-winding

number in association with the unique cubic interpolant in the above sense.

In such case, the selection problem remains still undetermined. In this case,

the basic principle to be applied is that the solution curve (i.e., the selected

interpolant) should be changed continuously as the Hermite data varies. By

applying this principle, we discovered that the set of quintic interpolants forms

a Riemann surface. This phenomenon forces us to take a branch cut, and by

taking a branch cut, this selection problem is completely solved.

In Chapter 4, we will study the geometry of space quintic PH curves in

order to resolve the selection problem of space quintic PH interpolants. In

contrast to the case of planar PH quintic curves, there are infinitely many

quintic PH interpolants for a given space Hermite data. In fact, there are two

parameter family of quintic interpolants for a given first-order space Hermite

data. To reduce the possibilities, we first give some results on the arc length

of the interpolants. One of the important results is that the arc length of the

interpolants can be represented by one parameter, not two parameters. So, by

selecting the interpolants having the minimum arc length, the cardinality of

possible interpolants is reduced from two parameter family of solutions to one

parameter family of solutions.

In addition to these two problems, a problem on rational parametriza-

tion of canal surfaces is also treated in this dissertation. Even though there

were some results on the rational parametrization of canal surfaces, gener-

ally those parametrization methods give excessive angle-rotation, which causes

undesirable side effects in surface design. So, rotation-minimizing rational

parametrization of canal surfaces is preferable. For this reason, we study

the almost rotation-minimizing rational parametrization of canal surfaces in

6



Chapter 5.

The gist of our approximation in Chapter 5 is a new map, which we call

the χ map, that embodies the Lorentzian geometric relation in the Clifford

algebra framework. This χ map enables us to construct an almost rotation-

minimizing parameter curve. Its construction relies on the Clifford algebra

and the Lorentzian geometry of the Minkowski space R3,1. We then iteratively

construct pathes out of the parameter curves by some interpolation process. Its

rotational deviation, which is the angle difference from the parallel parameter

curve, can be controlled with the use of the rotation deviation estimation of

the parameter curves. Some numerical experiments show that the rotation

deviation from the parallel curve is small enough. When compared with other

earlier results, this gives extremely better results.

7



Chapter 2

Clifford Algebra and PH

Representation Map

Since Clifford algebra is the basic tool in this dissertation, we shall give a

review on some basics of Clifford algebra. Since the main purpose of this

chapter is to fix the conventions and notations which are used in subsequent

discussions, we briefly give some comments on certain definitions, facts and

properties of Clifford algebra. Detailed explanation can be looked up in some

standard literatures like [10]. The notations and conventions on the Clifford

algebra in this chapter mainly follow from [2].

2.1 Clifford Algebra

In this chapter, V denotes a vector space over R, the real number field, and

Q denotes a non-degenerate quadratic form on V . The formal definition of

Clifford algebra is given as follows.

Definition 2.1.1 The Clifford algebra C`(V,Q) is the quotient algebra defined

by

C`(V, Q) = T (V )/S(V ),

8



where T (V ) denotes the graded tensor algebra over V ,

T (V ) =
∞∑

r=0

⊗
rV

and S(V ) denotes the ideal generated by all elements of the form v⊗ v + Q(v)

for v ∈ V .

Simply, the Clifford algebra C`(V,Q) can be viewed as an algebra on which the

multiplication between elements of V , and C`(V, Q) can be performed with the

relation that v2 = −Q(v). Let 〈·, ·〉 is the symmetric bilinear form on V × V

obtained from Q by

2〈v, w〉 = Q(v + w)−Q(v)−Q(w).

Then, for all v, w ∈ V , the following identity holds.

vw + wv = −2〈v, w〉.

If Q1, Q2 are quadratic forms of same signatures with p positive eigenvalues

and q negative eigenvalues on the vector space V of dimension n = p + q, the

Clifford algebra C`(V, Q1) is isomorphic to the Clifford algebra C`(V, Q2). So,

we can denote C`(V, Q) without any ambiguity by C`(p, q) = C`(V,Q) where

Q has p positive eigenvalues and q negative eigenvalues. In the case where

p = n and q = 0, we simply denote C`(n) = C`(V, Q).

To define PH Representation map which is discussed in a later section we

need some basic notions and definitions. First, we introduce two involution

maps.

Definition 2.1.2 The main involution α : C`(V,Q) → C`(V,Q) is the alge-

braic extension of the map defined by

α(v) = −v

for v ∈ V .

9



Definition 2.1.3 The reversion ·t : C`(V, Q) → C`(V, Q) is the induced map

from the reversion map on the graded tensor algebra T (V ) given by

(v1 ⊗ · · · ⊗ vk)
t = vk ⊗ · · · ⊗ v1.

Since the ideal S(V ) is preserved by the reversion map on T (V ), the reversion

·t on C`(V, Q) is well-defined. By using above two involutions, we can define

the conjugation x and the norm N(x) for x ∈ C`(V,Q).

Definition 2.1.4 The conjugation x of x ∈ C`(V, Q) is defined by

x = α(x)t = α(xt).

Definition 2.1.5 The norm N(x) of x ∈ C`(V,Q) is defined by

N(x) = xx

By the main involution α, the Clifford algebra C`(V, Q) is decomposed into

two subspaces C`+(V, Q) and C`−(V,Q), where

C`+(V,Q) = {x ∈ C`(V,Q) : α(x) = x},

C`−(V,Q) = {x ∈ C`(V,Q) : α(x) = −x}.

Here, C`+(V,Q) is called the even Clifford algebra, or even part of C`(V,Q)

and C`−(V, Q) is called the odd part of C`(V, Q). Note that C`−(V,Q) is not

an algebra in fact.

2.2 PH Representation Map

The Pythagorean Hodograph (PH) Representation Map is the fundamental

map in the subsequent discussion, which was first developed by H.I. Choi et

al. in [2]. This map is the unifying map generating all kinds of Pythagorean

hodograph curves. For the sake of completeness, we shall summarize the basic

facts and notations from [2].

10



Definition 2.2.1 A map T : C`+(V, Q) → End(C`(V, Q)) is defined by

T (x)(y) = xyx

for x ∈ C`+(V,Q) and y ∈ C`(V, Q). Here, End(C`(V, Q)) denotes the set of

all endomorphisms of C`(V,Q).

Since we actually want End(V ) instead of End(C`(V, Q)) as the image of

T , it is necessary to restrict T to those x such that T (x)(V ) ⊂ V . For this

purpose, we define Λ(V,Q) as follows.

Λ(V,Q) = {x ∈ C`+(V,Q)|T (x)(v) ∈ V for any v ∈ V }.

Then, the PH representation map can be defined.

Definition 2.2.2 For a fixed unit vector a in V , the PH representation map

Ta : Λ(V, Q) → V is defined by

Ta(x) = T (x)(a) = xax

for any x ∈ Λ(V, Q). We call a the base (vector) of the PH representation

map Ta.

Moreover, by fixing x, we can define Rx map from V to V through T map.

Definition 2.2.3 For a fixed x ∈ Λ(V, Q), Rx map is defined by

Rx(v) = Tv(x) = xvx

for any v ∈ V .

Now, we define the PH representation map on the ring of polynomial func-

tions and the ring of rational functions. Let V [t] be the ring of polynomial

functions on V , in other words,

V [t] = {γ : R→ V | Each coordinate function of γ(t) is a polynomial.}.

11



Similarly, V (t) denotes the ring of rational functions on V . Also, Λ(V, Q)[t]

and Λ(V, Q)(t) are defined as the ring of polynomial functions on Λ(V,Q)

and the ring of rational functions on Λ(V,Q) respectively. For the brevity

of notation, we shall use Λ[t] and Λ(t) instead of Λ(V, Q)[t] and Λ(V, Q)(t)

respectively in the case of no confusion. Then Ta naturally induces a map

Ta : Λ(V, Q)[t] → V [t].

Definition 2.2.4 Ta : Λ(V,Q)[t] → V [t] is defined by

Ta(x(t)) = T (x(t))(a) = x(t)ax(t)

for each t ∈ R.

Similarly, Ta : Λ(V,Q)(t) → Λ(V, Q)(t) is defined through T . Finally, we

define Rx(t) for x(t) ∈ Λ(V,Q)[t] or x(t) ∈ Λ(V, Q)(t).

Definition 2.2.5 For x(t) ∈ Λ(V,Q)[t] or Λ(V,Q)(t), Rx(t) is defined by

Rx(t)(v) = x(t)vx(t)

for any v ∈ V and for each t ∈ R.

Now, we define Pythagorean hodograph (PH) curve in (V, Q) for a fixed

base vector a.

Definition 2.2.6 Any curve γ(t) ∈ V [t] satisfying

γ′(t) = Ta(x(t))

for some x(t) ∈ Λ(V, Q)[t] is called a Pythagorean hodograph (PH) curve in

(V,Q).

Note that if we are given x(t) ∈ Λ(V, Q)[t], we can define γ(t) ∈ V [t] by

γ′(t) = Ta(x(t))

up to rigid motion in O(V, Q). The base vector a would be properly chosen

from the orthonormal basis vectors of V in the subsequent section.
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2.3 Some examples

For the discussions in subsequent sections, some examples of Clifford algebra

and PH representation map are presented here, which are primarily based on

[2].

2.3.1 C`(2) : the Clifford algebra over R2

In this example, we consider C`(2) = C`(R2, Q), where Q(v) = |v|2.
Let {e1, e2} denote the standard orthonormal basis of R2. Then, the Clif-

ford algebra C`(2) is generated by this basis {e1, e2} with following relations:

e2
k = −1 for k = 1, 2 and e1e2 + e2e1 = 0.

Then, C`(2) is an algebra over R of dimension 4. {1, e1, e2, e12} is a basis of

C`(2), where e12 denotes e1e2. So, any element x ∈ C`(2) can be expressed as

x = x0 + x1e1 + x2e2 + x3e12 for xk ∈ R (k = 0, · · · , 3). Moreover, the Clifford

algebra C`(2) is decomposed as

C`(2) = C`0(2)⊕ C`1(2)⊕ C`2(2),

where C`0(2) = R, C`1(2) = spanR{e1, e2}, and C`2(2) = Re12. So, C`+(2) =

C`0(2) ⊕ C`2(2) = spanR{1, e12}, and C`+(2) is isomorphic to the complex

number field C. Now we calculate the main involution, reversion on C`(2).

Let x = x0 + x1e1 + x2e2 + x3e12 for xk ∈ R (k = 0, · · · , 3). Then, the main

involution and reversion are given by

α(x) = x0 − x1e1 − x2e2 + x3e12,

xt = x0 + x1e1 + x2e2 − x3e12.

So, the conjugation and the norm are given by

x = x0 − x1e1 − x2e2 − x3e12,

N(x) = x2
0 + x2

1 + x2
2 + x2

3.
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Now, we consider T map. Let x = p + qe12 ∈ C`+(2). Then, T (x) is

calculated as follows.

T (x)(e1) = (p + qe12)e1(p− qe12) = (p2 − q2)e1 + (2pq)e2,

T (x)(e2) = (p + qe12)e2(p− qe12) = (−2pq)e1 + (p2 − q2)e2.

Therefore, T (x)(R2) ⊂ R2 and Λ(2) = C`+(2). By this fact, the PH represen-

tation map Te1 is defined on C`+(2).

Suppose x(t) ∈ Λ(2)[t] = C`+(2)[t]. Then, x(t) is represented as

x(t) = p(t) + q(t)e12

for some p(t), q(t) ∈ R[t]. By Te1 , we can define a curve γ(t) = (x(t), y(t)) ∈ R2

by the relation

Te1(x(t)) = x′(t)e1 + y′(t)e2.

In other words,

x′(t) = p(t)2 − q(t)2,

y′(t) = 2p(t)q(t).

So, this relation can be viewed as the complex conformal map z 7→ z2 from C

into C for a polynomial z(t) = p(t)+iq(t). By this relation, γ(t) is well-defined

up to a rigid motion of R2. Then, γ(t) satisfies

x′(t)2 + y′(t)2 = σ(t)2,

where σ(t) = N(x(t)) = p(t)2 + q(t)2. So, γ(t) is a Pythagorean hodograph

curve in R2. In summary, Te1 gives a Pythagorean hodograph curve for any

x(t) ∈ C`+(2). Moreover, the converse of this holds. The proof of Theorem

2.3.1 can be found in [2].

Theorem 2.3.1 Let γ(t) = (x(t), y(t)) be a polynomial curve in R2 satisfying

x′(t)2 + y′(t)2 = σ(t)2

14



for some polynomial σ(t). If x′(t) and y′(t) have no common factor, there exists

a polynomial curve x(t) = p(t)+q(t)e12 ∈ C`+(2)[t] such that γ′(t) = Te1(x(t)).

Theorem 2.3.1 can be equivalently stated as that for a curve γ(t) ∈ C[t] satisfy-

ing the condition of Theorem 2.3.1, there exists a polynomial curve z(t) ∈ C[t]

such that γ′(t) = z(t)2, where C[t] denotes the ring of polynomial functions in

C. This viewpoint can be found in [6].

2.3.2 C`(3): the Clifford algebra over R3

Let us now look at the Clifford algebra C`(3) = C`(R3, Q) with the quadratic

form Q(v) = |v|2, v ∈ R3.

As in the previous subsection, let {e1, e2, e3} be the standard basis of R3.

Then, C`(3) is of degree 8 and has a basis

{1, e1, e2, e3, e23, e31, e12, e123}.

Here, e23 denotes e2e3, and e123 denotes e1e2e3, and so on. So, the even

Clifford algebra C`+(3) has a basis

{1, e23, e31, e12}.

Since e2
23 = e2

31 = e2
12 = −1 and

e23e31 = e12 = −e23e31

e31e12 = e23 = −e31e12

e12e23 = e31 = −e12e23,

the even Clifford algebra C`+(3) is isomorphic to the quaternion algebra H. So,

we use another names i, j, k for e23, e31, e12 respectively with the quaternion

algebra in mind.
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For an element x = p0 + p1i + p2j + p3k ∈ C`+(3), the conjugation and the

norm are computed as

x = p0 − p1i− p2j− p3k

N(x) = p2
0 + p2

1 + p2
2 + p2

3.

In this case, we take e3 as the base vector for PH representation map,

i.e., PH representation map is given by Te3 : Λ(3) → R3. Since, for x =

p0 + p1i + p2j + p3k, Te3(x) is computed as

Te3(x) = xe3x

= (p0 + p1i + p2j + p3k)e3(p0 − p1i− p2j− p3k)

= (2p0p2 + 2p1p3)e1 + (−2p0p1 + 2p2p3)e2 + (p2
0 − p2

1 − p2
2 + p2

3)e3,

Te3(x) ∈ R3. By this fact we conclude that Λ(3) = C`+(3).

Now, let x(t) ∈ Λ(3)[t] = C`+(3)[t]. For this x(t), we can define a curve

γ(t) = (x(t), y(t), z(t)) ∈ R3[t] by the relation,

γ′(t) = Te3(x(t)) = x(t)e3x(t).

Then,

x′(t)2 + y′(t)2 + z′(t)2 = |γ′(t)|2

= −γ′(t)γ′(t)

= −x(t)e3x(t)x(t)e3x(t)

= N(x(t))2.

Since N(x(t)) is a polynomial, γ(t) is a Pythagorean hodograph curve in R3.

That means for any x(t) ∈ C`+(3), Te3 map defines a PH curve. The converse

of this is also true, which was proved by H.I. Choi et al. [2].

Theorem 2.3.2 Let γ(t) = (x(t), y(t), z(t)) be a polynomial curve such that

x′(t), y′(t), and z′(t) have no common factors. If γ(t) satisfies

x′(t)2 + y′(t)2 + z′(t)2 = σ(t)2
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for some polynomial σ(t), then there exists x(t) ∈ C`+(3)[t] such that γ′(t) =

Te3(x(t)).

2.3.3 C`(3, 1): the Clifford algebra over R3,1

Here, we study the Clifford algebra C`(3, 1) over the Minkowski space R3,1. In

this Clifford algebra, the quadratic form Q(v) is given by

Q(v) = v2
1 + v2

2 + v2
3 − v2

4

for v = (v1, v2, v3, v4) ∈ R3,1.

The Clifford algebra C`(3, 1) is of degree 16, and the even Clifford algebra

C`+(3, 1) is of degree 8. If we let {e1, e2, e3, e4} be the standard basis of R3,1,

the even Clifford algebra C`+(3, 1) has a basis

{1, e23, e31, e12, e14, e24, e34, e1234}.

Let us introduce the Minkowski version of the biquaternion notation for

C`+(3, 1). If we write e23 = i, e31 = j, e12 = k and e1234 = ω, then the

elements 1, i, j,k are basis of the quaternion algebra H. So, any element x in

C`+(3, 1) can be written as

x = p + ωq

= p0 + p1i + p2j + p3k + ω(q0 + q1i + q2j + q3k).

Then, for x = p + ωq ∈ C`+(3, 1), the conjugation x and the norm N(x)

are given by

x = p + ωq,

N(x) = (p + ωq)(p + ωq)

= (|p|2 − |q|2) + ω(pq + qp).

As the equation shows, the norm of x has not only a scalar term, but also

a pseudo–scalar term. Let ω be called a pseudoscalar. Since ωek = −ekω
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for k = 0, · · · , 3, it follows that ω commutes with every element of the even

Clifford algebra. And ω2 = −1.

With the base vector e1, the PH representation map in R3,1 is given by

Te1(x) = xe1x

= (p + ωq)e1(p + ωq) (2.1)

= (p2
0 + p2

1 − p2
2 − p2

3 + q2
0 + q2

1 − q2
2 − q2

3)e1

+2(p1p2 + p0p3 + q1q2 + q0q3)e2

+2(p1p3 − p0p2 + q1q3 − q0q2)e3

+2(p1q0 − p0q1 + p2q3 − p3q2)e4.

The domain of the PH representation map Te1 , i.e., Λ(3, 1) is given by the

following Proposition (see [2] for the proof of this Proposition).

Proposition 2.3.3 For any x ∈ C`+(3, 1) and v ∈ R3,1, T (x)(v) ∈ R3,1. So,

Λ(3, 1) = C`+(3, 1).

The Rx has the following nice conformal property, which we use heavily in

Chapter 5.

Proposition 2.3.4 For any x ∈ C`+(3, 1), Rx acts on R3,1 as a linear trans-

form in R+ × SO(3, 1). That is, Rx consists of a special orthogonal transform

and a magnification. And the magnification factor is
√

f1(x)2 + f2(x)2, where

N(x) = f1(x) + ωf2(x) with f1(x), f2(x) ∈ R. More specifically, we have

〈Rx(a), Rx(b)〉R3,1 = (f 2
1 + f 2

2 )〈a, b〉R3,1

for vectors a, b in R3,1.
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Proof. We can prove this by direct calculations:

2〈Rx(a), Rx(b)〉R3,1 = −Rx(a)Rx(b)−Rx(b)Rx(a)

= −xaxxbx− xbxxax

= −xa(f1 + ωf2)bx− xb(f1 + ωf2)ax

= −x(f1 − ωf2)abx− x(f1 − ωf2)bax

= x(f1 − ωf2)(−ab− ba)x

= x(f1 − ωf2)2〈a, b〉R3,1x

= 2x(f1 − ωf2)x〈a, b〉R3,1

= 2(f1 − ωf2)xx〈a, b〉R3,1

= 2(f1 − ωf2)(f1 + ωf2)〈a, b〉R3,1

= 2(f 2
1 + f 2

2 )〈a, b〉R3,1 .

¤

So, Rx map preserves the orthogonality in R3,1.

Finally, let us note the following existence theorem of which proof is given

in [2]. This Theorem is the fundamental basis of the discussion in Chapter 5.

Theorem 2.3.5 Let γ(t) = (x(t), y(t), z(t), r(t)) be a spacelike rational (or

polynomial) curve in the four dimensional Minkowski space R3,1, i.e.,

x′(t)2 + y′(t)2 + z′(t)2 − r′(t)2 > 0.

Then there exists a rational (or polynomial) x(t) ∈ C`+(3, 1) such that γ′(t) =

x(t)e1x(t).
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Chapter 3

Topological Selection Problem

of Hermite Interpolants of

Planar Quintic Pythagorean

Hodograph Curves

For a given first-order planar Hermite data (two end points and two end deriva-

tives in R2), the interpolating problem by quintic PH curves has generally four

distinct solution curves. Among the four solution curves, usually only one

curve has a “nice” shape in the sense that it is most suitable in practice. By

human eyes, it is kind of simple problem to select such nice solution. How-

ever, usually the interpolation problem occurs with more than one curve to

interpolate. Suppose we have to find an interpolant spline consisting of 10

quintic PH curves, then there are 410 choices of the interpolant splines. In

such a case it is almost impossible to select the best interpolant manually. So,

in practice it is critical issue to find the best solution curve by a deterministic

algorithm. Related to this issue, R.T. Farouki and C.A. Neff [4], and H.P.

Moon, R.T. Farouki, and H.I. Choi [12] gave some algorithms. However, there
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is no complete solution since they suggested algorithms that only work for

some restricted configurations, not for all configurations of Hermite data.

In this chapter, we shall give a complete algorithm which can be applied

for any configuration of Hermite data. This algorithm is primarily based on

the comparison between the popularly used unique cubic Bézier interpolant

and each possible quintic PH interpolant. The basic idea is to find the quintic

PH interpolant which is topologically closest to the unique cubic interpolant.

In this comparison, the topological degree (i.e., the winding number) appears

to be the most important criterion to select the best one. To get into more

detail, we consider the closed curve which consists of the hodograph curve of

the unique cubic interpolant and the hodograph of a quintic PH interpolant.

The winding number of this associated closed curve with respect to the origin

is the basic object of investigation. Therefore, with this device this selection

problem becomes that of finding a quintic PH interpolant which gives zero-

winding number in association of the unique cubic interpolant.

This problem is too complicated to solve in the hodograph space. It turns

out that by being put into the double covering space, this problem is reduced

into an amenable form.

In this selection problem, the most fundamental issue is the existence theo-

rem, which says that given any configuration there always exists a quintic PH

interpolant such that the topological degree of the closed curve consisting of

the hodograph of the cubic interpolant and the hodograph of the quintic PH

interpolant is zero. The proof of this existence theorem is the most important

result in this chapter.

Furthermore, we discovered that there are some configurations of Hermite

data such that there are two quintic PH interpolants which give zero-winding

number in association with the unique cubic interpolant in the above sense.

In such cases, the selection problem remains still undetermined. In this case,
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the basic principle to be applied is that the solution curve (i.e., the selected

interpolant) should be changed continuously as the Hermite data varies. By

applying this principle, we discovered that the set of quintic interpolants forms

a Riemann surface. This phenomenon forces us to take a branch cut, and by

taking a branch cut, this selection problem is completely solved.

3.1 Planar Pythagorean Hodograph Curve

In this chapter, we shall use the complex representation for planar curves, and

Pythagorean hodograph (PH) curves as in [6, 4, 12]. In this representation, a

planar curve is represented by a complex-valued function γ(t) = x(t) + iy(t),

where x(t) and y(t) are real-valued functions, and the parameter t is real.

A polynomial curve γ(t) ∈ C[t] is called a planar PH curve if γ(t) satisfies

Pythagorean equation

|γ′(t)|2 = x′(t)2 + y′(t)2 = σ(t)2

for some real polynomial σ(t) ∈ R[t].

R.T. Farouki [6], and H.I. Choi et al. [2] showed that any planar PH

curve is given by squaring some planar curve. More exactly, this fact can be

expressed as the following theorem.

Theorem 3.1.1 A planar polynomial curve γ(t) ∈ C[t] is a Pythagorean hodo-

graph curve if and only if

γ′(t) = w(t)x(t)2

for some planar polynomial curve x(t) ∈ C[t] and some polynomial w(t) ∈ R[t].

We call γ(t) is primitive if x′(t) and y′(t) have no common factors. This

primitive PH curve is obtained by setting w(t) ≡ 1 in Theorem 3.1.1. In other

words, a primitive PH curve γ(t) is given by the relation,

γ′(t) = x(t)2 (3.1)
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for some polynomial curve x(t) ∈ C[t]. So, every primitive PH curve is of

odd-degree.

In this chapter, we shall study Hermite interpolation problem by a planar

quintic PH curve which is given by Theorem 3.1.1 with w(t) ≡ 1 and a qua-

dratic polynomial curve x(t) ∈ C[t]. We shall use the terminology of a quintic

PH curve only for this case.

3.2 Hermite Interpolation By Planar Quintic

Pythagorean Hodograph Curves

The problem of Hermite interpolation by a quintic PH curve is that of finding

a planar quintic PH curve γ(t) ∈ C[t] such that

γ(0) = p0, γ(1) = p1, γ
′(0) = a, γ′(1) = b (3.2)

for a given first-order Hermite data, p0, p1, a, b ∈ C. Since a quintic PH curve

is given by Equation (3.1), γ(t) can be represented as

γ(t) = p0 +

∫ t

0

x(s)2ds

for some quadratic polynomial curve x(t) ∈ C[t]. So, if we set d = p1 − p0,

then this hermite interpolation problem is equivalent to the problem of finding

a quadratic curve x(t) ∈ C[t] such that
∫ 1

0

x(t)2dt = d,x(0)2 = a,x(1)2 = b. (3.3)

Generally, there are four distinct solutions of the above problem. This fact

is easily deduced by simple calculation as follows. First, let us look at the

equation

x(0)2 = a.

Since this is a quadratic equation, for a given a ∈ C, there are two possible

values of x(0). Similarly, there are two possible values of x(1). Therefore, there
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are all four possible pairs of (x(0),x(1)). Let (α, β) be one of four possible

pairs of (x(0),x(1)), i.e., α2 = a, β2 = b. Then, for this fixed pair (α, β), x(t)

is expressed as

x(t) = α(1− t)2 + z2(1− t)t + βt2

for some z ∈ C. In order that this x(t) may satisfy Equation (3.3), z must

satisfy

(z +
3

4
(α + β))2 =

5

4
(6d− α2 − β2 +

1

4
(α + β)2). (3.4)

This equation is deduced from the condition that

∫ 1

0

x(t)dt = d as follows.

Since

d =

∫ 1

0

x(t)2dt

=

∫ 1

0

α2(1− t)4 + 4αz(1− t)3t + (2αβ + 4z2)(1− t)2t2

+ 4βz(1− t)t3 + β2t4dt

=
1

5
(α2 + αz +

1

3
αβ +

2

3
z2 + βz + β2),

we get

z2 +
3

2
(α + β)z =

3

2
(5d− α2 − β2 − 1

3
αβ).

So,

(z +
3

4
(α + β))2 =

3

2
(5d− α2 − β2 − 1

3
αβ) +

9

16
(α + β)2

=
15

2
d− 5

4
(α2 + β2)− 1

4
(α + β)2 +

9

16
(α + β)2

=
15

2
d− 5

4
(α2 + β2) +

5

16
(α + β)2

=
5

4
(6d− α2 − β2 +

1

4
(α + β)2).

Since Equation (3.4) is a quadratic equation of z for fixed α, β, there are

two solutions z of Equation (3.4). Therefore, there exist two quadratic x(t)

satisfying Equation (3.3) for each pair of (x(0),x(1)). By this fact, there are 8
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possible quadratic x(t). However, there are generally just four distinct x(t)2.

This fact follows from the below argument.

Let (α, β) be one of four possible pairs of (x(0),x(1)). Then, all four

possible pairs of (x(0),x(1)) are (α, β), (α,−β), (−α, β), (−α,−β). Suppose

{z1, z2} is the solution set of z of Equation (3.4) for the pair (α, β). Now, let

us consider another pair (−α,−β) of (x(0),x(1)). For this pair (−α,−β), z

must satisfy

(z − 3

4
(α + β))2 =

5

4
(6d− α2 − β2 +

1

4
(α + β)2). (3.5)

in order for x(t) = −α(1 − t)2 + z2(1 − t)t − βt2 to satisfy Equation (3.3).

The above Equation (3.5) is obtained from Equation (3.4) by substituting −α

for α, and −β for β. Then, {−z1,−z2} is the solution set of z of Equation

(3.5). Thus, the solution curves x(t) obtained from (α, β) are the same as

those obtained from (−α,−β) except only the sign. Since x(t)2 = (−x(t))2,

(α, β) and (−α,−β) give the same hodographs of same quintic PH curves.

In terms of x(t), the above argument can be restated as followings. Sup-

pose two quadratic polynomial curves x1(t),x2(t) ∈ C[t] are the solutions of

Equation (3.3) with

xk(0) = α,xk(1) = β (k = 1, 2)

(i.e., x1(t) and x2(t) are solution curves for the pair (α, β) ), then x1(t)
2 and

x2(t)
2 give the hodographs of quintic PH curves for the pair (α, β). In this

setting, −x1(t), −x2(t) are two solutions of Equation (3.3) with

−xk(0) = −α,−xk(1) = −β (k = 1, 2)

(i.e., −x1(t), −x2(t) are solution curves for the pair (−α,−β)). So, (−x1(t))
2

and (−x2(t))
2 give the hodograph of quintic PH curves for the pair (−α,−β).

This means that the quintic PH curves found from the pair (α, β) are the same

as those found from the pair (−α,−β).
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Exactly same argument can be applied for the pair (−α, β) and the pair

(α,−β). By this fact, there are generally four distinct quintic PH curves

satisfying Equation (3.2) for a given first-order Hermite data, p0, p1, a, b ∈ C.

Example 3.2.1

For p0 = 0, p1 = 2, a = 1+i, b = 1−i, Figure 3.1 shows eight cases of quadratic

x(t), Figure 3.2 shows four cases of quartic x(t)2, and Figure 3.3 shows four

quintic PH interpolants. Figure 3.4 shows all four quintic PH interpolants

together.
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Figure 3.1: Eight cases of x(t)

3.3 Topological Perspective

Since there are generally four distinct quintic PH interpolants for a given first-

order Hermite data, we need to select the best interpolant among four inter-

polants. One reasonable approach to this problem is to select the interpolant

closest to the unique cubic interpolant for the same Hermite data. In other
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Figure 3.2: Four cases of x(t)2
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Figure 3.3: Four quintic PH interpolants

words, we take the cubic interpolant curve as the reference curve in selecting

the best quintic PH interpolant. For a given Hermite data, p0, p1, a, b ∈ C, the

unique cubic interpolant r(t) is given by
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Figure 3.4: Four quintic PH interpolants

r(t) = p0 +

∫ t

0

r′(s)ds,

where

r′(s) = a(1− s)2 + (3d− a− b)2(1− s)s + bs2

with d = p1 − p0. This fact can be easily verified since

∫ 1

0

a(1− t)2 + (3d− a− b)2(1− t)t + bt2dt =
1

3
a +

1

3
(3d− a− b) +

1

3
b

= d.

In the comparison of a quintic PH interpolant γ(t) to r(t), our scheme is

to select a quintic PH interpolant that has a topological behavior as close as

to that of r(t). That means the closed curve formed by the PH curve γ(t) and

the cubic Bézier curve r(t) must have zero angle variation as a closed curve.

In other words, the closed curve consisting of the hodograph curve of the PH

interpolant, and the hodograph curve of the cubic Bézier curve must have zero

winding number with respect to the origin. For this purpose, we define the

angle variation of a continuous curve in C, and the winding number of a closed

curve in C.
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Definition 3.3.1 Let X(t) = x(t) + iy(t) be a complex-valued, continuous

parametric curve for t ∈ [t0, t1]. If X(t) 6= 0 for any t ∈ [t0, t1], there exist

continuous real-valued functions r(t), θ(t) such that

X(t) = r(t) exp iθ(t).

For such X(t), the angle variation ∆θX of X is defined by

∆θX = θ(t1)− θ(t0).

Remark 3.3.2 If X(t) satisfies the condition of the above definition, so does

X(t)2. If X(t) is represented as

X(t) = r(t) exp iθ(t),

then X(t)2 can be written as

X(t)2 = r(t)2 exp i2θ(t).

Since 2θ(t) is continuous, the angle variation of X2 can be calculated as

∆θX2 = 2θ(t1)− 2θ(t0) = 2∆θX .

Definition 3.3.3 Let X(t) = x(t) + iy(t) be a complex-valued, continuous

parametric curve for t ∈ [t0, t1]. Suppose X(t) 6= 0 for any t ∈ [t0, t1] and

X(t0) = X(t1). For such X(t), the winding number wind(X) of X is defined

by

wind(X) =
1

2π
∆θX .

We are interested in the winding number of the closed curve consisting of

the hodograph of the unique cubic r(t) and the hodograph of a quintic PH in-

terpolant γ(t). So, we need to consider the winding number of the closed curve

consisting of two curves with same end points. Let X1(t), X2(t) be complex-

valued, continuous parametric curves in C− {0} for t ∈ [t0, t1]. Suppose that
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X1(t0) = X2(t0), X1(t1) = X2(t1). Then, we can construct a closed curve

from X1(t) and X2(t) by first traversing along X1(t) with the orientation of

X1(t), and next traversing along X2(t) with the reverse orientation of X2(t).

Let X1 ∗X2 denote the closed curve constructed by such a manner. Note that

in this construction we are not interested in the specific parametrization of

X1 ∗ X2, and that X1 ∗ X2 has a reverse orientation of X2 ∗ X1. Then, the

angle variation of X1 ∗X2 can be calculated by

∆θX1∗X2 = ∆θX1 −∆θX2 .

So, the winding number of X1 ∗X2 is calculated by

wind(X1 ∗X2) =
1

2π
∆θX1∗X2 =

1

2π
(∆θX1 −∆θX2).

Note that ∆θX1∗X2 = −∆θX2∗X1 , and that wind(X1 ∗X2) = −wind(X2 ∗X1).

Returning to the main problem, we are now interested in

wind(r′ ∗ γ′),

where r(t) is the unique cubic Bézier interpolant, and γ(t) is a quintic PH

interpolant. We want to select one quintic PH interpolant such that above

winding number is zero for any given Hermite data. In other words, we want

to prove the existence theorem which says that no matter what Hermite data

we are given, there exists a case of quintic PH interpolant with such zero

winding number.

However, this is too complicated in the hodograph space. So, we need to

settle down this problem in the different environment. The proper environment

is double covering space of the map z 7→ z2 from C into C.

If r′(t) ∈ C is non-zero for any parameter t, there exist continuous s(t) ∈ C
such that

r′(t) = s(t)2.
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With this square root curve s(t) of r′(t), we shall compute the winding number

wind(r′ ∗ γ′) by means of the angle variation of s(t) and that of a quadratic

polynomial curve x(t) which gives a quintic PH interpolant γ(t) by the relation

of

γ′(t) = x(t)2.

With these s(t) and x(t), the winding number wind(r′ ∗ γ′) is given by

wind(r′ ∗ γ′) =
1

2π
(∆θr′ −∆θγ′)

=
1

2π
(2∆θs − 2∆θx) (3.6)

=
1

π
(∆θs −∆θx).

So, we only need to calculate the angle variation of s(t) and that of x(t) in

order to calculate wind(r′ ∗ γ′). From this fact, we need to study the angle

variation of s(t) and that of x(t).

Before we proceed, we need a minor restriction on the Hermite data we

are considering. We will consider only non-degenerate Hermite data since

degenerate cases are not general, and can be dealt with from simple calculation

or from the analytic continuation of non-degenerate cases. So, from now on

we assume that two end derivatives, a and b, are linearly independent over R.

Now, let us go into the problem. We study the angle variation of s(t)

first. Let us fix a square root of a, saying α. Since the line segment La,b(t) =

a(1 − t) + bt is not passing the origin, there exist unique continuous SLa,b(t)

such that

La,b(t) = SLa,b(t)
2, SLa,b(0) = α. (3.7)

Let β be the terminal point of SLa,b(t), i.e., β = SLa,b(1). In the case when

r′(t) is not passing the origin, we will set s(t) as the unique continuous curve

such that

r′(t) = s(t)2, s(0) = α.
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Since s(1)2 = r′(1) = b and β2 = b, s(1) = β or s(1) = −β. This value of s(1)

is depending on the shape of r′(t). In order to know when r′(t) is non-zero,

and to determine the value of s(1), we need basic facts about the quadratic

Bézier curve which is fundamental fact for the proof of the existence theorem.

Theorem 3.3.4 Let Qz1,m,z2(t) be a quadratic Bézier curve,

z1(1− t)2 + m2(1− t)t + z2t
2

for z1,m, z2 ∈ C. Qz1,m,z2(t) = 0 for some t ∈ (0, 1) if and only if m is of the

form of λ1z1 + λ2z2 for negative λ1, λ2 with λ1λ2 = 1
4
.

Proof. If Qz1,m,z2(t) = 0 for some t ∈ (0, 1), then m = −1
2
(1−t

t
z1 + t

1−t
z2).

Set λ1 = −1−t
2t

, λ2 = − t
2(1−t)

. Then, λ1, λ2 are negative, and λ1λ2 = 1
4
.

Conversely, suppose m = λ1z1 +λ2z2 for negative λ1, λ2 with λ1λ2 = 1
4
. Then,

Qz1,m,z2(
1

1−2λ1
) = 0 and 0 < 1

1−2λ1
< 1. ¤

Let us denote the problem set in Theorem 3.3.4 by Hz1,z2 ,

Hz1,z2 = {λ1z1 + λ2z2|λ1 < 0, λ2 < 0, λ1λ2 =
1

4
}. (3.8)

This Hz1,z2 is a hyperbola in general. Theorem 3.3.4 can be simply restated

as that the quadratic Bézier curve is passing the origin if and only the mid-

control point is on the hyperbola which is determined from two end-control

points by Equation (3.8). See Figure 3.5.

By Theorem 3.3.4, r′(t) is not passing the origin if the mid-control point

3d− a− b /∈ Ha,b. From now on, we assume that 3d− a− b /∈ Ha,b, i.e., we will

consider only non-degenerate cases. With this assumption, the square root

curve s(t) of r′(t) is well-defined.

Now, let us think over the condition on which whether s(1) = β or s(1) =

−β is depending. For this purpose, let us define W 0
z1,z2

, W 1
z1,z2

for z1, z2 ∈ C
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Figure 3.5: Hz1,z2

by

W 0
z1,z2

:= {λ1z1 + λ2z2|λ1 < 0, λ2 < 0, λ1λ2 < 1
4
}

∪ {λ1z1 + λ2z2|λ1 ≥ 0 or λ2 ≥ 0},
(3.9)

W 1
z1,z2

:= {λ1z1 + λ2z2|λ1 < 0, λ2 < 0, λ1λ2 > 1
4
}. (3.10)

Simply speaking, in Figure 3.5, W 0
z1,z2

is the right-side region of Hz1,z2 , and

W 1
z1,z2

is the left-side region of Hz1,z2 .

In case z1, z2 are linearly independent, Hz1,z1 , W 0
z1,z2

, and W 1
z1,z2

are pairwise

disjoint and

C = Hz1,z1 ∪W 0
z1,z2

∪W 1
z1,z2

.

To determine the value of s(1), we have to know about the angle variation of

a quadratic Bézier curve and that of the square root curve of a quadratic Bézier

curve. Some facts about these angle variations follow from next theorems.

Theorem 3.3.5 Let Qz1,m,z2(t) = z1(1−t)2+m2(1−t)t+z2t
2 denote the qua-

dratic Bézier curve of which control points are z1,m, z2 ∈ C. Then following
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statements hold.

m ∈ W 0
z1,z2

⇒ Qz1,m,z2(t) ∈ A = {λ1z2 + λ2z2|λ1 > 0 or λ2 > 0},
∀t ∈ (0, 1)

(3.11)

m ∈ W 1
z1,z2

⇒ Qz1,m,z2(t) ∈ B = {λ1z1 + λ2z2|λ1 < 0 or λ2 < 0},
∀t ∈ (0, 1)

(3.12)

Proof. Let us write simply Q(t) for Qz1,m,z2(t) in this proof.

Set m = λ1z1 + λ2z2. Then, Q(t) is expressed as

Q(t) =
(
(1− t)2 + 2λ1(1− t)t

)
z1 +

(
t2 + 2λ2(1− t)t

)
z2.

(i) Let us consider the first statement. Let m ∈ W 0
z1,z2

. Then, we only need

to check the following three cases.

(a) λ1 ≥ 0 : Since (1− t)2 + 2λ1(1− t)t > 0 for t ∈ (0, 1), Q(t) ∈ A for

all t ∈ (0, 1).

(b) λ2 ≥ 0 : Since t2 + 2λ2(1 − t)t > 0 for t ∈ (0, 1), Q(t) ∈ A for all

t ∈ (0, 1).

(c) λ1 < 0, λ2 < 0, 4λ1λ2 < 1 :

First note that

0 <
−2λ2

1− 2λ2

<
1

1− 2λ1

< 1.

This is clear from the following inequality.

1

1− 2λ1

− −2λ2

1− 2λ2

=
(1− 2λ2) + 2λ2(1− 2λ1)

(1− 2λ1)(1− 2λ2)

=
1− 4λ1λ2

(1− 2λ1)(1− 2λ2)

> 0.

If 0 < t < 1
1−2λ1

, then

(1− t)2 + 2λ1(1− t)t = (1− t)(1− t + 2λ2t)

= (1− t)(1− (1− 2λ2)t)

> 0.
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If −2λ2

1−2λ2
< t < 1 , then

t2 + 2λ2(1− t)t = t(t + 2λ2(1− t))

= t((1− 2λ2)t + 2λ2)

> 0.

Since (0, 1
1−2λ1

) ∪ ( −2λ2

1−2λ2
, 1) = (0, 1), Q(t) ∈ A for all (0, 1).

(ii) For the second statement, let m ∈ W 1
z1,z2

. Then, λ1 < 0, λ2 < 0,

4λ1λ2 > 1. So, by similar calculations, we get inequalities

0 <
1

1− 2λ1

<
−2λ2

1− 2λ2

< 1.

If t ∈ ( 1
1−2λ1

, 1), then

(1− t)2 + 2λ1(1− t)t = (1− t)(1− t + 2λ1t)

= (1− t)(1− (1− 2λ1)t)

< 0.

If t ∈ (0, −2λ2

1−2λ2
), then

t2 + 2λ2(1− t)t = t(t + 2λ2(1− t))

= t((1− 2λ2)t + 2λ2)

< 0.

Since (0, −2λ2

1−2λ2
) ∪ ( 1

1−2λ1
, 1) = (0, 1), Q(t) ∈ B for all t ∈ (0, 1).

¤

Now, we shall calculate the angle variation of a quadratic Bézier curve and

a line segment from above theorem. For the calculation, let Logz denote the

principal branch of log z such that −π < Logz ≤ π. First, we shall calculate

the angle variation of a line segment.
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Lemma 3.3.6 For two complex numbers z1, z2, let Lz1,z2(t) be the line segment

connecting z1 and z2, z1(1 − t) + z2t. If z1, z2 are linearly independent over

R, then Lz1,z2(t) 6= 0 for t ∈ [0, 1]. The angle variation ∆θL of Lz1,z2(t) for

t ∈ [0, 1] is well-defined, and |∆θL| < π.

Proof. Since z1, z2 are linearly independent over R, and 1 − t and t can

not be zero simultaneously, it is clear that Lz1,z2(t) 6= 0. By taking a proper

rotation R with respect to the origin, we can set R(z1) = r1e
−iθ, R(z2) = r2e

iθ

for some positive r1, r2, and θ ∈ (−π/2, 0)∪ (0, π/2). Since L̃(t) := R(L(t)) =

R(a)(1− t) + R(b)t ∈ D = {x + iy|x > 0, y ∈ R} and Logz is analytic in the

domain D,

∆θL = ∆θL̃ (∵ R(L(t)) = L̃(t))

= Im

∫

L̃

1

z
dz

= Log(L̃(1))− Log(L̃(0)) = 2θ.

Therefore, |∆θL| < π. ¤

Now, we shall calculate the angle variation of a quadratic Bézier curve.

Theorem 3.3.7 Let two complex numbers z1, z2 be linearly independent over

R. If m is not in Hz1,z2, the angle variation ∆θQ of the quadratic Bézier curve,

z1(1 − t)2 + m2(1 − t)t + z2t
2 for t ∈ [0, 1] is well-defined, and |∆θQ| < 2π.

Moreover, the followings hold.

m ∈ W 0
z1,z2

⇒ |∆θQ∗L| = |∆θQ −∆θL| = 0 (3.13)

m ∈ W 1
z1,z2

⇒ |∆θQ∗L| = |∆θQ −∆θL| = 2π (3.14)

Here, ∆θL is the angle variation of Lz1,z2(t) for t ∈ [0, 1].

Proof. First note that since z1, z2 are linearly independent, Hz1,z2 , W 0
z1,z2

,

and W 1
z1,z2

are mutually disjoint. If m /∈ Hz1,z2 , ∆θQ is clearly well-defined by
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Theorem 3.3.4. Without loss of generality we can assume that z1 = r1e
−iθ,

z2 = r2e
iθ for some positive r1, r2, and θ ∈ (−π/2, 0) ∪ (0, π/2). For the

first statement, let us suppose that m ∈ W 0
z1,z2

. By Theorem 3.3.5, Q(t) ∈
A = {λ1z1 + λ2z2|λ1 > 0 or λ2 > 0} for all t ∈ [0, 1]. (Note that clearly

Q(0), Q(1) ∈ A.) Since Logz is analytic in A,

∆θQ = Im

∫

Q

1

z
dz

= Log(Q(1))− Log(Q(0))

= 2θ

= ∆θL.

In this case, |∆θQ| = |∆θL| < π. For the second statement, let us suppose that

m ∈ W 1
z1,z2

. Then, by Theorem 3.3.5 Q(t) ∈ B = {λ1z1 + λ2z2|λ1 < 0 or λ2 <

0} for all t ∈ (0, 1). So, Q(t) ∈ D = C\{x ∈ R|x ≥ 0} for all t ∈ [0, 1]. Let

LogDz be the branch of log z such that 0 < ImLogDz ≤ 2π. Then, LogDz is

analytic in D, and

LogD(Q(1)) =





θ, if θ > 0

θ + 2π, if θ < 0,

LogD(Q(0)) =




−θ + 2π, if θ > 0

−θ, if θ < 0.

So,

∆θQ = Im

∫

Q

1

z
dz

= LogD(Q(1))− LogDQ(0))

=





2θ − 2π, if θ > 0;

2θ + 2π, if θ < 0.

Therefore, |∆θQ −∆θL| = 2π. Moreover, π < |∆θQ| < 2π. ¤

From the above Theorem 3.3.7, we get the following corollary.
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Corollary 3.3.8 Suppose that z1, z2 are linearly independent over R. Then,

clearly Hz1,z2, W 0
z1,z2

, and W 1
z1,z2

are mutually disjoint, and C = Hz1,z2∪W 0
z1,z2

∪
W 1

z1,z2
. Moreover, the followings hold. Let us denote

Qz1,m,z2(t) = z1(1− t)2 + m2(1− t)t + z2t
2,

Lz1,z2(t) = z1(1− t) + z2t.

(i) m ∈ W 0
z1,z2

⇒ wind(Qz1,m,z2 ∗ Lz1,z2) = 0.

(ii) m ∈ W 1
z1,z2

⇒ wind(Qz1,m,z2 ∗ Lz1,z2) = ±1.

Now, we can determine the value of s(1). Since s(t)2 = r′(t) and SLa,b(t)
2 =

La,b(t)
2, we get

∆θr′∗La,b
= ∆θr′ −∆θLa,b

= 2∆θs − 2∆θSLa,b
.

by Remark 3.3.2. If the mid-control point of r′(t), 3d − a − b is in W 0
a,b, by

Theorem 3.3.7

∆θs −∆θSLa,b
=

1

2
∆θr′∗La,b

= 0.

So, it is not possible that s(1) = −SLa,b(1) since s(0) = SLa,b(0). Thus,

s(1) = SLa,b(1) = β.

Similarly, if the mid-control point of r′(t), 3d− a− b is in W 1
a,b,

∆θs −∆θSLa,b
=

1

2
∆θr′∗La,b

= ±π.

So, it is not possible that s(1) = SLa,b(1) since s(0) = SLa,b(0). Thus, s(1) =

−SLa,b(1) = −β.

In summary, we get to the conclusion that

(i) If 3d− a− b ∈ W 0
a,b, then s(1) = SLa,b(1) = β.

(ii) If 3d− a− b ∈ W 1
a,b, then s(1) = −SLa,b(1) = −β.
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Since we know completely about the angle variation of s(t), we shall look

into the quintic PH interpolants from now. For quintic PH interpolants, it suf-

fices to consider only two pairs, (α, β) and (α,−β) for the pair of (x(0),x(1)).

As stated before, there are two quadratic Bézier curves x(t) with x(0) =

α,x(1) = β, and two quadratic Bézier curves x(t) with x(0) = α,x(1) = −β.

So, we only consider four x(t)’s such that

x(0) = s(0).

For these s(t) and x(t), the winding number wind(r′ ∗ γ′) is given by

wind(r′ ∗ γ′) =
1

π
(∆θs −∆θx).

However, since s(t) is non-linear curve, it would be more helpful if s(t) can be

regarded as some line segment. In fact, the following theorem says this fact.

Theorem 3.3.9 For linearly independent complex numbers z1, z2, and m /∈
Hz1,z2, let Q(t) = z1(1 − t)2 + m2(1 − t)t + z2t

2 denote the quadratic Bézier

curve. Let SQ(t) be a square root curve of Q(t). The angle variation ∆θSQ of

SQ(t) for t ∈ [0, 1] is well-defined and ∆θSQ = ∆θQ/2. Let ∆θL denote the

angle variation of L(t) = SQ(0)(1− t) + SQ(1)t. Then, ∆θSQ = ∆θL.

Proof. Clearly for m /∈ Hz1,z2 , ∆θSQ is well-defined since SQ(t) 6= 0 for all

t ∈ [0, 1]. Moreover, since SQ(t)2 = Q(t), it is clear that ∆θSQ = ∆θQ/2. Since

SQ(0) = L(0) and SQ(1) = L(1) with L(t) ∈ C\{0}, |∆θSQ−∆θL| = 2nπ for

some integer n. But, since

|∆θSQ −∆θL| ≤ |∆θSQ|+ |∆θL|
< π + π = 2π,

|∆θSQ −∆θL| = 0. ¤
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Since we assume that a and b are linearly independent, and 3d−a−b /∈ Ha,b,

∆θs = ∆θLα,s(1)
,

where Lα,s(1)(t) = α(1 − t) + s(1)t. So, the winding number wind(r′ ∗ γ′) is

simply

wind(r′ ∗ γ′) =
1

π
(∆θLα,s(1)

−∆θx). (3.15)

Since we only consider x(t) such that x(0) = α, if x(1) = s(1), then

|∆θLα,s(1)
−∆θx| = 0 or 2π

depending on the mid-control point of x(t) by Theorem 3.3.7. So, the value

of wind(r′ ∗ γ′) is 0 or ±2.

For x(t) such that x(1) = −s(1),

|∆θLα,s(1)
−∆θx| = (2n + 1)π

for some non-negative integer n. However, since

|∆θLα,s(1)
−∆θx| < |∆θLα,s(1)

|+ |∆θx|
< π + 2π = 3π

by Lemma 3.3.6 and Theorem 3.3.7,

|∆θLα,s(1)
−∆θx| = π.

So, wind(r′ ∗ γ′) = ±1.

By the above argument, we now know that the desired quintic PH inter-

polant γ(t) such that wind(r′ ∗ γ′) = 0, can be obtained from only x(t) such

that x(1) = s(1).

For the sake of clearness, we summarize the key facts which are obtained

until now.
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• Assumption:

(i) The initial tangent a and the terminal tangent b are linearly inde-

pendent over R.

(ii) 3d− a− b /∈ Ha,b.

• If 3d−a−b ∈ W 0
a,b, then s(1) = SLa,b(1) = β. In this case, x(t) such that

x(0) = α,x(1) = β is the only possible curve giving wind(r′ ∗ γ′) = 0.

• If 3d−a− b ∈ W 1
a,b, then s(1) = −SLa,b(1) = −β. In this case, x(t) such

that x(0) = α,x(1) = −β is the only possible curve giving wind(r′∗γ′) =

0.

3.4 Existence of Zero-Winding Number Solu-

tions

In this section we will deal with the most important theorem, the existence

theorem. The existence theorem can be phrased as that for any Hermite data,

there exists at least one quintic PH interpolant γ(t) such that wind(r′∗γ′) = 0.

Here, any means that we consider any non-degenerate Hermite data. In more

detail, we assume that a, b are linearly independent over R, and 3d− a− b /∈
Ha,b. However, degenerate cases could be dealt with from the knowledge of

non-degenerate cases.

The existence theorem mainly depends on Lemma 3.4.1. For this lemma,

we shall summarize the work we have done till now. For a given Hermite data,

p0, p1, a, b ∈ C, we are looking for a quintic PH γ(t) interpolant such that

γ(0) = p0, γ(1) = p1, γ
′(0) = a, γ′(1) = b.

This interpolant is given by a quadratic curve x(t) such that

x(0)2 = a,x(1)2 = b,

∫ 1

0

x(t)2dt = d(= p1 − p0).
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First, we fixed a square root α of a. Then, β is determined as β = SLa,b(1),

where La,b(t) = a(1− t) + bt, and SLa,b(t) is given by

SLa,b(t)
2 = La,b(t), SLa,b(0) = α.

We consider only four x(t). Two of them are given by

x(0) = α,x(1) = β.

In this case, x(t) is expressed as

x(t) = α(1− t)2 + z2(1− t)t + βt2

with z satisfying

(z +
3

4
(α + β))2 =

5

4
(6d− α2 − β2 +

1

4
(α + β)2). (3.16)

The other two of them are given by

x(0) = α,x(1) = −β.

In this latter case, x(t) is expressed as

x(t) = α(1− t)2 + z2(1− t)t− βt2

with z satisfying

(z +
3

4
(α− β))2 =

5

4
(6d− α2 − β2 +

1

4
(α− β)2). (3.17)

Since x(t) is a quadratic curve, we can easily compute the winding number

wind(x ∗ Lx(0),x(1))

by using Corollary 3.3.8. Here, Lx(0),x(1) is a line segment given by Lx(0),x(1)(t) =

x(0)(1− t) + x(1)t.
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In the following lemma, we shall look into the relation between the condi-

tion under that at least one x(t) gives wind(x∗Lx(0),x(1)) = 0 and the condition

that determines the value of s(1).

Since the angle variation or the winding number is invariant under the

rotation with respect to the origin, it is enough to consider only standard

configuration as in Lemma 3.4.1.

Standard Configuration

Two end-derivatives a and b are given by

a = r1e
−iθ, b = r2e

iθ. (3.18)

for some positive r1, r2, and θ ∈ (−π/2, 0) ∪ (0, π/2).

In this standard configuration, if we set α =
√

r1e
−iθ/2, and SLa,b(t) is

given by Equation (3.7), then it is clear that the terminal point of SLa,b(t) is

SLa,b(1) =
√

r2e
iθ/2.

Lemma 3.4.1 For positive r1, r2 and 0 < |θ| < π/2, let a = r1e
−iθ, b =

r2e
iθ, α =

√
r1e

−iθ/2, β =
√

r2e
iθ/2. If both of solutions of Equation (3.16) are

in Hα,β ∪W 1
α,β, then 3d− a− b ∈ W 1

a,b. If both of solutions of Equation (3.17)

are in Hα,−β ∪W 1
α,−β, then 3d− a− b ∈ W 0

a,b.

Proof. Suppose both of solutions of Equation (3.16) are in Hα,β ∪W 1
α,β. Let

z + 3
4
(α + β) = ±(λ1α + λ2β). Since all of z are in Hα,β ∪ W 1

α,β, λ1 and λ2

satisfy the following conditions.

λ1 − 3

4
< 0, λ2 − 3

4
< 0, (λ1 − 3

4
)(λ2 − 3

4
) ≥ 1

4
(3.19)

λ1 +
3

4
> 0, λ2 +

3

4
> 0, (λ1 +

3

4
)(λ2 +

3

4
) ≥ 1

4

For a geometric view of this region, see Figure 3.6.
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Figure 3.6: The region of Equation (3.19)

So, −
√

5
4
≤ λk ≤

√
5

4
(k = 1, 2) and − 5

16
≤ λ1λ2 ≤ 1

16
. Since

5

4
(6d− a− b +

1

4
(α + β)2) = (λ1α + λ2β)2,

3d− a− b =
2

5
(λ1α + λ2β)2 − 1

8
(α + β)2 − 1

2
a− 1

2
b

= (
2

5
λ2

1 −
5

8
)a + (

2

5
λ2

2 −
5

8
)b + (

4

5
λ1λ2 − 1

4
)αβ

=

(
2

5
λ2

1 −
5

8
+ (

4

5
λ1λ2 − 1

4
)

1

2 cos θ

√
r2√
r1

)
a

+

(
2

5
λ2

2 −
5

8
+ (

4

5
λ1λ2 − 1

4
)

1

2 cos θ

√
r1√
r2

)
b

Let R =
√

r2√
r1

and

A =
2

5
λ2

1 −
5

8
+ (

4

5
λ1λ2 − 1

4
)

1

2 cos θ
R,

B =
2

5
λ2

2 −
5

8
+ (

4

5
λ1λ2 − 1

4
)

1

2 cos θ

1

R
.

Since 2
5
λ2

k − 5
8
≤ −1

2
(k = 1, 2) and 4

5
λ1λ2 − 1

4
≤ −1

5
, A and B are negative
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numbers. Moreover,

A ≤ −1

2
− 1

5

1

2 cos θ
R < −1

2
− 1

10
R,

B ≤ −1

2
− 1

5

1

2 cos θ

1

R
< −1

2
− 1

10

1

R
.

So,

AB >
1

4
+

1

20
(R +

1

R
) +

1

100
≥ 36

100
.

Since A < 0, B < 0, and AB > 1
4
, therefore 3d− a− b ∈ W 1

a,b.

For the second statement, let z + 3
4
(α − β) = ±(λ̃1α − λ̃2β). Here, we

suppose both of z are in Hα,−β ∪ W 1
α,−β. Thus, λ̃1 and λ̃2 satisfy the same

condition (3.19). By the similar calculation, we get

3d− a− b = Ãa + B̃b,

where

Ã =
2

5
λ̃2

1 −
5

8
− (

4

5
λ̃1λ̃2 − 1

4
)

1

2 cos θ
R,

B̃ =
2

5
λ̃2

2 −
5

8
− (

4

5
λ̃1λ̃2 − 1

4
)

1

2 cos θ

1

R
.

Suppose Ã < 0 and B̃ < 0. If not, it is clear that 3d− a− b ∈ W 0
a,b.

Then, since 4
5
λ̃1λ̃2 − 1

4
≤ −1

5
,

2

5
λ̃2

1 −
5

8
− (

2

5
λ̃1λ̃2 − 1

8
)R < Ã < 0,

2

5
λ̃2

2 −
5

8
− (

2

5
λ̃1λ̃2 − 1

8
)
1

R
< B̃ < 0. (3.20)

For the ease of notation, set

M1 =
5

8
− 2

5
λ̃2

1,

M2 =
5

8
− 2

5
λ̃2

2,

N =
1

8
− 2

5
λ̃1λ̃2.

45



By these M1,M2, and N , Equation (3.20) is rewritten as

−M1 + NR < Ã < 0,

−M2 + N
1

R
< B̃ < 0.

So, M1 > NR and M2 > N 1
R
. By this M1M2 > N2.

Note that 1
2
≤ Mk ≤ 5

8
(k = 1, 2) and 1

10
≤ N ≤ 1

4
. Then,

ÃB̃ < M1M2 −N(
M1

R
+ M2R) + N2

≤ M1M2 − 2N
√

M1M2 + N2

= (
√

M1M2 −N)2.

In addition,

0 <
√

M1M2 −N

≤ 1

2
M1 +

1

2
M2 −N

=
1

2
− 1

5
(λ̃1 − λ̃2)

2

≤ 1

2
.

So, ÃB̃ < 1
4
. Since we suppose Ã < 0 and B̃ < 0, 3d− a− b ∈ W 0

a,b. ¤

Now, we can prove the existence theorem. As in previous section, r(t)

denotes the unique cubic Bézier interpolant. Then, r′(t) is given by

r′(t) = a(1− t)2 + (3d− a− b)2(1− t)t + bt2.

The square root curve s(t) of r′(t) is given by

s(t)2 = r′(t), s(0) = α.

Let us first consider the case that 3d− a− b ∈ W 0
a,b. In this case, s(1) = β.

Then, by Lemma 3.4.1 we know that at least one solution z of Equation (3.16)

is in W 0
α,β. For such z ∈ W 0

α,β, let x(t) denote

x(t) = α(1− t)2 + z2(1− t)t + βt2.
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Since z ∈ W 0
α,β, |∆θx −∆θLα,β

| = 0 by Theorem 3.3.7. Then, from Equation

(3.15) the winding number is computed by

wind(r′ ∗ γ′) =
1

π
(∆θLα,s(1)

−∆θx)

=
1

π
(∆θLα,β

−∆θx)

= 0.

So, there exists a quintic PH interpolant γ such that wind(r′ ∗ γ′) = 0 when

3d− a− b ∈ W 0
a,b.

Now, let us consider the case that 3d−a−b ∈ W 1
a,b. In this case, s(1) = −β.

Then, by Lemma 3.4.1 we know that at least one solution z of Equation (3.17)

is in W 0
α,−β. For such z ∈ W 0

α,−β, let x(t) denote

x(t) = α(1− t)2 + z2(1− t)t− βt2.

Since z ∈ W 0
α,−β, |∆θx−∆θLα,−β

| = 0 by Theorem 3.3.7. Then, from Equation

(3.15) the winding number is computed by

wind(r′ ∗ γ′) =
1

π
(∆θLα,s(1)

−∆θx)

=
1

π
(∆θLα,−β

−∆θx)

= 0.

So, there exists a quintic PH interpolant γ such that wind(r′ ∗ γ′) = 0 when

3d− a− b ∈ W 1
a,b.

So, we can get the existence theorem.

Theorem 3.4.2 For given p0, p1, a, b ∈ C, let r(t) be the unique cubic inter-

polant such that

r(0) = p0, r(1) = p1, r
′(0) = a, r′(1) = b.

If a, b are linearly independent over R and 3(p1−p0)−a−b /∈ Ha,b (i.e., r′(t) is

not passing through the origin), there exists at least one quintic PH interpolant
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γ(t) such that

γ(0) = p0, γ(1) = p1, γ
′(0) = a, γ′(1) = b

with wind(r′ ∗ γ′) = 0.

3.5 Phase Space and Selection Problem

Now, we get the fact that no matter how the initial data is given, there are

generally four quintic PH interpolants of which two interpolants give the wind-

ing number |wind(r′ ∗ γ′)| = 1, of which the other two interpolants give the

winding number |wind(r′ ∗ γ′)| = 0 or 2. Moreover, the existence theorem

says that at least one of latter two interpolants is a good curve, i.e., it gives

wind(r′ ∗ γ′) = 0.

However, in some configurations, there are two quintic PH interpolants

such that wind(r′ ∗γ′) = 0. So, in such configurations, the selection problem is

still undetermined even though the number of possible cases are reduced from

4 to 2.

Speaking in detail, fortunately, if 3d − a − b ∈ W 1
a,b, there exists unique

quintic PH interpolant γ(t) with wind(r′∗γ′) = 0. Unfortunately, if 3d−a−b ∈
W 0

a,b, there may exist two quintic PH interpolant γ(t) with wind(r′ ∗ γ′) = 0.

The first assertion follows from the lemma below.

Lemma 3.5.1 For positive r1, r2 and 0 < |θ| < π/2, let a = r1e
−iθ, b =

r2e
iθ, α =

√
r1e

−iθ/2, β =
√

r2e
iθ/2. If both of solutions of Equation (3.17) are

in Hα,−β ∪W 0
α,−β, then 3d− a− b ∈ W 0

a,b.

Proof. This proof is very similar to that of the second statement in Lemma

3.4.1.

Let z+ 3
4
(α−β) = ±(λ1α−λ2β). We suppose both of z are in Hα,−β∪W 0

α,−β.
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Then, λ1, λ2 satisfy that

|λk| ≥
√

5

4
(k = 1, 2), λ1λ2 ≤ − 5

16
.

If we let R =
√

r2√
r1

, by the similar calculation, we get

3d− a− b = Aa + Bb,

where

A =
2

5
λ2

1 −
5

8
− (

4

5
λ1λ2 − 1

4
)

1

2 cos θ
R,

B =
2

5
λ2

2 −
5

8
− (

4

5
λ1λ2 − 1

4
)

1

2 cos θ

1

R
.

Suppose A < 0 and B < 0. If not, it is clear that 3d− a− b ∈ W 0
a,b.

For the ease of notation, set

M1 =
5

8
− 2

5
λ2

1,

M2 =
5

8
− 2

5
λ2

2,

N =
1

8
− 2

5
λ1λ2.

Since N ≥ 1
4

> 0, we can get inequalities

−M1 + NR < −M1 + NR
1

cos θ
= A < 0,

−M2 + N
1

R
< −M2 + N

1

R cos θ
= B < 0.

So, M1 > NR and M2 > N 1
R
. By this, M1M2 > N2.

Then,

AB < M1M2 −N(
M1

R
+ M2R) + N2

≤ M1M2 − 2N
√

M1M2 + N2

= (
√

M1M2 −N)2.
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In addition,

0 <
√

M1M2 −N

≤ 1

2
M1 +

1

2
M2 −N

=
1

2
− 1

5
(λ1 − λ2)

2

≤ 1

2
.

So, AB < 1
4
. Since we suppose A < 0 and B < 0, 3d− a− b ∈ W 0

a,b. ¤

So, if 3d− a− b ∈ W 1
a,b, at least one of the solutions of Equation (3.17) is

in W 1
α,−β. For such z ∈ W 1

α,−β, let x(t) denote

x(t) = α(1− t)2 + z2(1− t)t− βt2.

Since z ∈ W 1
α,−β, |∆θx−∆θLα,−β

| = 2π by Theorem 3.3.7. Then, from Equation

(3.15) the winding number is computed by

wind(r′ ∗ γ′) =
1

π
(∆θLα,s(1)

−∆θx)

=
1

π
(∆θLα,−β

−∆θx)

= ±2.

With the existence theorem, we get the following fact.

Theorem 3.5.2 For given p0, p1, a, b ∈ C, let r(t) be the unique cubic inter-

polant such that

r(0) = p0, r(1) = p1, r
′(0) = a, r′(1) = b.

If a, b are linearly independent over R and 3(p1 − p0) − a − b ∈ W 1
a,b, there

exists unique quintic PH interpolant γ(t) such that

γ(0) = p0, γ(1) = p1, γ
′(0) = a, γ′(1) = b

with wind(r′ ∗ γ′) = 0.
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Let us now look into the phase space of d. In other words, for fixed a, b, we

want to know that how the number of quintic PH interpolant γ(t) such that

wind(r′ ∗ γ′) = 0 varies depending on values of d. For ease of presentation,

without loss of generality, we assume that the initial tangent and the terminal

tangent are given by a symmetric form as a = r1e
−iθ, b = r2e

iθ for some positive

r1, r2, and θ ∈ (−π/2, 0) ∪ (0, π/2). Let α =
√

r1e
−iθ, β =

√
r2e

iθ.

Since the number of zero-winding number solutions is depending on whether

3d− a− b is in W 0
a,b or W 1

a,b, let us first consider the boundary curve in view

of d. This boundary curve is obtained from the equation

3d− a− b = λ1a + λ2b

with λ1 < 0, λ2 < 0, λ1λ2 = 1
4
. So, the boundary curve is a hyperbola. Let

BHa,b denote this hyperbola,

BHa,b = {1

3
(λ1a + λ2b + a + b)|λ1 < 0, λ2 < 0, λ1λ2 =

1

4
}.

Figure 3.7 shows this hyperbola with a, b. In this Figure, when d is in the

right side of BHa,b, s(1) = β. When d is in the left side of BHa,b, s(1) = −β.

Also, the number of zero-winding number solutions is depending on whether

the solution z of Equation (3.16) is in W 0
α,β or W 1

α,β. So, the boundary curve

of that condition is also critical. Since this boundary condition is that the

solution z is in Hα,β, the boundary curve is given by

BRα,β = { 5

24
(z +

3

4
(α + β))2 +

1

6
α2 +

1

6
β2 − 1

24
(α + β)2|z ∈ Hα,β}.

This equation is just rewritten equation of Equation (3.16) with respect to d.

In Figure 3.7, experiments showed that if d is in the right side of BRα,β, one

solution z of Equation (3.16) is in W 0
α,β and the other solution z of Equation

(3.16) is in W 1
α,β. Also, if d is in the left side of BRα,β, both of solution of

Equation (3.16) is in W 0
α,β. Lastly, if d is in the island of BRα,β, both of

solutions of Equation (3.16) is in W 1
α,β.
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Figure 3.7: Phase space of d

Similarly, the number of zero-winding number solutions is also depending

on whether the solution z of Equation (3.17) is in W 0
α,−β or W 1

α,−β. So, the

boundary curve of that condition is also critical. Since this boundary condition

is that the solution z is in Hα,−β, the boundary curve of this is given by

BBα,−β = { 5

24
(z +

3

4
(α− β))2 +

1

6
α2 +

1

6
β2 − 1

24
(α− β)2|z ∈ Hα,−β}.

This equation is just rewritten equation of Equation (3.17) with respect to d.

In Figure 3.7, experiments showed that if d is in the left side of BBα,−β, one

solution z of Equation (3.17) is in W 0
α,−β and the other solution z of Equation

(3.17) is in W 1
α,−β. Also, if d is in the right side of BRα,−β, both of solution

of Equation (3.17) is in W 0
α,−β. Lastly, if d is in the island of BBα,−β, both of

solution of Equation (3.17) is in W 1
α,−β.

So, as the existence theorem says there exist a quintic PH interpolant γ(t)
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such that wind(r′ ∗ γ′) = 0 no matter what value d takes except values on

BHa,b. Also, except the region which is in left side of BRα,β and in right side

of the hyperbola BHa,b, there exists unique quintic PH interpolant γ(t) such

that wind(r′ ∗ γ′) = 0.

3.6 Analytic Continuation and Riemann Sur-

face of Solutions

Until now, we have some great results on the selection problem of a quintic

PH interpolant. However, there still is an ambiguity in selecting the best

quintic PH interpolant for some configurations of Hermite data. To resolve

this ambiguity, we shall employ the concept of analytic continuation of solution

curves.

As in Figure 3.7, the bad domain where there exists two zero-winding num-

ber solutions is contact to the good domain where there exists unique zero-

winding number solution. So, on slightly varying the value of d from the bad

domain to the good domain, one solution curve in the bad domain remains

still good curve in the good domain, but the other solution curve in the bad

domain turns into a bad curve. By this observation, we can select the best

quintic PH interpolant even in the bad domain. In other words, in the bad

domain we can select one solution curve which is analytically continued from

the solution curve in the nearby good domain.

This approach is reasonable since it is preferable that the selected curve

should be smoothly changed with respect to the change of d, i.e., the change of

Hermite data. However, this concept should be applied locally since quintic PH

interpolants constitutes a Riemann surface. Namely, as we vary any one of the

initial data, say, γ′(0), γ′(1), or γ(1)−γ(0), each of four quintic PH interpolants

changes analytically depending on the initial data, and in particular as we wind
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the initial data around the suitable center once (not necessarily with respect

to the complex number 0), each of solution flips to the other one, and when

the initial data is wound around the center once more, the solution curve

flips again so that the original branch is recovered. In other words, for a given

Hermite data, the best solution can be analytically changed into a bad solution

on varying the Hermite data if we change the Hermite data too much.

This discovery of “Riemann surface” of solutions implies that there is no

natural choice of the solution curve that depends analytically on the change

of the initial data. So, one must branch-cut the complex plane on some place.

This justification of branch-cut gives us the complete algorithm to find the

best quintic PH interpolant. By taking the proper branch-cut, the selection

problem is completely resolved.
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Chapter 4

Geometric Study of Space

Quintic Pythagorean

Hodograph Curves

4.1 Space Pythagorean Hodograph Curves

A polynomial space curve γ(t) = (x(t), y(t), z(t)) ∈ R3[t] is called a Pythago-

rean Hodograph (PH) curve if γ(t) satisfies Pythagorean condition,

x′(t)2 + y′(t)2 + z′(t)2 = σ(t)2 (4.1)

for some real polynomial σ(t) ∈ R[t].

By using the Clifford algebra formalism, H.I. Choi et al. [2] showed that

any space PH curve is given as an image of Te3(x(t)) for some polynomial

curve x(t) ∈ C`+(3)[t].

Theorem 4.1.1 A polynomial space curve γ(t) = (x(t), y(t), z(t)) is a space

PH curve if and only if γ(t) satisfies

γ′(t) = w(t)Te3(x(t)) = w(t)x(t)e3x(t)
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for some x(t) ∈ C`+(3)[t] and some real polynomial w(t) ∈ R[t].

As in the case of planar PH curves, we are mainly interested in the case

where w(t) ≡ 1 in Theorem 4.1.1. So, we shall call γ(t) a space quintic PH

curve if the curve γ(t) is given by

γ′(t) = Te3(x(t)) = x(t)e3x(t)

for some quadratic curve x(t) ∈ C`+(3)[t].

4.2 Hermite Interpolation By Space Quintic

Pythagorean Hodograph Curves

For a given first-order Hermite data, p0, p1, a, b ∈ R3, we are looking for the

space quintic PH curve γ(t) such that

γ(0) = p0, γ(1) = p1, γ
′(0) = a, γ′(1) = b

as in the case of planar quintic PH curves. With d = p1 − p0, this problem is

equivalent to finding the quadratic curve x(t) ∈ C`+(3)[t] satisfying

∫ 1

0

Te3(x(t))dt = d, Te3(x(0)) = a, Te3(x(1)) = b. (4.2)

The formulation is very similar to the case of planar quintic PH curves.

However, the number of PH interpolants is extremely different. For a planar

Hermite data, there are just 4 possibilities, but there are infinitely many pos-

sibilities for a space Hermite data. Simply speaking, there are two parameter

family of interpolants in this space case.

To get a space quintic PH interpolant, first we should pick up x0 such

that x0e3x0 = a for a given a ∈ R3. In contrast to the planar case, there

are infinitely many solutions for this equation. In order to know how many
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solutions exist, let us first consider the isotropy subgroup T−1
e3

(e3). Let U

denote this group,

U = {u ∈ C`+(3)|ue3u = e3}.

This isotropy subgroup can be represented by

U = {cos θ + sin θe12|θ ∈ R}.

This follows from the next lemma.

Lemma 4.2.1 u ∈ C`+(3) is in the isotropy subgroup T−1
e3

(e3) if and only if

u = cos θ + sin θe12 for some θ ∈ R.

Proof. Let us denote u = p0 + p1e23 + p2e31 + p3e12. By direct calculation,

Te3(u) = ue3u

= (2p0p2 + 2p1p3)e1 + (−2p0p1 + 2p2p3)e2 + (p2
0 − p2

1 − p2
2 + p2

3)e3.

So, u ∈ T−1
e3

(e3) if and only if

p0p2 + p1p3 = −p0p1 + p2p3 = 0, p2
0 − p2

1 − p2
2 + p2

3 = 1. (4.3)

So, we only have to solve the above equations.

Suppose p1 6= 0. Then, from the first two equations above, we get

p3 = −p2

p1

p0, p0 =
p2

p1

p3.

Therefore, p3 = −(p2

p1
)2p3. This implies that p3 = 0, and p0 = 0 also. This is a

contradiction to

p2
0 − p2

1 − p2
2 + p2

3 = 1.

So, p1 = 0. By the similar argument, we can easily get p2 = 0. So, Equation

(4.3) is equivalent to

p2
0 + p2

3 = 1, p1 = p2 = 0.

This completes the proof. ¤
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So, U is a planar circle in four dimensional space C`+(3). For x ∈ C`+(3),

{xu|u ∈ U} is also a planar circle. This is because

xu = x(cos θ + sin θe12)

= cos θx + sin θxe12

and N(xu) = N(x) is constant with respect to u.

Let x0 be any element such that x0e3x0 = a. Then, all the solutions are

given by

{x ∈ C`+(3)|xe3x = a} = {x0u|u ∈ U}.

by the following lemma.

Lemma 4.2.2 For any fixed a ∈ R3, let x0 ∈ C`+(3) satisfy Te3(x0) = a.

Then, x ∈ C`+(3) is a solution of

xe3x = a

if and only if x = x0u for some u ∈ U .

Proof. Clearly, x = x0u is a solution of Te3(x) = a for any u ∈ U since

Te3(x) = x0ue3u x0

= x0e3x0

= a.

Conversely, let x satisfy xe3x = a. Since x0e3x0 = a,

xe3x = x0e3x0.

If x0 6= 0, then x0 is invertible. So, x−1
0 x ∈ U . Therefore, x = x0u for some

u ∈ U . If x0 = 0, then a = 0 also. Then, from the equation xe3x = 0, we get

x = 0 also. Therefore, x = x0u for some u ∈ U . This completes the proof. ¤
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So, for a given a ∈ R3, there is S1 ambiguity in determining the value of

x(0). This argument is similarly applied to the determination of the value of

x(1). So, there are in total two S1 ambiguity in determining the value of x(0)

and x(1) in Equation (4.2).

Now, let us fix x0, x2 such that Te3(x0) = a, Te3(x2) = b. With fixed

x0,x2, a quadratic curve x(t) ∈ C`+(3)[t] such that x(0) = x0 and x(1) = x2

is written as

x(t) = (1− t)2x0 + 2t(1− t)x1 + t2x2

for some x1 ∈ C`+(3).

In order that x(t) may satisfy Equation (4.2), x1 have to satisfy

(x0 +
4

3
x1 + x2)e3(x0 +

4

3
x1 + x2) =

20

9

(
6d− a− b +

1

4
(x0 + x2)e3(x0 + x2)

)
. (4.4)

This equation follows from the calculation below. First, for the sake of future

reference, let us calculate Te3(x(t)) and x(t)x(t).

x(t)e3x(t) =
(
(1− t)2x0 + 2t(1− t)x1 + t2x2

)
e3((1− t)2x0 + 2t(1− t)x1 + t2x2)

= (1− t)4x0e3x0

+ (1− t)3t (2x0e3x1 + 2x1e3x0)

+ (1− t)2t2 (x0e3x2 + 4x1e3x1 + x2e3x0)

+ (1− t)t3 (2x1e3x2 + 2x2e3x1)

+ t4x2e3x2.

x(t)x(t) =
(
(1− t)2x0 + 2t(1− t)x1 + t2x2

)
((1− t)2x0 + 2t(1− t)x1 + t2x2)

= (1− t)4x0x0

+ (1− t)3t (2x0x1 + 2x1x0)

+ (1− t)2t2 (x0x2 + 4x1x1 + x2x0)

+ (1− t)t3 (2x1x2 + 2x2x1)

+ t4x2x2.
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By using the first equation, we get

d =

∫ 1

0

γ′(t)dt

=

∫ 1

0

x(t)e3x(t)dt

=
1

30
(6x0e3x0

+ (3x0e3x1 + 3x1e3x0)

+ (x0e3x2 + 4x1e3x1 + x2e3x0)

+ (3x1e3x2 + 3x2e3x1)

+ 6x2e3x2 )

=
1

30
(6x0e3x0 + 6x2e3x2 + x0e3x2 + x2e3x0+

(
3

2
x0 + 2x1 +

3

2
x2)e3(

3

2
x0 + 2x1 +

3

2
x2)− (

3

2
x0 +

3

2
x2)e3(

3

2
x0 +

3

2
x2)

)

=
1

30

(
5x0e3x0 + 5x2e3x2 − 5

4
(x0 + x2)e3(x0 + x2)

+
9

4
(x0 +

4

3
x1 + x2)e3(x0 +

4

3
x1 + x2)

)

So, by using the fact x0e3x0 = a and x2e3x2 = b, we can get Equation (4.4).

By this equation, we know that there is S1 ambiguity in determining the value

of x0 + 4
3
x1 + x2, so in determining the value of x1.

Therefore, there are three S1 ambiguity in finding x(t) satisfying Equation

(4.2). However, as in the case of planar quintic PH interpolants, some different

x(t) gives the same γ′(t) = Te3(x(t)). So, in fact, there are two S1 ambiguity

in selecting a space quintic PH interpolant. This is because of the following

argument.

Let us fix x0 and x2 satisfying Te3(x0) = a, Te3(x0) = b. Let x(t) be any

quadratic curve satisfying Equation (4.2). Then, x(t) can be written as

x(t) = (1− t)2x0u0 + 2t(1− t)x1 + t2x2u2
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for some u0,u1 ∈ U and x1 such that

Te3(x0u0 +
4

3
x1 + x2u2) =

20

9

(
6d− a− b +

1

4
Te3(x0u0 + x2u2)

)
. (4.5)

Here, u0 and u2 represent two S1 ambiguity in determining the value of x(0)

and x(1), and Equation (4.5) represents the last S1 ambiguity in determining

the mid-control point of x(t). However, x(t) can be written as

x(t) =
(
(1− t)2x0 + 2t(1− t)x1u

−1
0 + t2x2u2u

−1
0

)
u0

=: x̃(t)u0.

Even though x̃(t) is generally different from x(t), they give a same space

quintic PH interpolant since

Te3(x(t)) = Te3(x̃(t)u0)

= x̃(t)u0e3x̃(t)u0

= x̃(t)u0e3u0x̃(t)

= x̃(t)e3x̃(t) (∵ u0e3u0 = e3)

= Te3(x̃(t)).

So, any quintic PH interpolant γ(t) can be given by the relation

γ′(t) = Te3(x(t))

for some x(t) such that

x(t) = (1− t)2x0 + 2t(1− t)x1 + t2x2u (4.6)

for some u ∈ U and x1 such that

Te3(x0 +
4

3
x1 + x2u) =

20

9

(
6d− a− b +

1

4
Te3(x0 + x2u)

)
. (4.7)

Thus, there are just two S1 ambiguity in determining a quintic PH interpolant.
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4.3 Geometric Perspective

Let us now deal with the selection problem. For this purpose, we first calculate

the arc length of space quintic PH interpolants.

Let us first fix x0 and x2 such that Te3(x0) = a, Te3(x2) = b. Let x(t) be

a quadratic curve with x(0) = x0, x(1) = x2 satisfying Equation (4.2). Then,

x(t) is expressed as

x(t) = (1− t)2x0 + 2t(1− t)x1 + t2x2

for x1 ∈ C`+(3) satisfying

Te3(x0 +
4

3
x1 + x2) =

20

9

(
6d− a− b +

1

4
Te3(x0 + x2)

)
. (4.8)

Then, the arc length of γ(t) which is defined by γ′(t) = Te3(x(t)) is computed

by
∫ 1

0

|γ′(t)|dt =

∫ 1

0

x(t)x(t)dt

=
1

30
(6x0x0 + (3x0x1 + 3x1x0) + (x0x2 + 4x1x1 + x2x0)

+ (3x1x2 + 3x2x1) + 6x2x2 )

=
1

30
(6x0x0 + 6x2x2 + x0x2 + x2x0+

(
3

2
x0 + 2x1 +

3

2
x2)(

3

2
x0 + 2x1 +

3

2
x2)− (

3

2
x0 +

3

2
x2)(

3

2
x0 +

3

2
x2) )

=
1

30

(
5x0x0 + 5x2x2 − 5

4
(x0 + x2)(x0 + x2)

+
9

4
(x0 +

4

3
x1 + x2)(x0 +

4

3
x1 + x2)

)

=
1

6

(
|a|+ |b| −N(

x0 + x2

2
) +

9

20
N(x0 +

4

3
x1 + x2)

)

=
1

6

(
|a|+ |b| − |Te3(

x0 + x2

2
)|+ 9

20
|Te3(x0 +

4

3
x1 + x2)|

)

=
1

6

(
|a|+ |b| − |Te3(

x0 + x2

2
)|+ |6d− a− b + Te3(

x0 + x2

2
)|
)

.

Here, we used the following lemma.
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Lemma 4.3.1 For x ∈ C`+(3), N(x) = |Te3(x)|.

Proof. This comes from the fact that N(x) ≥ 0 and the simple calculation

below.

|Te3(x)|2 = −Te3(x)2

= −xe3xxe3x

= N(x)2.

¤

So, the arc length of γ(t) depends only on the initial data, x0,x2, not on x1.

What this means is that after fixing x(0) and x(1), the arc length of the space

quintic PH interpolants is constant with respect to the choice of x1 satisfying

Equation (4.3) even though the shape of the interpolants may vary.

By this fact, we can reduce the ambiguity from two S1 ambiguity to one

S1 ambiguity in selecting a space quintic PH interpolant if we require the

interpolant to have some given length. For example, we could consider only

the interpolant with the minimum arc length.

Now, let us consider the range of arc lengths of all interpolants. For a fixed

x0 and x2 such that Te3(x0) = a, Te3(x2) = b, all interpolants are given by

x(t) = (1− t)2x0 + 2t(1− t)x1 + t2x2u

for some u ∈ U . So, the range of arc lengths of all interpolants is determined

by the following equation.
∫ 1

0

|γ′(t)|dt =
1

6
(|a|+ |b| − |y|+ |6d− a− b + y|) ,

where y = Te3(
x0+x2u

2
). So, the arc length is given from the difference between

the distance of y from a + b − 6d and the distance of y from 0. Since, from

the following lemma, y is on an ellipse in R3, the range of the arc lengths is a

closed finite interval of R. Moreover, the interpolant which gives the minimum

arc length generally uniquely exists.
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Lemma 4.3.2 For any fixed x1,x2 ∈ C`+(3), the set of Te3(x1 + x2u) with

u ∈ U is an ellipse in R3.

Proof. By a direct calculation,

Te3(x1 + x2u) = Te3(x1) + Te3(x2) + x1e3u x2 + x2ue3x1.

Let u = cos θ + sin θe12. Then,

x1e3u x2 + x2ue3x1 = (x1e3x2 + x2e3x1) cos θ + (x1e3x2e12 + x2e12e3x1) sin θ.

Since x1e3x2 + x2e3x1 and x1e3x2e12 + x2e12e3x1 are vectors in R3,

{Te3(x1 + x2u)|u ∈ U}

is an ellipse in R3. ¤

However, this reduction is not enough since we have still one S1 ambiguity,

which plays a role in selecting the mid-control point x1 of x(t). We hope we

will be able to remove this ambiguity in the future work.
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Chapter 5

Lorentzian Geometry of Canal

Surfaces and Almost

Rotation-Minimizing Rational

Parametrization of Canal

Surfaces

The canal surface is defined by an envelope of 1-parameter family of spheres

of varying radii. Concerning canal surfaces, one of the main issues is the

rational parametrization when the center of sphere is a polynomial (or ra-

tional) space curve and the radius is a positive real polynomial (or rational)

function. Regarding to this problem, Pottmann and Peternell [13] gave ratio-

nal parametrization of canal surfaces by using the stereographic projection.

Thereafter, H.C. Cho et al. [1] gave an another approach by using Lorentzian

geometry of canal surfaces, which gives the parametrization that is more or

less equivalent to that of Peternell and Pottmann.

However, those parametrization schemes suffer from the problem of exces-
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sive rotation, which might cause undesirable side effects in practice. In order to

eliminate this shortcoming of the previous parametrizations, we invent a new

method that produces almost rotation-minimizing rational parametrization of

canal surfaces.

In this chapter, we study the Lorentzian geometry of the 4-dimensional

Minkowski space R3,1, which is closely tied with the geometry of the canal

surfaces. By utilizing the Lorentzian geometry and Clifford algebra, we trans-

form a rotation-minimizing problem into a simple interpolation problem with

manageable manners.

In the first two sections, we give the previous results of the rational parametriza-

tion problem of canal surfaces. Since the latter discussion much rely on the

Clifford algebra formalism of the canal surface developed in [1], we give the fun-

damentals of that formalism. In addition to that formalism, we give a new fun-

damental tool, which is called χ-map. This χ map embodies the Lorentzian ge-

ometric relation in the Clifford algebra framework, and enables us to construct

almost rotation-minimizing parameter curves and almost rotation-minimizing

patches. In the last section, we give a result of some numerical experiments.

5.1 Lorentzian Geometry of Canal Surfaces

First, let us briefly review the canal surface and its parametrization problem.

Canal surface CS is the envelope surface of one-parameter family of spheres.

See Figure 5.1 for an example of canal surface.

Let s(t) = (x(t), y(t), z(t)) be a space curve in R3, which is the center of

the sphere for each t ∈ R. With positive real function r(t), the canal surface

CS is defined by the envelope surface of one-parameter family of spheres with

center s(t), and radius r(t). The space curve s(t) is called a spine curve and

r(t) is called a radius function. If we let (x, y, z) be a point in the envelope
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Figure 5.1: Example of Canal Surface

surface, then, by definition, (x, y, z) satisfies

Σ(t) : 〈(x, y, z)− s(t), (x, y, z)− s(t)〉R3 − r(t)2 = 0.

Here, 〈·, ·〉R3 means the standard inner product of R3.

For such s(t) and r(t), the canal surface can be computed by the following

equations,

Σ(t) : 〈(x, y, z)− s(t), (x, y, z)− s(t)〉R3 − r(t)2 = 0,

Σ′(t) : 〈(x, y, z)− s(t), s′(t)〉R3 + r(t)r′(t) = 0.
(5.1)

Since this might give a degenerate or non-smooth surface for some s(t) and

r(t), we generally assume that s(t) and r(t) are smooth and s(t) and r(t)

satisfy the non-degeneracy condition:

x′(t)2 + y′(t)2 + z′(t)2 − r′(t)2 > 0. (5.2)

The main issue in the canal surfaces is how to get rational parametrization

of canal surfaces for a given polynomial (or rational) curve s(t) ∈ R3 and a

given polynomial (or rational) radius function r(t). In the parametrization
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of canal surfaces, the characteristic circle plays an important role. For this

reason, let us take a look at the characteristic circle.

Since the canal surface CS is computed by Equation (5.1), it is clear that

CS contains a circle which is the intersection of a sphere Σ(t) and a plane Σ′(t)

for each t ∈ R. Let us denote this circle by k(t) = Σ(t)∩Σ′(t), which is called

a characteristic circle. Since the canal surface is given by this characteristic

circle for each parameter t, we need to parametrize this k(t) with respect to t

in order to get a parametrization of a canal surface.

In order to parametrize this characteristic circle, let us first consider a unit

vector in the direction of a point (x, y, z) on the characteristic circle k(t) from

s(t). Let φ(t, u) denote this unit vector. Here, u ∈ R represents the parameter

of the characteristic circle k(t). In other words, for a point (x, y, z) on k(t),

we can write as (x, y, z) − s(t) = r(t)φ(t, u) for a unit vector φ(t, u). Then,

the canal surface CS is parametrized by

CS : s(t) + r(t)φ(t, u). (5.3)

So, we only need to parametrize φ(t, u) to get a parametrization of CS. For

the geometric picture of k(t) and φ(t, u), see Figure 5.2.

To parametrize φ(t, u), we need defining equations of φ(t, u). These equa-

tions come from Equation (5.1). In terms of φ(t, u), defining Equation (5.1) is

equivalently expressed as

Σ(t) : 〈φ(t, u), φ(t, u)〉R3 − 1 = 0,

Σ′(t) : 〈φ(t, u), s′(t)〉R3 + r′(t) = 0.
(5.4)

Here, we use the fact that r(t) 6= 0.

Before we go on, let us first be clear about the representation of the canal

surfaces we are dealing with. The canal surface we are dealing with is either

of rational or of polynomial type. By the canal surface of polynomial type, we

mean a canal surface whose spine curve and radius function are both polyno-

mial functions of the parameter t, and we say it is of rational type if the spine
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ṡ(t)

r(t)

Figure 5.2: Geometric picture of canal surface

and radius functions are rational functions of t. Though we can deal with

both rational and polynomial type, we will only deal with the more difficult

one, i.e., the canal surfaces of polynomial type since it is easier to handle the

rational type. However, our argument would equally be applied to the rational

type without much modifications.

Once a canal surface of polynomial type is given, by the parametriza-

tion scheme (5.3), we can rationally parametrize CS only if we rationally

parametrize φ(t, u). So, the rational parametrization problem of CS can be

viewed as that of φ(t, u) with respect to both of t and u.

The first previous result on this rational parametrization problem of canal

surfaces was obtained by Peternell and Pottmann. In [13] Peternell and

Pottmann gave a rational parametrization of CS by using stereographic pro-

jection.

After that, another approach to this problem was proposed by H.C. Cho

et al. [1]. They treated this problem in somewhat different geometry, the

Minkowski geometry using the tool of Clifford algebra formalism. Since this
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approach is used usefully in the subsequent discussion, we present their for-

malism here.

The parametrization problem of canal surfaces can be treated in the Minkowski

space R3,1. The Minkowski space R3,1 is the same as R4 as a vector space,

but the inner product in R3,1 is different from that in R3. For (v1, v2, v3, v4),

(w1, w2, w3, w4) ∈ R3,1, the inner product 〈·, ·〉R3,1 in R3,1 is defined by

〈(v1, v2, v3, v4), (w1, w2, w3, w4)〉R3,1 = v1w1 + v2w2 + v3w3 − v4w4.

So, we can imagine that first three coordinates of R3,1 represent a point in space

R3 and the last coordinate represents the time at which an event occurred at

that point. With this R3,1 view point, the defining equation (5.4) of φ(t, u)

can be represented as

Σ(t) : 〈(φ(t, u),−1), (φ(t, u),−1)〉R3,1 = 0,

Σ′(t) : 〈(φ(t, u),−1), (s′(t), r′(t))〉R3,1 = 0.
(5.5)

Let us denote c(t, u) = (φ(t, u),−1) ∈ R3,1, and m(t) = (s(t), r(t)) ∈ R3,1.

Then, m(t) is a polynomial curve in R3,1 since we assume that s(t) and r(t)

are polynomial in t. With these vectors, the above equations can be rewritten

as

Σ(t) : 〈c(t, u), c(t, u)〉R3,1 = 0,

Σ′(t) : 〈c(t, u),m′(t)〉R3,1 = 0.
(5.6)

So, c(t, u) is a light-like vector, and orthogonal to m′(t).

In this Minkowski geometry setting, the rational parametrization of canal

surfaces can be achieved by a rational parametrization of the lightlike vector

c(t, u) which is orthogonal to a given polynomial curve m′(t).

5.2 Rational Parametrization of Canal Surfaces

In the Minkowski space R3,1 setting, H.C. Cho et al. proposed a new approach

toward the rational parametrization of canal surfaces in [1]. They mainly
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used Rx(t) map, where x(t) is a polynomial curve in R3,1(t) obtained from the

following existence theorem. The proof of Theorem 5.2.1 is given in [2].

Theorem 5.2.1 If polynomial (or rational) curve m(t) = (x(t), y(t), z(t), r(t))

in R3,1 satisfies 〈m′(t),m′(t)〉R3,1 > 0 for all t, then there exists polynomial (or

rational, respectively) curve x(t) ∈ C`+(3, 1) such that

Rx(t)(e1) = m′(t).

Remark 5.2.2 In this theorem, such x(t) has non-zero norm. This comes

from that if we let N(x(t)) = f1(t) + ωf2(t),

0 < 〈m′(t),m′(t)〉R3,1

= f1(t)
2 + f2(t)

2.

So, N(x(t)) 6= 0.

Since we assume the non-degeneracy condition (5.2), m(t) satisfies the

condition of Theorem 5.2.1. Therefore we are given x(t) ∈ C`+(3, 1)[t]. H.C.

Cho et al. used mainly this x(t) instead of using m(t) directly.

With this Theorem 5.2.1, we can transform the defining equations (5.6) of

c(t, u) from the range of R-map to the domain of R-map. For this transfor-

mation, we need the following useful lemma.

Lemma 5.2.3 If x ∈ C`+(3, 1) has non-zero norm N(x) = f1 + ωf2. Then

Rx is invertible with inverse

R−1
x (v) =

1

f 2
1 + f 2

2

xvx.
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Proof. By a direct calculation, for any v ∈ R3,1,

Rx(
1

f 2
1 + f 2

2

xvx) =
1

f 2
1 + f 2

2

x(xvx)x

=
1

f 2
1 + f 2

2

N(x)vN(x)

=
1

f 2
1 + f 2

2

(f1 + ωf2)v(f1 + ωf2)

=
1

f 2
1 + f 2

2

(f1 + ωf2)(f1 − ωf2)v (∵ vω = −ωv)

=
1

f 2
1 + f 2

2

(f 2
1 + f 2

2 )v (∵ ω2 = −1)

= v.

¤

So, since N(x(t)) 6= 0, there exists the inverse map of Rx(t), which is given

by

R−1
x(t) =

1

f1(t)2 + f2(t)2
Rx(t),

where N(x(t)) = f1(t) + ωf2(t).

Now, let v(t, u) ∈ R3,1 denote the inverse image of c(t, u) by Rx(t), i.e.,

Rx(t)(v(t, u)) = c(t, u). From the defining equations of c(t, u), we can get

the following defining equations of v(t, u) since Rx(t)(e1) = m′(t), and R-map

preserves the orthogonality in R3,1 by Proposition 2.3.4.

Σ(t) : 〈v(t, u), v(t, u)〉R3,1 = 0,

Σ′(t) : 〈v(t, u), e1〉R3,1 = 0.
(5.7)

Let us now represent v(t, u) as

v(t, u) = a(t, u)e1 + b(t, u)e2 + c(t, u)e3 + d(t, u)e4

for some real functions a(t, u), b(t, u), c(t, u) and d(t, u). With this represen-

tation, Equation (5.7) is interpreted as

Σ(t) : a(t, u)2 + b(t, u)2 + c(t, u)2 − d(t, u)2 = 0,

Σ′(t) : a(t, u) = 0.
(5.8)
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So, v(t, u) is of the form

v(t, u) = b(t, u)e2 + c(t, u)e3 + d(t, u)e4

with b(t, u)2 + c(t, u)2 = d(t, u)2. Note that since c(t, u) = (φ(t, u),−1) is not

zero vector, v(t, u) is also non-zero vector. So, d(t, u) 6= 0.

Until now, the parametrization problem of canal surfaces has been trans-

formed into the parametrization problem of c(t, u), and the latter problem

has been transformed into the parametrization problem of v(t, u), and fi-

nally the last problem corresponds to the parametrization problem of the set

V = {(0, b, c, d) ∈ R3,1|b2 + c2 = d2, d 6= 0}, which is a kind of ease problem.

For a while, let us take out the parameter t to consider the relation between

V and the characteristic circle k(t) for a fixed t.

For x ∈ C`+(3, 1) with N(x) 6= 0, let Φx denote

Φx = {φ ∈ S2|〈(φ,−1), Rx(e1)〉R3,1 = 0}.

To know the relation between v ∈ V and φ ∈ Φx, let us compute φ from v.

For v ∈ V , let us denote Rx(v) by

Rx(v) = (U1, U2, U3, U4).

Lemma 5.2.4 Assume x ∈ C`+(3, 1) has non-zero norm. For any v ∈ V , let

Rx(v) = (U1, U2, U3, U4).

Then, U4 6= 0.

Proof. Since v satisfies

〈v, v〉R3,1 = 0,

〈v, e1〉R3,1 = 0,
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and Rx preserves the orthogonality in R3,1, we get

〈Rx(v), Rx(e1)〉R3,1 = 0,

〈Rx(v), Rx(v)〉R3,1 = 0.

Thus, U2
1 + U2

2 + U2
3 = U2

4 . Suppose Rx(v) = 0. Then,

v = R−1
x (Rx(v)) = R−1

x (0) = 0.

But, v is non-zero, so Rx(v) 6= 0. Since U4 = 0 implies U1 = U2 = U3 = 0, U4

must be non-zero. ¤

Therefore, Rx(v) can be always written as

Rx(v) = −U4(φ,−1),

where φ = − 1
U4

(U1, U2, U3). Then φ is a unit vector, and

〈(φ,−1), Rx(e1)〉R3,1 = 0.

So, φ ∈ Φx.

From this argument, we can define a map PRx from V into Φx as follows:

(See Figure 5.3 for the illustration of this map.)

q

PR
x

V ⊂ R
3,1

−→ R
3,1

−→ Φ
x

v 7→ R
x
(v) = u(φ,−1) 7→ φ

Figure 5.3: PRx-map flow

Definition 5.2.5 For x ∈ C`+(3, 1) with non-zero norm, PRx is the map

from V into Φx defined by

PRx(v) = φ,

where Rx(v) = u(φ,−1) for some non-zero u ∈ R.
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Remark 5.2.6 For v ∈ V , if x ∈ C`+(3, 1) has non-zero norm, Rx(v) is

written as the form of

Rx(v) = u(φ,−1)

for a non-zero u ∈ R, φ ∈ Φx. For this v, PRx(v) = φ.

For any non-zero λ ∈ R, let us consider the value of PRx(λv). Since

Rx(λv) = λRx(v) = λu(φ,−1), we get the fact that PRx(λv) = PRx(v).

Remark 5.2.7 If x(t) ∈ C`+(3, 1) is a polynomial or rational curve, and

v(t, u) ∈ V is a polynomial or rational in t and u, then φ(t, u) = PRx(t)(v(t, u))

is in Φx(t) and is rational in t and u.

For x(t) such that Rx(t)(e1) = m′(t), H.C. Cho et al. got a rational φ(t, u)

by applying this PRx(t)-map to v(t, u) = (0, b(t, u), c(t, u), d(t, u)) given by

b(t, u) = 1− u2, c(t, u) = 2u, d(t, u) = 1 + u2 (5.9)

in [1]. With such φ(t, u), they gave rational parametrization of canal surfaces

s(t) + r(t)φ(t, u).

This parametrization is more or less equivalent to the one given by Pottmann

and Peternell [13]. Figure 5.4 is the result of this parametrization.

5.3 The χ map

In the previous section, we study a new approach in rational parametrization

of canal surfaces proposed by H.C. Cho et al. in [1]. The parametrization

relied on the PR-map. Shortly speaking, they first put the problem in R3

into the Minkowski space R3,1 environment, and take the advantage of R-map.

However, there is still an upstairs we can go up.
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Figure 5.4: Rational Parametrization of Canal Surface

Recall that V , the domain of PRx, is

V = {(0, b, c, d) ∈ R3,1|b2 + c2 = d2, d 6= 0}.

Since b, c and d constitute a Pythagorean triple, the set V can be obtained

from the complex plane C by the squaring function of z ∈ C − {0}. In other

words, we can represent

(b, c, d) = (p2 − q2, 2pq,±(p2 + q2)) = (Re(z2), Im(z2),±|z|2) = (z2,±|z|2)

for some z = p + iq ∈ C∗ = C− {0}(p, q ∈ R).

With this idea, let us define χ : C∗ → Φx for a given x ∈ C`+(3, 1) with

non-zero norm by the relation,

χ(z) := PRx(0, Re(z2), Im(z2), |z|2) = PRx(0, z
2, |z|2),

where z ∈ C∗. (See Figure 5.5 for the illustration of χ.) Note that this is

well defined since (0, z2, |z|2) ∈ V for any z ∈ C∗. Note also that this χ map

depends on x ∈ C`+(3, 1). But since it is clear from the context, we suppress

its dependence on x.
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z

χ

C
∗ −→ V ⊂ R

3,1 −→ R
3,1 −→ Φ

x

z 7→ v = (0, z2, |z|2) 7→ R
x
(v) = u(φ,−1) 7→ φ

Figure 5.5: χ-map flow

This χ map will be the fundamental tool in rational parametrization of

canal surfaces. First, let us take a look at some properties of χ. The key

properties of χ is the following Proposition:

Proposition 5.3.1 Let x ∈ C`+(3, 1) with N(x) 6= 0. Then, χ : C∗ → Φx is

surjective. Also, χ(λz) = χ(z) for any z ∈ C∗ and any λ ∈ R∗ = R− {0}.

Proof. First, let us show χ is an onto map.

Let us take any φ ∈ Φx = {φ ∈ S2|〈(φ,−1), Rx(e1)〉R3,1 = 0.}. Since x

has non-zero norm, Rx is invertible. Set v = R−1
x (φ,−1). Then, 〈v, v〉R3,1 = 0

because 〈(φ,−1), (φ,−1)〉R3,1 = 0. Moreover, 〈(φ,−1), Rx(e1)〉R3,1 = 0 implies

that 〈v, e1〉R3,1 = 0. By these facts, we can write v as

v = be2 + ce3 + de4

with b2 + c2 = d2. Since v 6= 0, d 6= 0, and thus we may assume d > 0 without

loss of generality. (In case when d < 0, we take −v instead of v since PRx(−v)

= PRx(v) = φ.) Next, we take any z = p + iq ∈ C∗ such that

z2 = (p + iq)2 = b + ic

for determined b, c ∈ R. Generally, there are two such solutions z.

Then, d2 = b2 + c2 = |z|4. Since we take v with d > 0, d = |z|2. Thus,

z ∈ C∗ and (0, z2, |z|2) = (0, b, c, d) = v. Therefore we get

χ(z) = PRx(0, z
2, |z|2)

= PRx(v)

= φ,
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and conclude χ is a surjective map.

For λ ∈ R∗ and z ∈ C∗, we get

χ(λz) = PRx(0, λ
2z2, λ2|z|2)

= PRx(0, z
2, |z|2)

= χ(z)

from Remark 5.2.6. ¤

By the above proposition, χ naturally induces the map χ̃ : C∗/∼ → Φx,

where ∼ is the equivalence relation defined by

z1 ∼ z2 if and only if z1 = λz2 for some λ ∈ R∗.

Proposition 5.3.2 χ̃ : C∗/∼ → Φx is bijective. So, there is one-to-one cor-

respondence between C∗/∼ and Φx.

Proof. Since χ is surjective, it suffices to show that χ̃ is an injective

map. Suppose χ(z1) = χ(z2) = φ for z1, z2 ∈ C∗. Let v1 = (0, z2
1 , |z1|2),

v2 = (0, z2
2 , |z2|2). Then, Rx(v1) = u1(φ,−1) and Rx(v2) = u2(φ,−1) for some

non-zero u1, u2. Therefore,

Rx(v1) = u1(φ,−1)

=
u1

u2

u2(φ,−1)

=
u1

u2

Rx(v2)

= Rx(
u1

u2

v2).

Since Rx is bijective, v1 = λv2 for some λ = u1

u2
∈ R∗. So we get the equality,

(0, z2
1 , |z1|2) = λ(0, z2

2 , |z2|2).

Since |z1| and |z2| are positive numbers, λ is also positive. By this, z1 =

±
√

λz2, i.e., z1 ∼ z2. Therefore, χ̃ is injective. ¤
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From Proposition 5.3.2, we only need to parametrize C∗/∼ in order to

parametrize Φx. For example, any half circle in C∗ is mapped onto Φx through

χ. See Figure 5.6.

PSfrag replacements

χ

φ
ṡ

Figure 5.6: χ maps a half circle in C∗ onto Φx.

In conclusion, in order to parametrize rationally a canal surface CS which

is given by a polynomial curve x(t) ∈ C`+(3, 1)(t) with N(x(t)) 6= 0, first we

need to take a rational (or polynomial ) z(t, u) with respect to t, u such that

for each fixed t, z(t, u) parametrizes C∗/∼ as u varies. After that, we just

apply χ map to z(t, u) for each t, then we get φ(t, u). With such φ(t, u), CS
is parametrized by

s(t) + r(t)φ(t, u),

where (s′(t), r′(t)) = Rx(t)(e1).

5.4 Almost Rotation-Minimizing Rational

Parametrization of Canal Surfaces

In parametrizing a canal surface of the form

s(t) + r(t)φ(t, u),
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it is desirable to reduce, and hopefully eliminate, the rotational effects of φ(t, u)

for each fixed u since excessive rotation of φ(t, u) might cause some undesirable

side effects in practical application. Here, we regard φ(t, u) as a vector field of

parameter t for each fixed u.

However, the parametrization given in [1] generally shows an excessive ro-

tation, as the one given by Pottmann and Peternell [13] does. In this section we

look at the issue of getting (almost) rotation-minimizing rational parametriza-

tion of the canal surfaces.

First, let us think about the meaning of rotation-minimizing (parallel). For

this, we need the following definition.

Definition 5.4.1 Let s(t) be a smooth space curve in R3 with nowhere zero

s′. Let v(t) ∈ R3 be a unit vector field along s(t) such that 〈v(t), s′(t)〉R3 = 0.

v(t) ∈ R3 is called a parallel vector field along s(t) if

(Dṡv)⊥ = (v′(t))⊥ = 0.

In other words, v(t) is a solution of the following ODE,

v′(t) = −〈v(t), s′′(t)〉 s′(t)
|s′(t)|2 .

In view of this definition, we say the canal surface has the parametrization

φ(t, u) with no rotation if for each fixed u,

ζ =
φ⊥

|φ⊥|
is a parallel vector field along the spine curve s(t) of the canal surface, where

φ⊥ = φ− 〈φ,
s′

|s′| 〉
s′

|s′|
is the component of φ perpendicular to s′. Written in full equation, the no-

rotation equation becomes the following:

− 〈φ⊥, (φ⊥)′〉
|φ⊥|3 φ⊥ +

1

|φ⊥|
(

φ′ − 〈φ′, s′〉
〈s′, s′〉 s

′ − 〈φ, s′〉
〈s′, s′〉s

′′⊥
)

= 0. (5.10)
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Since this equation is quite a complicated nonlinear ODE, it is not to

be expected that its solution is in general of rational form. Our best hope,

therefore, is to find a rational expression of φ(t, u) such that the resulting unit

normal vector field ζ = φ⊥
|φ⊥| is as close to being parallel as possible within the

error tolerance.

To resolve this rotation problem, we first investigate how to get almost

rotation-minimizing parameter curves. After that, we discuss how to get al-

most rotation-minimizing patches by using the result of parameter curves.

5.4.1 Almost Rotation-Minimizing Parameter Curves

The following definition defines a convenient terminology, which is useful in

this section.

Definition 5.4.2 Let us assume that a non-degenerate canal surface is given

by a curve x(t) ∈ C`+(3, 1) through the PH representation map. A continuous

map φ : I → S2 from an interval I ⊂ R to the unit sphere S2 is called an

adapted vector field to the canal surface if

〈(φ(t),−1), Rx(t)(e1)〉R3,1 = 0

for every t ∈ I.

Note that if φ(t) is an adapted vector field to a canal surface with spine

curve s(t) and radius function r(t), s(t) + r(t)φ(t) is a curve on the canal

surface, which is called a parameter curve of the canal surface.

Now, we present an approximation scheme for this adapted vector field to

a canal surface. By using this scheme, any adapted vector field to a canal

surface can be approximated by a rational adapted vector field.

Suppose we are given an adapted vector field φ(t) to CS. This φ(t) might

not be a rational curve in t. For this φ(t), we will find an approximation φ̃(t)

which is still an adapted vector field to CS, but is rational in t.
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The idea is as follows. First, we find z(t) ∈ C∗ such that χ(z(t)) = φ(t).

After that, we approximate z(t) by a polynomial curve z̃(t) ∈ C∗[t] in the

complex plane. With this approximation z̃(t), we will get φ̃(t) = χ(z̃(t)).

Once we have an almost rotation-minimizing adapted vector field by using

the following approximation scheme, it is a trivial matter to get the corre-

sponding almost rotation-minimizing parameter curve s(t) + r(t)φ(t).

Parameter Curve Approximation Scheme

Step 1: Lift an adapted vector field into the Minkowski space R3,1.

An adapted vector field φ is lifted naturally into the Minkowski space

R3,1 by (φ,−1). Set c(t) = (φ(t),−1) ∈ R3,1. Note that c(t) satisfies

〈c(t), c(t)〉R3,1 = 0,

〈c(t), Rx(t)(e1)〉R3,1 = 0.
(5.11)

Step 2: Take the preimage of Rx.

Since N(x(t)) 6= 0, the map Rx(t) is invertible for every t. So, we can get

the preimage of the lifted c(t). Let v(t) = R−1
x(t)(c(t)). Note that since

c(t) is nonzero, v(t) is non-zero. Since v(t) satisfies

〈v(t), v(t)〉R3,1 = 0,

〈v(t), e1〉R3,1 = 0,
(5.12)

v(t) can be written as v(t) = (0, b(t), c(t), d(t)) with b(t)2 + c(t)2 =

d(t)2. Moreover, d(t) is non-zero because v(t) is non-zero. Since d(t)

is continuous, we can assume that d(t) is positive for all t. (In case

d(t) is negative for all t, we take the preimage of −(φ(t),−1) instead of

(φ(t),−1).)

Step 3: Take a square root of b(t) + ic(t) in C.

Note that b(t) + ic(t) 6= 0. We take a continuous z(t) ∈ C∗ continuation
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C
∗ V ⊂ R

3,1
R

3,1 Φ
x(t)

z(t) ← R−1
x(t)(c(t)) ← c(t) = ±(φ(t),−1) ← φ(t)

↓

z̃(t) → ṽ(t) = (0, z̃(t)2, |z̃(t)|2) → R
x(t)(ṽ(t)) → φ̃(t)

Figure 5.7: Parameter curve approximation scheme

such that

b(t) + ic(t) = z(t)2.

There are two branches of the solution of the above equation. Take any

branch. Then,

d(t)2 = b(t)2 + c(t)2

= |z(t)|4

So, d(t) = |z(t)|2. So, we can represent (b(t), c(t), d(t)) by z(t). In other

words,

(b(t), c(t), d(t)) = (z(t)2, |z(t)|2).

Then, χ(z(t)) = φ(t).

Step 4: Approximate z(t) by a polynomial (or rational) function in C∗.

Let z̃(t) be an polynomial (or rational) approximation to z(t) in C∗.

Step 5: Approximate φ(t).

Take φ̃(t) = χ(z̃(t)). Then, φ̃(t) is a rational adapted vector field to CS,

and an approximation to φ(t).

This procedure is depicted in Figure 5.7.

To get an almost rotation-minimizing, rational adapted vector field to CS,

we first need to find a parallel (no rotation) adapted vector field φ(t). Then,
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by applying above approximation scheme, we can get an almost rotation-

minimizing, rational adapted vector field φ̃(t). So, we only need to find an

adapted vector field φ(t) with no-rotation. To find such φ(t), let us first con-

sider how to get a rotation-minimizing, unit normal vector field to a curve.

For a given regular space curve X(t) in R3, let us denote the tangent vector

field by T(t), the normal vector field by N(t), and the binormal vector field

by B(t), which are defined by

T(t) =
X ′(t)
|X ′(t)| , N(t) =

X ′(t)×X ′′(t)
|X ′(t)×X ′′(t)| , B(t) = T(t)×N(t).

Let ζ(t) = cos θ(t)N(t) + sin θ(t)B(t). Then, |ζ(t)| = 1, ζ(t) ·T(t) = 0, and

dζ

dt
= θ′ (− sin θN + cos θB) + cos θ|X ′|(−κT + τB)− sin θ|X ′|τN
= (−|X ′|κ cos θ)T + sin θ(−θ′ − |X ′|τ)N + cos θ(θ′ + |X ′|τ)B.

Here, κ is the curvature of X(t) and τ is the torsion of X(t). Then, as noted

by Guggenheimer [9], Farouki [7], ζ(t) is a rotation-minimizing vector field if

and only if

θ′(t) + |X ′(t)|τ(t) = 0.

Thus, a rotation-minimizing, unit normal vector field ζ(t) to X(t) is obtained

by

ζ(t) = cos θ(t)N(t) + sin θ(t)B(t),

where θ(t) = −
∫

τ(t)|X ′(t)|dt.

If the spine curve is regular in the sense that the curvature and torsion,

and thus the Frenet-frame are well-defined, it is preferable to apply the above

formula to find the parallel vector field ζ. If it is not the case one can simply

solve the linear system of ODE that defines the parallel translation equation.

In either case, finding ζ is a straightforward computation.
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From this ζ(t), we can get a parallel (no rotation), adapted vector field

φ(t) to a canal surface by

φ(t) =
|ṁ(t)|
|ṡ(t)| ζ(t)− ṙ(t)

|ṡ(t)|2 ṡ(t).

With this φ(t), we can get an almost rotation-minimizing, rational adapted

vector field φ̃(t) to CS by applying above approximation scheme. Once we have

φ̃, it is trivial to obtain the almost rotation-minimizing rational parameter

curve γ(t) by setting

γ(t) = s(t) + r(t)φ̃(t).

Rotation Deviation Estimation of Parameter Curve Approxima-

tion Scheme

Suppose χ(z(t)) = φ(t) is a parallel (no rotation) adapted vector field.

In the above approximation, we want to get an almost rotation-minimizing

adapted vector field φ̃(t) = χ(z̃(t)), which is rational in t. So, the approxi-

mation error in the above scheme can be represented by the angle difference

between φ(t)⊥ and φ̃(t)⊥. Let ∆(t) denote the angle difference between φ(t)⊥

and φ̃(t)⊥. Since φ(t) is a parallel (no rotation), φ̃(t) would be an almost

rotation-minimizing if ∆(t) is small enough.

In order to measure the angle difference ∆(t), let us consider the following

general case: Let I be a finite interval of R, and a canal surface be given by

x(t) ∈ C`+(3, 1) for t ∈ I, where N(x(t)) = f1(t) + ωf2(t) 6= 0 for all t ∈ I.

Let us suppose that two adapted vector fields φ1(t) and φ2(t) are given by

φk(t) = χ(zk(t)) (k = 1, 2)

for some z1(t) = r1(t)e
iθ1(t), z2(t) = r2(t)e

iθ2(t) ∈ C∗. Let ∆(t) denote the angle

difference between φ1(t)
⊥ and φ2(t)

⊥. Then, the relation between ∆(t) and
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|θ1(t) − θ2(t)| is given by the following theorem whose proof and the support

lemmas are deferred to the later discussions after this theorem.

Theorem 5.4.3 Let a canal surface be given by x(t) = p(t) + ωq(t) = p0(t) +

p1(t)i+p2(t)j+p3(t)k+ω(q0(t)+ q1(t)i+ q2(t)j+ q3(t)k) ∈ C`+(3, 1) for t ∈ I.

Let us suppose the norm N(x(t)) = f1(t) + ωf2(t) is non-zero for all t. Let us

denote

A(t) = p0(t)
2 + p1(t)

2 + p2(t)
2 + p3(t)

2 + q0(t)
2 + q1(t)

2 + q2(t)
2 + q3(t)

2,

B(t) = 2p2(t)q0(t) + 2p3(t)q1(t)− 2p0(t)q2(t)− 2p1(t)q3(t),

C(t) = 2p3(t)q0(t)− 2p2(t)q1(t) + 2p1(t)q2(t)− 2p0(t)q3(t).

Then, A(t)2 − B(t)2 − C(t)2 ≥ f1(t)
2 + f2(t)

2 for all t ∈ I. If we denote the

angle difference between φ⊥1 (t) and φ⊥2 (t) by ∆(t), then for all t ∈ I,

| sin ∆(t)

2
| ≤ M | sin(θ1(t)− θ2(t))|,

where

M = max
t∈I

|ṡ(t)|
A(t)−

√
B(t)2 + C(t)2

.

Let φ(t) be a rotation-minimizing adapted vector field to a canal surface,

and let χ(z(t)) = φ(t). By the approximation scheme above, we approximate

z(t) by a polynomial (or rational) z̃(t). As Theorem 5.4.3 shows, we only have

to concern the angle difference between z(t) and z̃(t) in this approximation.

In other words, we approximate z(t) by a polynomial (or rational) curve z̃(t)

in the projective space. If we approximate z(t) by z̃(t) with enough small

angle difference, the resulting approximating χ(z̃(t)) would be almost rotation-

minimizing within given error bounds.

Now, we will give a series of lemmas that lead to the proof of Theorem

5.4.3. In particular, Theorem 5.4.3 is a trivial corollary of Lemma 5.4.7.
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For a given x ∈ C`+(3, 1) with N(x) 6= 0, let ṁ = (ṡ, ṙ) be given by

Rx(e1) = ṁ. Assume φ ∈ Φx. Since we assume that N(x) = f1 + ωf2 6= 0,

|ṡ|2 − ṙ2 = 〈ṁ, ṁ〉R3,1 = f 2
1 + f 2

2 > 0.

So, |ṡ| > 0. So we can compute the projection of φ on ṡ, which is

Projṡ(φ) =
〈φ, ṡ〉R3

|ṡ|2 ṡ = − ṙ

|ṡ|2 ṡ.

Let us denote the normal component of φ to ṡ by φ⊥. Then φ⊥ is computed

by

φ⊥ = φ +
ṙ

|ṡ|2 ṡ.

Lemma 5.4.4 For x ∈ C`+(3, 1) with nonzero norm, let ṁ = (ṡ, ṙ) = Rx(e1).

For z1, z2 ∈ C∗, let vk = (0, z2
k, |zk|2) (k = 1, 2), and Rx(vk) = uk(φk,−1).

Then, the following equality holds.

〈 φ⊥1
|φ⊥1 |

,
φ⊥2
|φ⊥2 |

〉R3 =
|ṡ|2(z1z2 − z1z2)

2

2u1u2

+ 1.

Proof. Since φ⊥k is given by

φ⊥k = φ +
ṙ

|ṡ|2 ṡ,

the inner product of φ⊥i and φ⊥j in R3 is computed by

〈φ⊥i , φ⊥j 〉R3 = 〈φi +
ṙ

|ṡ|2 ṡ, φj +
ṙ

|ṡ|2 ṡ〉R3

= 〈φi, φj〉R3 +
ṙ

|ṡ|2 〈φi, ṡ〉R3 +
ṙ

|ṡ|2 〈φj, ṡ〉R3 +
ṙ2

|ṡ|2

= 〈φi, φj〉R3 − ṙ2

|ṡ|2

=
〈(uiφi,−ui), (ujφj,−uj)〉R3,1 + uiuj

uiuj

− ṙ2

|ṡ|2

=
〈Rx(vi), Rx(vj)〉R3,1

uiuj

+
|ṁ|2
|ṡ|2

=
|ṁ|2〈vi, vj〉R3,1

uiuj

+
|ṁ|2
|ṡ|2
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By this equation, we get the norm of φ⊥k ,

|φ⊥k |2 =
|ṁ|2〈vk, vk〉R3,1

ukuk

+
|ṁ|2
|ṡ|2 =

|ṁ|2
|ṡ|2 .

So,

〈 φ⊥1
|φ⊥1 |

,
φ⊥2
|φ⊥2 |

〉R3 =
|ṡ|2
|ṁ|2 |ṁ|

2

(〈v1, v2〉R3,1

u1u2

+
1

|ṡ|2
)

= |ṡ|2
(〈v1, v2〉R3,1

u1u2

+
1

|ṡ|2
)

=
|ṡ|2〈v1, v2〉R3,1

u1u2

+ 1.

But,

2〈v1, v2〉R3,1 = 2Re(z2
1)Re(z2

2) + 2Im(z2
1)Im(z2

2)− 2|z1|2|z2|2

= 2Re(z2
1z

2
2)− 2|z1|2|z2|2

= z2
1z

2
2 − 2z1z2z1z2 + z2

1z
2
2

= (z1z2 − z1z2)
2.

So, we get

〈 φ⊥1
|φ⊥1 |

,
φ⊥2
|φ⊥2 |

〉R3 =
|ṡ|2(z1z2 − z1z2)

2

2u1u2

+ 1.

¤

Lemma 5.4.5 Let x = p + ωq = (p0 + p1i + p2j + p3k) + ω(q0 + q1i + q2j +

q3k). Suppose the norm of x is nonzero. For z = eiθ, let Rx(0, z
2, |z|2) =

Rx(0, cos 2θ, sin 2θ, 1) = u(θ)(φ(θ),−1). Then,

−u(θ) = A + B cos 2θ + C sin 2θ,

where

A = p2
0 + p2

1 + p2
2 + p2

3 + q2
0 + q2

1 + q2
2 + q2

3,

B = 2p2q0 + 2p3q1 − 2p0q2 − 2p1q3,

C = 2p3q0 − 2p2q1 + 2p1q2 − 2p0q3.
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Here, A >
√

B2 + C2. So,

0 < A−
√

B2 + C2 ≤ −u(θ) ≤ A +
√

B2 + C2.

Proof. The first statement can be directly verified by a simple calculation.

The second statement follows from the next equation.

A2 −B2 − C2 = f 2
1 + f 2

2 + 4(p1q0 − p0q1 − p3q2 + p2q3)
2,

where N(x) = f1 + ωf2. ¤

Lemma 5.4.6 Suppose x ∈ C`+(3, 1) has the nonzero norm. For z1 = r1e
iθ1,

z2 = r2e
iθ2, let χ(zk) = φk for k = 1, 2. If we denote the angle between φ⊥1 and

φ⊥2 by ∆, then

sin2(
∆

2
) =

|ṡ|2
u(θ1)u(θ2)

sin2(θ1 − θ2),

where −u(θk) denotes the last component of Rx(0, cos 2θk, sin 2θk, 1) (k = 1, 2).

Proof. First note that since Rx(0, z
2
k, |zk|2) = r2

kRx(0, cos 2θk, sin 2θk, 1), the

last component of Rx(0, z
2
k, |zk|2), i.e., −uk is given by

−r2
ku(θk).

Then, by Lemma (5.4.4),

cos ∆ = 〈 φ⊥1
|φ⊥1 |

,
φ⊥2
|φ⊥2 |

〉R3

=
|ṡ|2(z1z2 − z1z2)

2

2u1u2

+ 1

=
|ṡ|2(z1z2 − z1z2)

2

2r2
1r

2
2u(θ1)u(θ2)

+ 1

= −2
|ṡ|2r2

1r
2
2 sin2(θ1 − θ2)

r2
1r

2
2u(θ1)u(θ2)

+ 1

= −2
|ṡ|2 sin2(θ1 − θ2)

u(θ1)u(θ2)
+ 1.
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Since cos ∆ = −2 sin2(∆/2) + 1, we get

sin2(
∆

2
) =

|ṡ|2
u(θ1)u(θ2)

sin2(θ1 − θ2).

¤

From Lemma 5.4.5 and Lemma 5.4.6, we can get the error bound of the

angle difference ∆.

Lemma 5.4.7 With the same notation in Lemma (5.4.5) and Lemma (5.4.6),

the error bound of the angle difference ∆ between φ⊥1 and φ⊥2 is given by

| sin ∆

2
| ≤ |ṡ|

A−√B2 + C2
| sin(θ1 − θ2)|.

5.4.2 Almost Rotation-Minimizing Patches

Let us now consider the problem of getting an almost rotation-minimizing

rational patch of CS. So, we need to find a rational φ(t, u) which is almost

rotation-minimizing for each fixed u. By using the χ-map, this is equivalent to

finding a rational z(t, u) ∈ C∗ such that φ(t, u) = χ(z(t, u)) is almost rotation-

minimizing. The idea of getting an almost rotation-minimizing rational patch

is quite simple. What we only have to do is to rely on the above formalism.

Here is the way of approximation.

Patch Selection Scheme

Let us suppose that we are trying to find an almost rotation-minimizing

rational patch s(t) + r(t)φ(t, u) such that φ(t, 0) = φ1(t) and φ(t, 1) = φ2(t)

for given rotation-minimizing parameter curve φ1(t), φ2(t) for t ∈ I, where I

is an interval [t0, t1].

Step 1: Take two z1(t), z2(t) such that φ1(t) = χ(z1(t)), φ2(t) = χ(z2(t)).

Generally, there are two z1(t) such that φ1(t) = χ(z1(t)), and two z2(t)

such that φ2(t) = χ(z1(t)).
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Step 2: Approximate z1(t), z2(t).

Get polynomial (or rational) approximations z̃1(t), z̃2(t) to z1(t), z2(t) in

C∗/∼.

Step 3: Take z̃1(t), z̃2(t) as the end condition for the patch.

Let zs(t) := z̃1(t) and ze(t) := z̃2(t), and go to Step 4.

Step 4: Take a linear interpolation z(t, u).

For given zs(t) and ze(t), take the linear interpolation

z(t, u) = zs(t)(1− u) + ze(t)u.

Step 5: Estimate the angle deviation of φ̃(t) = χ(z(t, u)).

Take some finite sample points in [0, 1]. For each sample point u ∈ [0, 1],

estimate the angle deviation of χ(z(t, u)) from the parallel adapted vector

field φu(t) with φu(t0) = χ(z(t0, u)). If all angle deviations are within

the acceptable range, then stop. Otherwise, go to Step 6 in order to

refine the interpolation.

Step 6: Refine the interpolation.

Take the parameter u at which the angle deviation of χ(z(t, u)) from

the parallel φu(t) is maximum. Let φu(t) = χ(zu(t)) for some zu(t) such

that zu(t0) = z(t0, u). Approximate zu(t) by a polynomial (or rational)

z̃u(t) in C∗/∼. Take {zs(t), z̃u(t)} as the first new interpolation target

curves, and go to Step 4, and then take {z̃u(t), ze(t)} as the second new

interpolation target curves, and go to Step 4.

This procedure (up to Step 5) is depicted in Figure 5.8.

This scheme produces a family of patches that cover the canal surface and

the rotation deviation is in general greater in the middle than at the end of
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C
∗ V ⊂ R

3,1
R

3,1 Φ
x(t)

z1(t), z2(t) ←− φ1(t), φ2(t)
↓

z̃1(t), z̃2(t)

↓

z̃1(t)(1− u) + z̃2(t)u −→ φ̃(t, u)

Figure 5.8: Approximation scheme for a patch

the patch. But since our Patch Selection Scheme is essentially a subdivision

scheme at the maximal rotation deviation, the rotation deviation is controlled

with comparable but slightly greater error tolerance in the middle of the patch.

But typically in most cases, two patches suffice. In this case, we can take φ1(t)

and φ2(t) such that the angle difference between φ1(t0)
⊥ and φ2(t0)

⊥ is π, where

t0 is the initial parameter value. Let φ1(t) = χ(z1(t), and φ2(t) = χ(z2(t)).

After finding approximations z̃1(t), z̃2(t), one of two patches is found by the

linear interpolation of z̃1(t) and z̃2(t). The other one is found by the linear

interpolation of z̃2(t) and −z̃1(t).

5.5 Numerical Experiments

We present here the result of numerical experiment.

The surface we take as an example is given as follows: for t ∈ [0, 1.0], x(t)

is defined by

x(t) = (t + 1) + (t + 2)i + (t + 1)j + (−3t + 2)k

+ ω((−t + 2) + (t + 3)i + (−t + 1)j + (2t + 1)k).

Then, s′(t) and r′(t) are given by

s′(t) = (−11t2 + 16t + 11,−10t2 + 6t + 18,−6t2 + 8t + 8),

r′(t) = 2(4− 3t)t.
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Then two different rational parametrizations of CS is given below. The

first one is obtained by the method in [1]. The second one is obtained by our

method described in the previous section. In second parametrization, we use

two parallel adapted vector fields φ1(t) and φ2(t) such that the angle between

φ1(0)⊥ and φ2(0)⊥ is π. In fact, for the normal vector N(t) of s(t), the angle

between φ1(0)⊥ and N(0) is 0, and the angle between φ2(0)⊥ and N(0) is π.

After finding zk(t) such that χ(zk(t)) = φk(t) for k = 1, 2, we got the cubic

approximation z̃k(t) by using simple least square fitting for finite sampling

data of zk(t).

In the result, we measure the angle-deviation for a fixed u: for an adapted

vector field φ(t), angle deviation is the angle difference between φ⊥(t) and

ψ(t), where ψ(t) is parallel vector field on the normal plane to s′(t) such that

ψ(0) = φ⊥(0).

The first parametrization given in [1] is the following:

(i) By using z(t, u) = 1 + iu, we got a rational parametrization of CS,

s(t) + r(t)χ(1 + iu) (−1.0 ≤ u ≤ 1.0, 0 ≤ t ≤ 1.0).

This parametrization is also more or less equivalent to the one given by

Pottmann and Peternell [13].

Figure 5.9 was generated by this parametrization. One can easily notice

that the parameter curve rotates in the clockwise direction as one moves from

the bottom right part of the surface to the top left part.

Table 5.1 shows the (maximum absolute) angle deviation of φ(t, u) = χ(1+

iu) for each u = −1.0,−0.5, 0.0, 0.5, 1.0.

Below is the parametrization gotten by our method presented in this paper:

(ii) With approximations z̃1(t), z̃2(t), we got interpolants z1(t, u) and z2(t, u)
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Figure 5.9: Canal surface with the rational parametrization in (i)

u -1.0 -0.5 0.0 0.5 1.0

Max Abs 0.640486 1.0061 1.05 0.42497 1.69907

Table 5.1: Angle deviation (in radian) of the canal surface with the rational

parametrization in (i)

by

z1(t, u) = z̃1(t)(1− u) + z̃2(t)u,

z2(t, u) = z̃2(t)(1− u)− z̃1(t)u,

Then, rational parametrizations were given by χ(z1(t, u)) and χ(z2(t, u)).

Figure 5.10 was generated by the rational parametrization given by

s(t) + r(t)χ(z1(t, u)),

and Figure 5.11 was generated by the rational parametrization given by

s(t) + r(t)χ(z2(t, u)).

Figure 5.12 shows both of them.
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u 0.0 0.3 0.5 0.8 1.0

Max Abs 0.000665084 0.00321357 0.00478289 0.00329817 0.00151749

Table 5.2: Angle deviation (in radian) of the bottom half of the canal surface

with almost rotation-minimizing parametrization

Table 5.2 shows the (maximum absolute) angle deviation of χ(z1(t, u)) for

each u = 0.0, 0.3, 0.5, 0.8, 1.0. Compared to the previous result, the angle

deviation is about 0.1%

0
5

10 15

0
5

10
15

20

0

2.5

5

7.5

10

0

2.5

5

7.5

10

Figure 5.10: Bottom half of the canal surface with almost rotation-minimizing

parametrization

95



0
5 10 15

0
5

10
15

20
0

5

10

0

5

10

Figure 5.11: Top half of the canal surface with almost rotation-minimizing

parametrization
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Figure 5.12: The whole canal surface with almost rotation-minimizing

parametrization
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Rx:
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s�XO�>� ¢̧ ô�Ç ���6£§�̀¦ b�>� ÷&%3�_þvm���. 
���_��a�, Õªo��¦ s� ���6£§�̀¦ b�l�

��t� ú́§�Ér �̧¹¡§�̀¦ ÅÒ��� �̧��H ì�r[þta� y����×¼wn�m���. �-Áº�̧ y����
�l�\�, ÂÒ

7á¤ô�Ç /åJ�Ð y����_� ��6£§�̀¦ �̧¿º ���
�t� 3lw½+É��
�#� ¿º§>�l���t� ½+Ëm���. Õª$�

y����
�����H ú́��Ð Õª ¿º�9¹¡§�̀¦ x�K����¦�̧ z�·t�ëß�, ³ð�&³u� ·ú§��H y������ "fÚ�¦

�¦ ÂÒ7á¤ô�Ç y�����Ð�� �8 	�H ýe���s�����H b��6£§\� 6 xl� ?/#Q �̂vm���.

#Qo�$3��¦ÂÒ7á¤ô�Ç]j��\�¦ ú́§�Ér���?/ü<��|½ÓÜ¼�Ðs�=åJ#QÅÒ���þj+þA������Òqt

_��a� y����×¼wn�m���. ��f���Ér ú́§s� �̧����t�ëß� ��Óüt�̀¦ �̀¦���Ð �����̂¦ Ãº e����H

è�H�̀¦ \P�#QÅÒ$4��̀¦ ÷�rëß� ��m���, ���Ð ����̀¦ Ãº e���̧2�¤ õ�ì�rô�Ç ��|½Ó�̀¦ Z�Û�¦#Q

ÅÒ$4�_þvm���.�½Ó�©�~ÃÎl�ëß�
��¦,Áº��î�rf��ëß�÷&��H��QÖ�¦��2£§{9�m�s�ýe5ÅxÛ¼	כ

��.

�Ðú̧� �	כ \O���H �7Hë�Hs�t�ëß� l���s� r�çß��̀¦ ?/#Q [jd��y� ¶ú�(R�Ð�� ÅÒr��¦,

ú́§�Ér �̧����̀¦ ��z�t� ·ú§Ü¼��� t�1lx³ð ���Òqt_��õ� �̂�<�ª7áx ���Òqt_��, Õªo��¦ �̂�I�¢-a

�§Ãº_��õ� s�$í
��� �§Ãº_��a� ���d��Ü¼�Ð y����×¼wn�m���.

�̧�½�r�çß��̀¦°ú s�
� 9t�d��÷�rëß���m���Òqt�Ö̧_�a�¦��¹¡§��t���ÐütÃºe��%3�

~�� ���½̈z�́_� �̧��H ì�r[þta� y����×¼wn�m���. Õª ì�r[þt_� �̧¹¡§Ü¼�Ð "fò�r ���6£§s�t�

ëß� s�XO�>� µ1Ï�̀¦ ;­� Ãº e��%3�_þvm���. :£¤y�, �7Hë�H_� �Ð@/\�¦ ��º��K� ï�r ¿º$3� +þA

õ� 8̈�³ð +þA, YO�o� e��Ü¼���"f�̧ ú́§�Ér �7Hë�H�̀¦ l�?£§Ü¼�Ð ½̈K�ï�r �½Ó6 x +þAa� s� ��

o�\�¦ yn=�9 y����_� ú́��̀¦ ���½+Ëm���. ÷�rëß� ��m���, �½Ó�©� a%~�Ér ú́�ëß� K�ÅÒ��H ô=Ö�æ

+þA, %�6£§ ���½̈z�́ Òqt�Ö̧�̀¦ r����½+É M:ÂÒ'� ���]j�� ���©�
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2�©ô�Ç ú́§�Ér �2;½̈[þt\�>��̧ �¦��¹¡§�̀¦ ���
��¦ z�·_þvm���.
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y����×¼wn�m���. Õªo��¦ ��|½Ó½+Ëm���.
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�-Áº�� a%~Ü¼��� #��Q +þA_��õ� %�+þA[þta� y����×¼wn�m���.
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